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PREFACE

This book is designed primarily for firsl-year students in
colleges and technieal schools. From teaching experience each
of the authors feels that many students fail to grasp the essentials,
of trigonometry beecause too many new ideas are injroduced 2t
one time. The present book represents the results of an atﬁeﬁ‘lpt
to work out, in so far as poasible, the cardinal principle‘ef intro-
ducing only one impertant new idea at a time, and of offering
guidance in teaching by emphasis on essentials, ;¢

In aecord with this principle, we first defile\only the three
principal trigonometric functions of an acubteNdngle rather than
the six functions of a general angle, as is pfbent dope. The mean-
ing of the trigonemetric functions is fized permanently by their
use in simple examplesin Chapter I. {Asthe next step, in Chapter
II, numerous applications are given, to heights and distances and
to simple physical problems with theory restricted to that in-
volved in the solution of,)‘ig]it triangles without employing
interpolation. A

By a very natural Ie‘armng process we then proceed to the
general angle. Appropfiate emphasis is placed on identities and
the formal side of\ trigonometry in expressing funetions of any
angle in terms 6f the functions of acute angles.

A feature iy ihtroduced in Chapter V on the graphic representa-
tion of the\functions by ineluding questions to be answered from
the gra

Teproceed naturally without introducing more new ideas than

.J;Lec‘essary at one time, Chapter VI is devoted to the derivation of
Nilhe low af sines and the low of cosines with many interesting
applications. In this chapter the computations, made by the
use of a four-place table of natural funetions requiring interpola-
tion, are rclatively short due to the fact that only certain required
parts of the oblique triangle are found.

The treatment of logarithms ig almost entirely restricted to the
base 10, and the best practice in caleulations with logarithms is
emphasized. Coansiderable attention is given to the question of
the degree of accuracy to be reasonably expected in caleulations

¥



vi PREFACE
by using tables of functions to a certain number of decimal
places or to a certain number of significant figures.

The book contains at least twice as many exercises and problems
as can be used in a standard course. While the casier exercises
are carefully graded, a few really difficult exercises are given to
stimulate the interest of the superior student. Answers ure given
in the back of the book to the odd-numbered exercises only.
This meets the needs of those who prefer that students have a

book without answers. An answer book giving answers to gven
numbered exercises is also available. (\)
. With respect to tables of functions and of lagarit.hm.é: it has
been our experience that first~year students tend to¢he, confused
by the presence of tables they do not use. On ths nccount we
have restricted our tables to those that are-éésentisl to a well
rounded eourse in trigonometry. \
- We recognize that courses of various 1eng';b}18 are offered and we
have .prepared outlines for one course ja \}hich only thirty lessons
- are given and another in which fortydfive lessons are given.
Some teachers who prefer not tafollow a detailed schedule may
find the following summary frotm the detailed schedules useful in
apportioning time: N

COURSY OF 30 LESSONS

---------- ‘_\I\ I'I] I} IV |V VIlVII VIII IX\K XI| XII
Numberof-LesSQﬂS“.I5|3.4 BE 3|3 3 5"1 i o

p\w ' COURSE OF 45 LESSONS
Chaplin” ... |
hapler ... Lo w v | velvn | v [ 1x | x| x|

6l2)214]|s 47'222

A longer eourse Tay
T_he authars are
gestions, and they -

. V:iell include spherical trigonometry.
1ngebted to their colleagues for many sug-

fessor B, W, ..tigigndef a special debt of gratitude to Pro-

criticisms on ghe manus:r?pf or certain ideas and for valuable
H. L. R
J. F. R.

Tows Crry, Tows R.W.

February, 1936
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PLANE TRIGONOMETRY

CHAPTER I

TRIGONOMETRIC FUNCTIONS OF AN ACUTE ANGLE\

1. On the Meaning and Scope of Trigonometry. The ‘word
trigonometry means literally the measurement of {riangles.
While trigonometry has many applications whichdepend on
triangles, its subject matter consists largely of the ijheory of cer-
tain functions of angles called the frigonometric\finictions. These
functions are of great mathematical importance, and have
numerous applications to physies, enginegr’:h}g', and other fields.

2. Definition of the Three Principai’l‘rigonometic Functions
of an Acute Angle. Consider a gight triangle ABC (Fig. 1).
The acute angles at the vertices ejré“denoted by the eapital letters
A, B, the right angle by €, afid the sides opposite the angles by
a, b, ¢, respeetively (Fig. 105"

L\
“ g @
‘:\ }
o0 S R
’\\“ Fra. 1

¢ 'Wiﬁh the three sides we may form the six ratios

W a b e b oc ¢
¢’ ¢ b a b e
Sinee the values of these ratios (sce §4) are determined by the

size of the angle A, they are called #rigonometric functions of the
angle A.

The first three of these ratios are ealted the prineipal trigono-
metric funetions of the angle A. They are named and written

as follows: '
I



2 PLANE TRIGONOMETRY

The ratio afc is called the sine of A (written sin 4).
The ratio bfe is called the cosine of A (written cos A4).
The ratio a/b is called the fangent of A (written tan 4),

In describing the two legs of the right triangle ABC with
reference to the angle A, side ¢ (Fig. 1) is called the opposite side,
and b the adjacent side. The above definitions of the three
principal trigonometric ratios may then be stated as follows: A

opposite side A

w2 . sin 4 = hypotenuge’ \
@0@ opposite . \
h> side s A = adjacent'slde’
co hypotenuse
A adjacent side tan A - OBROsite side
Fro, 2 adjacent side ~

$ \
S

1. Given & right triangle with sides 3, 4\&nd 5 inches (Fig. 3) and with
the side 4 inches opposite the angle 4. Tind-the values of sin 4, cos 4, and
tan A. o

2, Find the valres of the sine, coeine, and tangent of
each of the acuie angles of a triangle with sides 5, 12, and
13. Draw a figure showing the triangle, 5

3. The two legs of a righ(tria.ngle are 7 and 24. Find
the hypotenuse, und the §allics of the sine, cosine, and
tangent of esch of the aﬁs@be angles. Draw a figure. "

4. Congtruct a sghiare of side I inch. Draw a diagonal. 3
Its length is V2.inghay, Why? From the figure, find the Frg, 2
values of sin 45% bog 45°, tan 45°,

5. Cousgrieh an equilateral trisngle of side 2 inches. Draw an altitude,
Its lengtlnia ﬁ inches, Why? From the figure, find sin 60°, cos 607, tan 60°.

6. Given that the logs of a right trisngle, opposite angles A and B, arc 8
and ¥5gespectively. Tind sin A, sin B, cos A, cos B, tan A, and tan B.

S \© B 7. The legs of a right triangle are 10 and 10¥3, Find
¥y the sine, cosine, and tangent of its smallest angle,

8. In a right triangle with one angle 207, the hypote-
nuse is 100 fect, and the legs are 34.2 feet and 94.0 fect,
Find sin 20° eos 20°, tan 20°.

s 9. Given & right trisngle with base 1 foot and an anglo
at the base equal 10 44°. The vortieal side and hypotenuse
- arc 0.97 feet and 1.39 feet, respectively. I"im; the values of
sin 44°, cos 44°, tan 44°, '
4 o 10. Given tan 4 = 2, Construct the angle A with a
: 1 ruler and compasa.
pass

SoLuTioN. Let AC (Tig. 4) be of length 1. At € erect

Fic. 4
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a perpendicular CB of length 2. Draw the line AB. The angle 4 is such

that tan 4 = 2,
11. Given sin 4 = 3/5. Show how to construct the angle A with a ruler

and compass.

SoLutton. Atf a point € on a horizontal line AC B
{see T'ig. B}, draw a vertical line CB of length 3. With B
as a center and a radius §, draw an arc cutting the hori- 5
zontal line at some point A. Then angle A is such that 3
sin A = 3/5. \

12. Given cos A = 5/13. Construct the angle 4. A
13. Given sin A = 1/2. Construct the angle A. RS
14, Giventan B = 2. Construet the angle B. Figed

3. Cosecant, Secant, and Cotangent. In addition#q the three
principal trigonometric functions defined in § 2, c,onmderable use
is made of the three remaining ratios which are na‘ﬁted and defined
as follows:

fof A (witt A) = hypp\k\e';luse _ 1
cosecant o (written ¢sc A) = abposite side  sm A’
. _hypotenuse 1
secant of A {written sec A) K ™ adjacent side  cos 4
adjacent side 1

cotangent of A (wrxtten go"t A) = opposite side  tam 4

It should be noted thsﬁ the cosecant, secant, and colangent of an
angle are, ?espectwely\\;he reciprocals of the sine, cosine, and tangent
of that angle.

O\ EXERCISES

#

I
1, Whaprig‘meant by the reciprocal of a number? Given that

‘\cscA —;——I——, sec.d =...__I_, cot A = L

ind cos A tan A’
shgmg tha.t .
& M 1 1 1
4 } [ — = = —_——
N\ sind = gy oo A s A’ o 4 cot A

2. Find the values of cae 4, sec 4, and cot A in a triangle with sidea 3, 4, 5,
and with the side 4 opposite the angle A.

3. The two legs of a right triangle arc ¢ and 40 with the side 9 opposite the
angle A, Find the values of cse 4, sce A, and cot 4.

4. The sides of a right trfangle are 7, 24, and 25. Find the values of the
cogeeant, secant, and cotangent of cach of its acute angles.

5. Given cot 4 = 4/3. Construct the angle A with a ruler and compass.

6. Given sec A = 3. Bhow how to construct the angle A with ruler and
COmMpass.
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4. . The Value of a Trigonometric Function Depends on the
Angle only. The numerical value of a trigonometric funetion of
an angle depends upon the size of the angle and not upon the
size of the iriangle to which the angle belongs. Thus, the
numerical value of sin A (§ 2) does not change by changing the
. position of B on the line bounding the
angle. This is seen to be true by ob-
serving that any two positions ofl B
lead to similar triangles. O\

Why are ABC and AB'CL{l'ie. 6)
sitvilar triangles? Are the ratios of
corresponding sides egufal in similar

¢ ¢ triangles? For example, in Fig. 6, is-
Fra. 6 CB/AB = O'B'[AB®
N

EXERCISES { ¢

L. In Fig. 6, can the value of sin 4 obtaifled'from triangle AGP differ from
that of gin 4 obtained from triangle AG'BT  Give reason for your answer,

2. Bhow from Fig, 6 that tan A olitained from the triangle ACE is equal
to fan 4 obtained from triangle AGLE"

3. When the log opposite 4 i85 and that adjacent to A is 12z, find each
of the aix funetions of A. "

5. Functions of, 45° In Fig 7, let angle 4 = 45°, then
B = 90° — 45° = 15°, Hence, a = b. Why? Leta =5 = 1.

"Then ¢ = \fﬂ\- = 2. Why? From the definitions, § 2,

1

e A

N\

YT R

N o

N eos 45° =
AN

ol &l
Il
5 &

fan 45° = 1,
eae 45° =
sec 45° =
cot 45° =

-

"ﬁﬁ

** 6. Functions of 30° and 60°. In the equilateral triangle ARD
(Fig. 8) let each side = 2. Draw OB perpendicular to AD, then
AD is bisected at C, making AC = 1, and the angle ABC = 30°.
Furthermore, CB = V2 — I* = 43. THence
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gin 30° = { = cos 60°, B
cos 30° = 33 = sin 60°, b
tan 30° = 143 = cot 60°, 2
a3

esc 30° = 2 = sec 60°,

o _ a5y o 60°
sec 30° = 243 = ose 60°, : 4 — B
cot 30° = 3 = tan 60°. Tre. 8

L\

7. Simple Examples whose Solutiens Involve Trig‘oﬁonietﬁc
Functions of 30°, 45°, and 60°. The angles 30°, 45%pand 60° are
used so frequently that it will be found convenienfto be able to
get the value of each of the six functions quick‘l} from drawings

such as those in Figs, 7 and 8.
\/

(N
Exawrie 1. When the sun is 30° a; ve the horizon, how long
a shadow is east by & tres 100 feet hlgh standing on level ground?

SC}L‘U'TION. From Fig. 9, we have

10086 oW

o X N\ %—cot&)"—\fﬁ

b AN
Fre. 9 ¢\ Hence b = 10043* = 173.21 ft.
X\
Examere 2, (The top of a ladder B
AR (Fig, 10) Whlch is 40 feet long rests
on the upper edge of wall CB, The
ladder has” an inclination (angle A) of e=40
45"" wﬁ‘h the horizontal. Find the height
of:the wall.

$ J 45°
N Sorutiox. In Fig. 10, 2 _ging5°, 4 ¢
¢ Fia. 10
Then

*
a-csm45°~40ﬁ = 2828 f1.

* It iy desirable to memorize two square roota for solving problems in thiz book,
nataely,

V2 = 14142, and 3 = 1.7321,

whick are approximations to four decimal pluces.
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EXERCISES

1. A man climhs 1000 feet up a slope of 30° inclination. How high is he
shove the level of his starting point?

2. A kite is flying with 500 feet of stretched string out. If the string
makes an angle of 45° with the horizontal, find the height of the kite,

3. If each of the equal sides of the right triangle used in finding the
functions of 45° (§ 5) were ¢ instead of 1, show that the valucs of the trigo-
nometrie ratios would remain as given in § 5. A

4, Complete the following table with the exact values of sines, cosingd,
and tangents given in $§ 5 and 6.

N
2 AN
'\

angle | sin cos tan G\ .
30° % %'J3 m.'\‘\"
45 \/
600 $

\\ /

W

A\
5. By substituting approximate valyes pf‘&@ and V3 in the table of

Exercise 4, complete the following tahle giving’ approximate values to three
decimal places. ™

~

angla { siBS| cos tan

30° {\0.5 | 0.866
£ )

4{..
oo

A%/
6. The hypotesuse of a right triangle is
30°  Find the lengths of the other two sides.

7. W \Q't.he sun ig 60” above the horizon, how long a shadow is cast on

level gretnd by a tree 80 feet high?
8. A monument standing on level ground is 75 feet high. How long a

a,haj]ﬁw iz cast hy thig monument when the sun ig 45° above the horizon?
\ /9. How many degrees is the sun above the horizon when the length of
the shadow of  pole is equal to the height of the pole? When the length of
the shadow is equal to the height of the pole multiplied by V3?

Verily each of the f ollowing statements.

10. cos60° = 2 cos? 30° — 1,

Nore. eos? 30° means {cos 802,

11, cos 60° = I — 2 gin? 30",

12, sin® 30° + gin? 45° - gin? 60° = 3/2,

13. sin 30° cos 60° 4+ cos 30° sin 60° —= 1,

14, 4 cot? 45° — 5002 60° + sind 30° = 1/8,

120 feet and one acute angle is

Similarly, sin? 30° means (sin 307y,
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Find the value of each of the following expressions and simplify it.

15. 6 cos 60° - 8 5in 30° — tan 45°

16. 8 tan 30° — 8 cot 60° 4+ coz 60° — 4 cot 45°

17. sin 30° tan 45° sec 60°

18. 16 cos 60° + 10 cot 30° — 5v3

19, (11 tan 60° — 4 tan 45°)(11 cot 30° - 4 cot 45%)

20. {z sin 60° — ¥ cos 30°) cse 60°

21. sin 30° 4 cos 30° + tan 30° 4 esc 30° 4 sec 30° + eot 30°

By substitution, verify each of the following stateraents. \
22, sin 60° = 2 sin 30° cos 30°. O\
23. cos 60° = cox? 30° ~ gin? 30°. O
o 2tan30°

24 tan 807 = ¢ pise Ky

o S
25, cost 80° = LE 058X, 8

— & A o‘
26. sin®30° = 1 — cos60° \\
2 L6

27. 25in 30° + cos 30° = tan 45° - sin B0%,)
28, tan 30° sin 60° = cos 60°, i

8. To Find the Values of Qtﬁér TFunctions of an Acute Angle,
when the Value of Any OneFunction is Given.

Examrie 1. Given Q’ﬁ Y = 3/5, find the values of the other
five functions, O

k™

SoLUTION. T})e}lua]jty gin A = 3/5 tells us that in the right
triangle we magit Fig. 11 take CB = 3 units, and 4B = 5 units,
whence AC‘,\-'—-“ Wo? — 3% = 4 units. By definition, we then have

”\.s. B

€08 A;%% = 0,8, gec 4 = 5_ 1.25,
s 1
o) 3 _ 4 5 8
b 4 ¢
—_—— == 4
ese A 3 1.6667, Foo 11

Examrip 2. Givensec A = 13/5, find the values of the other
five funetions.

Sorvzion, The equality sec A = 13/5 tells us that in the
right triangle in Fig, 12, we may take AC = 5 and AB = 13,
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whence CB — +(13)7 — 52 = 12. We thus have
B

12
0os A = 2 = 0.3846
i3 >
O\
B 12 tan A = 22 = 9.4, R
5 O\
13 O
csc 4 = i 1.08'?:3’:,”}‘:
v
A= ¢ mtA=i=04ae7

Fia. 12

Examrir 3. Giventan A = 21/20 {1\05 find the values of
the other five functions.

Sovvrion. The other funqtions are ' B
(I‘lg 13) ..“ -
. _ 21 Ay
sind = 55 m<0.7241,
osc A = 1.3810,¢ ‘ebs A = 0.6897
sec A = 1.45, ™ cot 4 = 0.9524

21

Exanrre 4/To the six trigonometric A
functions dQﬁned above for an angle 4
may ‘a.dded the versed sine of A
(wnttén vers A}, coversed sine of A (written covers 4), and
ha;femne of A (written hav 4), These are defined as follows:

...\ w,

\‘: vers 4 =1 — cos 4,
covers 4 = 1 — sin 4,
hav A = (1 —eos 4) = 3 vers A,

20 ¢
Fra. 13

Given sin A = 3/5, find the values of vers A, covers A, and hav A.

SorutoN. Substitute sin 4 = 3/5 in covers 4 = 1 — sin 4,
and we have

coversA:l—%:-.
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From Example 1, cos A = 4/5. Then

4 1
vers A =1 —cosd =1~ =2
1-5=5
and
1
hav A4 = s d = —-
bve 10
EXERCISES
Draw the angie A on coordinate paper, and obtain the value of eseh of
the remaining trigonometric funetions: )
7'\

L sin 4 = 4/5. 2. ese 4 = 3. 3. cot A'='24/7,
4, cos A = 7/25. S. tan 4 = 512, 6. sgtd = 7.

7. cos A = 15/17. 8. sec A = 3. 9./¢b 4 = V3.
16. sin 4 = 13, 1. cot A = 3V3. miana V3.
13.sin 4 =05 14, tan A = 2, 45, cse A = 41/40.
I6. cos A = 0.6 17, cot 4 = 0.75 \

18, Given cos A = 7/25, find vers 4, covers A, 4pd hav 4.
Exercises 19-25 refer to & right triangle ABC’ \

{Fig. 14). B
19. Givensin A = 3/5andc = 20.. ?md .
20. Given tan A = 3/d and b = 4Q Find a. e
21, Givencos A = 2/3 and ¢ =1 24, Find b. a
22, Given ese A = 2.4 and g= 100. Find ¢. :
23. Givenscc d =4 and\ﬁ = 80. Finde.
24, Given cof 4 = 4/p andia = 100. Findbd, A B g
25. Given cog 4 = 4}5\§nd ¢ =100, Finda Fra, 14

and b,

9. Functiong: i)f’Complemenfm'y Angles—Co-Functions. Two
tmgonometr\lé\functlons, such as sine and cosine, in which the
name of ‘BQ& one is obtained from that of the other by prefixing or
droppmg a first syllable “co” are called co-functions. In Fig.
15, tbe angles A and B are complementary, that is, 4 + B = 90°,
By definition, § 2, we have

N 5
sin 4 =%=GOSB, escd == = go¢ B,
acosA=%=sin s SecA:%:cSCB,
@ b
A 5 cta;uA=B-=cotB, cotA=a=ta.nB,,

Fra. 15

Q"
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That is, if two eco-functions are equal, the sum of the angles is 90°.
In another form, since B = 90° — A, we may write

sin A = cos (90° — 4), cos A = gin (90° — A),
tan A = cot (80° — A), cot A = tan (90° — 4),
sec. A = ecse (90" — A4), cse A = sec (90° — A).

|

Hence any tregonometric function of an acule angle A is equal
to the co-function of the complement of A.

AN
EXERCISES a\
Fill in the blanks with the appropriate co-function: AN
1. sin 30° =— 2. cot BB N P =
3. tan (90° ~ 20°) = —. 4. ose 67030 = —
5. sec 11° 25' =— 6. cot 877 32 = —
7. cos 67° 30’ =, 8, tan{90® — z) = ——

9. Express the six functions of 75° as functlo,na}af an angle less than 45°
10. Find the acute angle x if sin (z - 30°} —\cbs z.

SorurioN. TFrom § 9, the sum of the angles je 90°; that is,
& - 30° -j—’x 3 90°

R \J% = 60°,
'~: vz = 30°
11, Find the scute angle zaf ain (z + 30%) = ¢os (30° -+ ).
P 12, Find the acute angle 2 if cos 2z = sin (60° — ).

13, Tind the acute angle z if tan 3z = cot (60° — ).

. Given the equation got (z + 45°) = tan (z + 15°),
{"find the acute angle %,
\ \ 5 15. Find the acute angle z if see {x + 60°) = cse z.
16. In Fig. 16 give the sines and cosines of the acute

% angles marked, assuming that OMP, OSE, ORP, and
Fm\l BRNP are right angles,
LO. Fundamental Relations among the Trigonometric Fune-

tlons of an Acute Angle. Tor any acute angle A, we have the
\ _yelation

(1) sin? 4 4+ cos? 4 = 1.

That this relation holds may be seen from
the right triangle, Fig. 17, in which the hy- ! nd
potenuse is 1, the side opposite A is sin 4, "

and that ad;acent to A is cos A.

Next, by definition (Fig. 17), we obtain
the useful relations

c0sA
Fra. 17
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sin 4 - cos A
taﬂA"cosA’ cot 4 = = 5’
1 1
cscd=cgrxr SeeA=oge
Further, we shall need the relations
1
2 A = 2 —
sec?A=1-+tan* 4 and cotA y A

which we may obtain from Fig. 18.
Finally, we shall need the relation

{4) csc2 A =14 cot? 4
which we may obtain from Fig. 19. <;FIG. 18
The relations (1)—(4) are\wery useful for
s { Many purposes, and at\this point we may
see how they facﬂﬂaia\the gimplification of
cot 4 certain algebraic,@xpressions involving the
¥Fig. 19 trlgonornetrlc fnn«ahons

ExampLr 1. Simplify cos z ta‘n x + sin x cot z.

Sorvution. Replace tang by its value — from {2) and coti
by its value gz ThER we have
sin &
sin ¢ B cosr
cosxtaux ;£~ ginzcotx = cosx COS T + sin x prng

s\
= gin £ 4 cos .

Exa \N;E2 Transform cot © - _sinz into ese z.
AR ) 14 cosx

\ NG

Cos

NS x
..\;SBLUTION. Replace cot z b e Thus

siny _ cosx sin
l1+cosz sinz ' 1+ coszx
cos x + cos? x -+ sin? z
gin z(1 -+ cos x)
cogz+1
Sne( Foosa) (VD
1

= —-——— = CEC .
sln x

ootz 4+
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Examrir 3. Esxpress the other {rig-

1 onometrie ratios in terms of sin .
sin = Take a right triangle (Fig. 20) with
£ 1 as a hypotenuse and sin x as the
V1- sinfs oppogite side. Then
“Fra, 20

1 N\
base = v1 — sin® z, cSCT = ——;

sin xz N
. oL\
cos x = 1 — sinf z, S0 X = —————i—)
vi — §In§x
RS

gin z 1 2% €
tang = —— ", cotz = YLD T
V1 — gin? & .“‘}gnx

EXERCISES .\
1. Simplify 1 — cos? z by expressing it in4erms of sin z.
2, Simplify (1 ~ cos* 2)(I — sin?a), NV
3, Bimplify (sects — 1}(csc?z — 1};:‘ .

coRE .
4, Transform ——=-—into tan'g.’
8in & cot? = &N

N

Transform the first member ofesth of the following into the second member.
5. (tanz 4 cof 2) ginxc’ésm =1,

. eo8? 5{1 4 tan? ), €Y
7. sintu(l 4 cot? :B)\\vl
8, cosz + tan gsin x = sce o,
9. esc? 2 tan¥®~"1 = tan® =z,
10. see?x :{ e = sec? 3 cact 4
1 — fan¥'d .
1L L\W anz = cogt d — gin? 4.
12. 285 cos z(sec = -+ ese 2} = sinz 4 cog 2.
13, Express the other five trigonometric functions in terms of tan A.
N Use tan 4 as the opposite side and I ag the adjacent side.
\m ) “14. Express the other five functions in terms of cos 4.

MISCELLANEOUS QUESTIONS

By drawing figures, give a common sense reasen rather than a formal
praof for each of your answers to the following questions,
1. Can the gine of an angle bo greater than 1?
2. Which is the larger, sin 10° or gin 20°?
3. Does the sine of an angle Increase or decrease as the angle increases
from ©° to 90°7

4. Which is the larger, cos 10° or cos 20°?
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5. Does the cosine of an angle increase or decrease 4s tho angle incresses
from 0° to 90°7 i

6. Which is the larger, tan 45° or tan 60°7

7. Dioes the tangen$ of an angle inerease or deerease ag the angle increases
from 0° fo 90°7

8. Can the cosine of an angle be greater than 17 Why?

9, Can the tangent of un sangle be greater than 17 Is there any upper
bound to the value of tho tangent of an angle approaching 90°7

10. Does the colangent of an angle increase or decrease as the angle \@\

creases from 07 to 90°7 A o
_ Oy
(..:’\ o
z
AN
4 b
<O
N
,t’,\\"
&
NS
(\ o
R d
s:s:\‘
QY
N
™
\\a
A
O
. (Q



CHAPTER II

SIMPLE APPLICATIONS: SOLUTION OF RIGHT
TRIANGLES

11. Introduction. In the present chapter, we deal with simpl;
applications of the trigonometric functions. In these appiica-
tions the computations are most appropriately made B ‘mezns
of the values of the trigonometrie funetions of acutg&glglcs.

12. Three-Place Table of the Functions. In . eéomputations
of this chapter, we shall use the table of trigofigmetric functions
found on pages 16~17. This table gives the'walues of the sine,
cosine, tangent, and cotangent to three, déeimal places st inter-
vals of 30" from 0° to 90°, All anglegs,ﬁ'hl be read to the nearest
30" Thus, if sin 4 = 0.460, the value selected for 4 is 27° 3¢/,
sinee sin 27° = 0.454 and gin 27°.30¢ = 0.462. Ifcot A = 0.902,
the value selected for A is 4808 If cos A = 0.734, we select for
A the value 43° by agreeing'te choose the nearest whole number
of degrees when the valyd.of the function lies midway between
two tabulated values. AN

&

O\ EXERCISES
Find frem the'table the value of each of the following functions.
1. sin 155307 9. gin 46°
2, =in 372 10. sin 77°
3. cos22° 30° 11. cos 65° 30’
4,%00 33° 30 12. cos 86° 307
\.S,’"tan ar° 13. tan 76° 30’
(6. tan 28° 14. tan 50° 30°
\ ;) Y. cot 9°30° 15, cot 60° 30°
8. cot 43° 16. cot 85°
Find the acute angle A in each of the following equalities.
17. sind = 0242 21, tan 4 = 0424
18, sin 4 = 0.725 . 22, tan 4 = 1.511
19, coz 4 = (.588 23. cot A = 1.054
20, cos A = 0,623 24, cot A = 0.167

Find the acute angle 4 to the nearest 30 minutes in each of the following
eqgualities.

25. sin 4 = 0.274 27, cos A = 0.8
36, sin A = 0.417 28. cos A = 0.465
14
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29, tan A = 3.125 31. cot 4 = (450
30. tan A = 1.063 32, coft A = 1.248
In each of the following exereises, reduce the right-hand side to a decimal
fraction and find the acute angle B, to the nearest 30 minutes.
16

33.8in B = 5 - 37. tan B — 3V
34. sin B = 3/VT5, 38 tan B = 1—
o A3 3.7
35. coth524 39. cot B = A A
0.3 D
36. cos B = Vi/4. 40. cot B = < 0N
36. cos f Vo2 Lo

13. Heights, Distances, and Angles. By the application of
the definitions of the functions, and by the use\af numerical
values taken from the table (pp. 16-17), manyiniteresting prob-
lems involving right friangles may be solved. This use of
trigonometry will enable us to calculate @iftances and angles in
situations, in which it i impracticable*ovimeasure them.

R horizontal

horize
£\ Fra. 21

DEFINVEIONS) The angle of elevation of an object is the angle
between thelline of sight of the observer to the object and a
hor;zontﬁt“hne in the same vertical plane when the object ob-
served % above the horizontal plane. When the object observed
is, balow this horizontal plane, the angle is called the angle of

\dejbress:on (see Fig. 21).

ExampLe 1. A rope is stretched from
the top of a telephone pole (Fig. 22) 36
feet high to a point on the level ground at
which the angle of elevation of the top of ¢ %
the pole is 42°. How long is the rope if it
is stretched taut? 240

B

SovutioN. By definition, 36/¢ = sin 42°; Fra. 22
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TEREE-PrAcr TABLE OF Tug TRIGONOMETRIC Foncrions

/

A sin 4 o5 4 tan A cot A A
0° 0.600 1.000 0.000 940°
0° 30¢ 0.009 1.008 0.000 114.6 HG© 207
1 0.017 1,000 0.017 57.29 59
1 30 0.026 1.000 0.026 38.10 88 30
2 0.035 0.999 0.035 28.G4 58
2 30 0.044 0.899 0,044 22,90 87 30
3 0.052 0.099 0.052 19.08 8TCN
3 30 0.061 0.998 0.061 16.35 86 N30
4 0.070 0.99% 0.070 14.30 86
4 30 0.078 0.997 0.079 12.7¢ N85 30
5° 0.087 0.996 0.087 11.43 4 55¢
5° 30° 0.096 0.995 0.096 10.39, 84° 30¢
6 0.105 0.095 0.105 9G S4
8 30 0.113 0.994 0.114 8317 83 30
7 0.122 0.993 0.123 8144 53
7 30 0.131 0.901 0.132 AN 7.508 82 30
3 0139 0.990 0.141 ,°7 7.115 82
8 30 0.148 0,989 0,149\ 6.601 81 30
9 0.156 0.088 0358 ) 6.314 1
9 20 0165 0.086 0iey 5.976 80 30
10° 0,174 0.985 L0176 5.671 a0°
16° 307 0.182 0.983 0,185 5.396 79° 300
11 101 0.982 % 0.194 5.145 79
11 30 0.199 0.080 4 0.203 4.915 78 30
12 0.308 0.9783" - 0.213 4.705 78
12 30 0.216 076 0.222 4.511 77 30
13 0.225 79974 0.231 4.331 77
12 30 0233, s\go72 0.240 4.165 76 30
14 0.242 X\ 0.970 0.240 4,011 76
14 30 0.250 0.968 0,259 3.867 75 30
15° 0,259, 0.966 0.268 3732 75°
15° 3¢/ 0,267 0.964 0.277 2,606 74° 307
16 278 0.961 0.287 3.487 4
i6 30 { 284 0.959 0.296 3.376 73 30
i7 J Y0202 0.956 0.306 3.271 73
17 30\'\\ 0.301 0.954 0.315 3.172 72 30
o 0.300 G951 0.325 2.078 72
185300 0.317 0.048 0.335 2.080 71 20
i 0.326 0.946 0,344 2.004 71
m 30 0.384 0.943 0,354 2.824 70 30
20° 0,342 0,940 0.364 2.747 700
20° 30/ 0.350 0.037 0.874 2.675 60° 3¢
21 0.358 0.934 0.384 2.605
21 30 0,367 C.030 0.394 2,538 68 30
22 0.375 0.927 0.404 2.475
82 30 0.383 0.924 0.414 2414 67 230
A cos 4 sin 4 cot A tan 4 A
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TEREE-PLACE TaABLE oF THE TRIGONOMETRIC FUNCTIONS

4 sin A cos A tan A cot A A
23° 0.301 (1921 0.424 2,356 67°
232 31¥ (.399 0.917 0435 2.200 66 30
24 0.407 0.014 0.445 2,246 6
24 30 0.415 0.910 1,456 2,194 65 30
25 0.493 0.906 0466 2.145 64
25 30 0.431 0.003 0.477 2.097 ﬁj{&o
26 (1.433 0,809 (L4588 2.050 G54
26 30 0.446 0.505 0,499 2.006 62 20
a7 (L.454 0,801 0.510 1.963 65
27 30 0.462 (L8587 0.521 1921 62 30
28° 0.469 0,883 0.532 1,351 ja
28° 30" G477 0.879 (1543 | 61° 30¢
29 0,485 0.875 0.554 1804 61
29 80 0.492 0.870 0.566 1.767 60 30
30 0.500 0,566 0577 \ 1.732 60
30 30 0,508 0.862 0.58?\ \ 1.608 59 30
31 G.515 0.857 (L6% 1.664 50
31 30 0.522 0.853 8815 1.632 53 30
32 0.530 0,545 0526 1.600 55
32 30 0.537 0.843 0.637 1.670 57 30
33° 0.545 0.539 0.64% 1.540 57°
33° 30 0,552 0.334 0.6632 15611 56° 30/
34 0.550 0.829 0.675 1.4583 56
34 30 0,506 0.82% 0.887 1.455 55 30
35 0.574 %19 0.700 1.428 55
85 30 0581 ¢ 514 0.713 1.402 54 30
36 0.588 (. ™ 0.809 0.727 1.376 54
36 30 0503 N\ 0.504 0,740 1.351 53 30
37 0.602N 0.799 0.754 1.527 53
37 80 0.60%. 0793 0.767 1.303 52 30
38° 615 0.788 0.781 1.280 527
382300 | H0m3 0.783 0.795 1.257 51° 307
39 “£/0.620 0777 0.810 1.235 51
39 3 0.636 0.772 0.5824 1.213 56 30
10 A 0.643 0.766 0.839 1.192 50
49030 0.649 0.760 0.554 1.171 49 30

741 0.656 4.755 0.869 1.150 49
~fN\dL 30 0.663 0,749 0.885 1130 48 30
\ 0.66% 0.743 0.900 1111 48
42 30 0.676 0.737 0.916 1.091 47 30
43° 0.6%2 0.731 0.933 1.072 47°
43° 307 0,658 0.725 0.949 1.054 46° 30"
4 0.6u5 0.719 0.966 1,036 16
44 30 0,701 0.713 0.983 1.018 45 30
5 0.767 0.707 1.000 1.000 15
A cos A sin A cot A tan A A,
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hence
36 6
= iniz ~oaee = o381t

Examrie 2. The hypotenuse of a
right triangle is 90 feet, and one acute
angle is 36° (Fig. 23). Find the lengths

of the other two sides. N\
Sorurion. We have a/90 = siqij86°,
Fia. 23 by definition; hence O
@ = 90 5in 36° = (90)(0.588) = 52.9 . O
By definition, /90 = cos 36°; hence \\
b = 90 cos 36° = (90)(0.809) = 72.84t T

Exampry 3. When the sun is 629'}?50% the
horizon, how long a shadow is cagt:by a tree 100
feet high standing on level ground\(Fig. 24)7? 100 £t.

SovLuTioN. By definition," 5]100 = cot 67°; A
hence ~ AT

b = 100 cot 67° =(100)(0.424) = 42.4 1t, Fia, 24

(L™
The answers tg, the following exercises are reported to three
significant figures.” For the meaning of signifieant figures and
rules of approximate computation, see §§ 18, 19,
(N

4 "\} v
§ . EXERCISES

BA monumens is 555 feot high. How long a shadow is cast by this
mbHument, when the sun is 62° shove the horizon?
\0‘3 "2, Gable rafters 22 feet long, extend 2 feet beyond the cutside of the walle
‘of the house, and are set with an ungle of elcvation of 86°. TFind the width.
of the house measuring from outside walls.

3. Find the radius of 2 eirele in which s 10 foot chord subtends an angle
of 18° at the center, :

4. A straight trail having a uniform inclination of 17° leads from a hotel
at an elevation of 9000 fect above gea level to & mountain inn at an elevation
of 11200 feet. Find the distance aloag the trail from the hotel to the mountain
inn

5. The length of a kite string is 225 yards. Find the height of the kLite
above the ground when itg angle of elevation is 32°,
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6. A man walks z mile up a path inclined 16° to the horizontal. How high
iz he above the lovel of his starting point?

7. From the top of a tower 325 foet high, the angle of depression of s
rock on the horizontal plane through the foot of the tower is 35° 30°. Find
the distance of the rock from the foot of the tawer.

8. From the top of a monument 555 feet high, the angle of depreszion of
the top of a flagpole 85 feet high is 56°. What is the horizontal distance from
the monument to the flagpole?

9. A tree stands on level ground. At a point 132 feet from the tree add
12 feet above the ground, an observer found the angle of elevation of the top
of the tree to be 32° 14", Find the height of the tree. )

10. What is the inclination of a roadbed having a grade of 8 pt?r cent‘?
One having a grade of 18 per cent? (A grade of 8 per ceni maans that the
road has a rise of 8 feet in 100 feet on the horizontal.) ~.

11, The angle of elevation of the top of a radio tower om a point at a
horizontal distance of 1000 feet from its base is 37° 30X Find the height of
the tower. W\

12. A straight road runs down a long hill which isxﬁelined to the horizontal
at a constant angle of 17° 30", The speedometefiofan auto driven down the
hill shows that the hill is 1.8 miles long, Through‘what vertical and horizontal
distances hag the auto travelled?

13. Find the angle of depression of &Boat seen from a cliff 100 feet high if
the horizontal distance of the boat fromy the eliff is 77 fect.

14, A guy wire of & silo is inclined to the ground at an angle of 37° 30" and
is 80 fect long. How high is the silo?

15. Find the angles of dq{essmn of the top and bottom of a flagpole, 84
feet high, from the top of 4 building 100 feet high, if the horizontal distance
of the pole from buildingg 18,75 fect.

14, Applications’.in Physics and Geometry. Meany problems
occur in physits“and geometry in which an angle is to be found
from s formula that involves a trigonometric function of the
angle. ‘{hus, the horizonial and wvertieal components of a’
resulfant veloeity, », in the path OP (Fig. 25) are given by

~O P
\V v
’Fy L
5
o v
Frg. 25
= v cos b, v, = vEiné

Identical relations hold if », v., v, are forces or acecelerations
instead of velocities.
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Exaneir. A descending airplane has a horizontal veloeity
of 42 miles per hour and a resultant velocity of 50 miles per bour.
At what angle with the horizontal is its path?

SorurioN. In this ease, v = 50 and v, = 42.
We are to find ¢ from the relation

.

¥, = y co8 f,

N\
or .
cogd = ’% - % — 0.840. \ O
Then, from the table, p. 17, 6 = 38° &
FXERCISES A

1. Abody is moving with a velocity of 34.2 feet pexy second in a path making
an sngle of 25° 30’ with the horizontal. Find theshorizontal component.

2, A balloon is-zising vertically at a rate pf}ﬁz' feet per minute and due te
the wind is drifting horizontally at a rate’ei*835 fcet per minute. Tind the
sngle made by the path of the balloon with the horizontal.

3. Tn symbols one of the laws of fefraction is given by the relation

" }’Bin"'i
N Bnr
where 1 is the angle of incidente, r {s the angle of refraction, and & is the index
of refraction. For roc]sz"s'a\t k = 1.54, find rif ¢ = 31° 30",
‘4, Using the not?btémi’ and the formula of Exercise 3,
{a) Fenwater k = 1.33, ind ¢ if r = i7° 30"
(b} For potassium chloride % = 1,49, find rif i = 67°.
@)\ Find & if ¢ = 77° 30" and r = 65°.
5. 'I‘ll{e@qéie, &, between two lines in a plane is given by the relation

=k,

*
. AN\ e ® — g
4 t, e ————
L\ an ¢ T e

, \‘whtsre amy and ms are called the slopes of the lines. Find ¢ for the two lines
N whose slopes are 3 and ~ 1/7 respectively.

4 6. In a &pace of three dimensions the angle, 8, between two Lines is giver
by the relation '

cos 6 = Iils -+ mums + Ttz
where L, 71, 1 and Iy, #ns, ns are called the direction cosinos of the lines.

Find ¢ for the two lines whose direction cosines are 2/3, 1/3, 2/3 and 2/7; 6/7,
3/7, respectively.

7. One of the laws of friction is given by the formula
tani = k
where ¢ is the inclination of the plane and % is the coefficient of friction. For
iron and stone, k varies from 0.3 to 0.7. Between what angles does ¢ vary?

*The gymbol 1 s read “ m subseript one” or *“m sub one.”

[ A ———



SIMPLE APPLICATIONS 21

8. To solve a problem in astronomy, it is necessary to m.ake the following
transformation
tan ¥ = tan ¢ tan 4

H ¢ = 32° and 5 = 37° 30/, find N,
9. The angle w is given by the formula

_ cobw = cot 4 + ecot B + eot (.
Find o if 4 = 38° 30, B = 67° C = T4° 30°,

I5. Direction or Bearing of Lines and Points, To give the,
direction of a line in a horizontal plane near the surface of<the
earth, much use is made hy surveyors and mariners of the atute
angle which the line in question makes with the nmfth—‘houth
line or meridian. This angle is often called the bearing of the
line. \N%

The directions of all lines can be S
. oD A
kept in terms of ascute angles by p L&
reading from the north or south end S S| 40°
of the meridian toward the east or ™ =
west. Thus, in Fig. 26, the bearing-{ 3] 7

of OAdis N 40° E, that of OB is § 3282 |,
E, that of OC is §70° W, that of (O S
ODis N75°W.

It is sometimes conx@;ient to
speak of the bearing of‘@\point with
reference to anothet.) For example, the bearing of the point
4 in Fig. 26 from. the point 0 is N 40° E,

ExampLr, ,\A.\é']:lip leaves & dock at 8 o’clock and steams due
eash at a rape-of 18 miles per hour. At 10 o’clock its course is
changed 30\N 35° 30’ E.  Find its distance and bearing from the

A dock at 11:30 o’clock.

8 B
Fia. 26

SoLvTioN. Thevaluesof
known items are indicated
in Fig, 27, :

Let the ship start from
the dock D, and salter its
course at the point 4,
arriving at the point B at
. 11:30 o’'clock. I o.” fig-
ure, &' = 36 miles, ¢ = 27 miles. Since angle SAB 2o 30?:\113

Q
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foliows that

angle CAB = 4 = 54° 3¢,

By deﬁnition,. we have

Similarly,

g= cos A, or b =rcecos A,
Substituting numerieal values, we have ~
b = (27)(0.581) = 15.7 miles. .
£ 1 s \
we find £\ N

@ =csind = @0)(0814) = 22.0 miles.

In the right triangle DCB, we have vV

Then

From the

DC =¥ +b =36+ 1572517 miles,
Q

RS
a 22 { &
bR D = 5o = 517 =026

table, p. 17, we ‘hé;vew Z D = 23° Then the angle

BSN is 90° — 23° = 67°, «Henee B bears N 67° E from D.
To calenlate DB = ¢4 note that

AN 'V _ @
c,} sin D, or ¢ il
Substituting,“we have
2\~ o =22 56.3 miles.
O 391
&
§\ EXERCISES

JANIL Find the bearing of 3 boint, P, 11 miley east and 14 miles north of &
“igj\?en point 0,

2. Find

the bearing of & straight railrond which leads to a point 20 miles

/' east and 30 1nileg south.

What

3.
Washington onument, 555 f

4. What

foet up a vertipal wall?

is the angle of elevation of the sun at the instunt when the
ceh high, custs & shadow 1060 fect long?
is the angle of elevation of & 90-faot ladder which reaches 17

5. Find the height of a troe which ¢asts a horizontal shadow 40 feet ong ';
when the syn’s elevation is 67° 3017 k

G Oneo
find "t

thud,

OUgh the

f the short sides of the rectangle 23 by 37 fect les in a meridian;

{the Bé?ng of each vertex with Tespect to the opposite end of the diagonal

‘vertex,
t .
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7. To find the width AP of a river, a survevor measured a distance of 105
yards on & line A at right angles to AB.  From €' he found the angle ACH 1o
be 71° 3¢’. From the surveyor's dats, caleulate the requived width of the

F1Ver.

8 A flagpole stands on level ground. The angle of elevation of its top
from a point on the ground 70 feet from its bage is 59° 30°, What is the angle
of elevaiion of its top from a point 200 feet from its bage?

9. A surveyor, running a line due north, found that he must change his
course becauss of a swamp.  From a point A he alters his direction to N 55° E #
and chains 40 rods to a point C; thence on course N 33° W, he moasures &
distanee 60 vods to & point B in his original course, What is the distance 452

10. The angle of elevation of the top I of an inaccessible bluff from %
point A is 30° 30", At a point B, 200 feet nearer the base of the blaff, in &
harizental line with the point A, the angle of elevation of tha'l’op is 41°
How high iz the bluff? .

SuaemsTioNs. Let ¥ be the height of the bluff. ;g\ D
From Fig. 28, we have 4

y = ztan 41°, and g = {xr + 200) tan 30° 3. ..\\,’ y
Eliminate « and solve for y. (&

11, A flagpole stands on level ground at thex 4
edge of o canal. At a point D on the oppogite “h-zp-iB ¢
edge of the canal the angle of elevation of ‘the'top Frg. 28

of the pole is 28°, but from a point A, 0D feet
farther from the pole than D, in line mth D and the pole, the angle of cleva-
tion of the top of the pole is 15° 30" How wide is the canal?

M. Use suggestions in exereise 10.

12, From a given point in{the horizontal plane of the base of the pedestal
of the Statue of Liberty, thaangles of elevation of the hottom and top of the
statue, 151 feet high, hre 4° 30" and 9° 30’ respectively. Show that the
height, ¥, of the pedestal is given by

\.. 151 cot 9° 30¢
A& ¥ = 5ot 4° 307 — ¢ot 9° 307

and find the'approximate value of y.

J \Y c In Fig. 20, AD =30, AB = 80,

O\ and BC = 40, TUse these data in the
golution of the next four exercises.

13, Find d = AFE in Vig. 29 and the
angle 8, if the angles of ¢levations of
D and € from E sre equal.

14, Find the distances AF such that
C) E ¢ B the angle o (Fig. 29} is a right angle,

Fra. 20 Find the angies of elevation of D and
¢ from that position of £ which is

nearer fo A.

Hiyrs. f 4 ¢ = 90° §6 = cot 4, 4—% = cob ¢,
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But eot ¢ = tan ¢. (Sce §9.) Thened = 1200, and ¢ 4 4 = 80, Solve the
Iast two equations simultaneously,

15. A line is drawn from € (Fig. 29) perpendicular to a line BD (not shown
in figure). Itcuts ABin @, Find AG and the angle of elevation of ¢ from G,

16. Find the vertical height of the intersection of BD and ¢ ahove AR,

17. T'wo observers, 4 and B, in & horizontal line passing through the base
of a tower find that the angles of elevation of the top of the tower are 7 and ¢
respectively. If A ie farther from the tower than B, show that Q)

z = hicot 8 = cot ¢) ,~\.\,
where 2 is the distance between A and B and % is the height of t,ﬁe tower.

18. In a horizontal line passing through the base of thesINhshville, Ten-
nessed, radio tower, B78 feet high, twe obscrvers find “that’ the angles of
elevation of the top of the tower are 55° and 40° 3, Yespectively, How
far apart are the observers? \/ .

19, From two consecutive milestones on a level Yohd the angles of clevation
of a balloon directly over the road are 37° and, 479.30", respectively. TFind the
height of the balloon. o\

20. A erest of a hill is observed from the top and bottom of a buiiding 100
feet high. The elevation angles are 81°%and 35° 30’ respectively. Find the
height of the crest of the hill abovethe hottom of the huilding.

21. From g point 20 feet above the surface of a lake the angle of elevation

-of the top of a church spire sitidted on the opposite shore is 11° 30°. The

angle of depression of the tiprof the reflection of the spire in the surface of the
lakeis 15°. Find the h{ﬁg}t of the spire above the surface of the lake and the
horizontal distance t:f\i';\}‘:ne spire from the point of ohservation,

e

Hmr. Make use of the fact that the angle of incidence is cqual to the
angle of reflectismy.)

22. Mounb\Weshington is 6293 feet high. At a given point B in a hori-
zontal Iinepassing through its base, the angle of clevation of its sunimit is 53%
What, i the angle of elevation of the summit at 8 point A in the same horis
zo:%tg}\\ki'e as B at a distance one half mile farther from the bage of the moun-
tain than B?

N

+ 16. Solution of Right Triangles. In the breceding articles we
have seen how the right triangle is used in the solution of prob-
lems of a practical pature. A more formal trestment of the
solution of a right triangle will now be given.

A triangle has six parts, or elements: three sides and three
angles. A right triangle is determined by a side and any other
part (not counting the right angle).

The primary formulag for computing the unknown parts of
a right triangle are given by the definitions of the gine, cosine,

| tangent, and cotangent (see §§ 2 and 8). Thus the student will
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recali (Fig. 30) that

(1) sin A = afc = cos B,

(2) cos 4 = bfe = sin B,

(3) tan 4 = afb = cot B, e
{4) cot A = bfa = tan B.

To these are added the geometric 4 b S
relations Fig. 30 X
A\
®) A+ B =190° N\

©) @ b= S

When one acute angle is given, the other may be fquzz:i from (5).
The solution of a right triangle is the process*@f finding the

unknown parts from the given parts.

17. Procedure for Solving Right Triangles.\\'The solution of a
right triangle should be carried out in agystematic manner. In
order to do this, note that each of theyformulas in § 16, which
eontaing a side, expresses a relatiqlg{*sianong three parts of a right
triangle. Hence, from any formmula which econtains two given
parts, the third part can be fotnd.

Note also that it is advigable to select the formulas in such a
manner that each part is;eomputed from the given parts rather
than from computediparts. This procedure will help ' to avoid
the accumulation oferrors, '

The foliowing @umerical examples illustrate the procedure in
the solution of\i-jght triangles,

EXAM'PI%“} "~ Given A = 35°30’, ¢ = 21, find B, b, and .
Somjxjto\r. The known parts are indicated in Fig. 31. From
..\': N B (5), §16’ B = 900 — 350 30,’ = 54° 30!-
- Using (1) and (4), § 18, we have

NN

\ 3
a=21 sin A = afe, or ¢ = afsin 4,
oy cot A.= bjla, or b= acotA.
485730 .
® From the table, p. 17, sin 4 == 0.581, and
¥re. 51 cot 4 = 1.402

Upon substitution, we have

¢ = 21/0.581 = 36.1,
b= (21)(1.402) = 20.4
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Examrie 2. Given b = 23, ¢ = 36, find a, 4, and B.

SoLvrroN. Draw a figure to represent the given data. From
(6}, § 16, we have

@ =¢ — B = (c—b)(c+b) = (36 — 23)(36 + 23)
(13)(59) = 767.

Thell i3 = 27.7 N\

From (2), § 16, we have R \)

cos A = bfc = 23/36 = 0.630 A\

Q"

From the table, p. 17, we have 4 = 50° 30’.""\T’hen B = 39°30".

EXERCISES
Bolve each of the right triangles having Qve\u the following parts.
-a=27, A =31°30, M) 6a=31, ¢ =72
2.0=2) A =65, 0 nb=72, ¢ =100
3.6 =245 A =46°30. R 8. a="768 A =178
4. a =072, B = 15° v::.: . 9. b = 80, A = 23°30°.
S.e=16, b =18 | 10. ¢ = 50, B = 48°,

11. A rectsngle is 10 by 30 feet. Pind the length of the perpendicular
dropped from a vertex wgdon & diagonal,

12. The vertical anig;fs of an isosceles triangle is 67°. The base is 32 feet.
Tind the lengths of\@b altitudes,

13. In a circleNof radius 10 feet, a chord is drawn 3 feet from the cemter.
How large ap #1216 does the chord subtend at the eenter of the circle?

14. At a/Poits 17 feet from the eeuter of 4 circle of radius 10 feetf, tangents
are dram::\z':ﬁa thecirele.  Find the length of the tangents and the angle hetween
them, { )"

;\\A traveller in a desert country finds that he must change his course.
There are two routes Open to him. First, he can turn right through an angle

P77 degrees and travel 38 miles; then turn left through & right angle and
“procesd to his destination. Becond, he can turn lefg through an angle of 75

degrees and travel 44 miles; then turn right through a right angle and procoed
to his destination. Which is the shorter route?

16. What is the radins of 3 cirele inseribed in an equilateral triangie of
perimeter 120 foet?

17. The angle between two 100 feet tangents to a circic is 71°. Tind the
radius of the circlo,
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19. The drive wheel on & gas engine is 13 inches in diameter and the pulley
on a rotary pump is 5 inches in diameter. If the shafts of the drive wheel
and pulley are placed 2 feet apart, find the length of belt required when
uncrossed. See Fig. 32, Use r = 22/7.

?.

Fia. 32 O\
NN “
18. Bignificant Figures, Decimal Places. Letus cqn,égdér the
meaning to be attached to the following statements: o\

(1) The temperature of a fever patient.is "1?,}1\.5"
(2) V2 = 1.414 !

(3) A rainfall of 2.38 inches N

(4) sin 18° = 0.309 A\

These statements mean that the ex&ct values differ from the
above approximations by at most §4n the next decimal Pplace.
Thus, the temperature of the fevér patient differs from 101.5°
by at most 0.05°, that is, the fe:iact temperature lies between
101.45° and 101.55° (the end\values may at times be included).
Similarly, V2 differs fromN'414 by at most 0.0005, the rainfall
differs from 2.38 inchésD¥ at most 0.005 inch, and sin 18° differs
from 0.309 by at most 0,0005,

The temperatyge; 101.5°, and the value, V2 = 1.414, may each
be said to be given to four significant figures; the rainfall, 2.38
inches, and/the value sin 18° = 0,309 to three significant figures.

Againreach of the values, ¥2 = 1.414 and sin 18° = (.309,
may be:’ﬁaid to be given to three decimal places; the rainfall,
2.38( {hbhes, to two decimal places, and the temperature, 101.5°,
tb\o}le decimal place.

Consider the meaning of the statement that an estimate of
14 000 fect for the height of a mountain is correct to two significant
figures. This means that the height of the mountain peak differs
from 14 000 foet by at most 500 feet. But to say that a measure-
ment of 14 000 feet for the height of the mountain peak is correct
to five significant figures means that its height differs from
14 000 feet by at most 0.5 of a foot.
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19. Reporting and Computing with Approximations. To report
an approximate result such as 1.3462 to four significant fipures,
we give 1.346. To express the same result to three significant
figures, we report 1.35 rather than 1.34 since 1.3462 is nearer to
1.35 than to 1.34. In like manner, to report a result such as
49.96 to three significant figures, we give 50.0. Note also that
to express a result such as 2143.75 to only five significant # Zures,
we report 2143.8 by agreeing to adopt the practice of repnrting
the nearest even number when the number whose approximate
value we want les midway between two numbers. {0

In multiplying two numbers of which at leagt ahe is an ap-
proximation, nothing is ordinarily gained in:'ret-aining more
signifieant figures than oceur in the app¥oximate factor that
containg the smallest number of significaht figures. Thus, we
may write (12.1}(0.86) = 10 if 0.86 is a1y approximate value, but
we should write (12.1)(0.86) = 104°10.86 is an exact valuo and
12,1 is approximate., O

A similar procedure applie$also to division. For example,
Wwe may write 6.812/2.21 =808 if 2.21 is an approximate value,
but we should write 6.813/2.21 = 3.082 if 2.21 is an exact value
and 6.812 is an approfimate value,

In addition and s“ traction of two numbers of which at least
one is approximate, it is seldom useful to retain more decimal
places than atéin the numhber containing the least number of
decimal plagés. Thus, if we add the approximate values;

(o 1.356
O\ -39
P\ - 14.5
N 0.26
N” L ———
16.1

the result should be written in the form 18.1, as stated above.
) In adding approximate values, errors may aceumulate, Thus,
in adding the following approximate values

36.52
27.31
26.24
12.32

——
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in which an error as large as 0.005 may possibly exist in each of
the four numbers, a maximum error of numerieal value 4(0.005)
= 0.02 might oceur in the result. In general the error is rela-
tively small in comparison with the maximurs,

The observance of the ahove rules about reporting results in
computing with approximations produces, in general, good results,
but no attempt is made in this book to justify this statement,

In a practical problem, the measured quantities are, in general{
approximate. In order to avoid confusion, we shall considepall
data in this book exact, unless stated to the contrary. .Sitice
the values of the trigonometric functions in the table are approxi-
mate except in relatively few cases, the results comptted by
mears of them are approximate. In the present chapter, ap-
proximate results have been reported to three sighificant figures,
and have been obtained by following the practied of retaiving the
appropriate number of significant figures at‘the end of each step.
However, some differences in the approxim\a-te results may oceur
due to the order in which the operatiofig)are performed.

EXERCISES

1. Given 78.20613, 0.01384, 1.11248, 0.00072198, as s set of approxi-
mate results, reporf them to three deeimal places.

2. Write cach of the numberg 'in Exercise 1 to three significant figures.

3. Write each of the nu;gbn%‘s in Exercise 1 to four decimal places, to four
significant figures. \"

4. Multiply (76.1}{8.6)(1.240) in order from left to right retaining the
appropriste number of\significant fgures in each product, (1) when all the
factors are approximgte, (2) when the first two factors are exact and the third
approXtimate, and\{3) when the middle factor is exact and others approximate.

3. Do Extigide 4 using the factors in the order (1,240} {76.1) (8.6).

6, Petform’ the indicated operations (12.35)(8.84) = 2.7 in order from
left to xigI:Jt retaining the appropriate number of significant figures at each
step, AL when all the numbers are approximate, {2) when the divisor is cxact
ard\the others spproximate, and (3) when the number 12.35 is approximate
and/the others exact.

7. Work Exercise 6 following the order [(12.35)/(2.7) ] (3.34).

For the angles indicated in each of Exercises 8-10, test whether the equality
is matisfied by values of the functions taken from the table, pp. 16-17.

8 ain’ A +eostd =1, for A = 34°

9. gin 24 = 2gin 4 cos A, for A = 25° 30",

10. sin {4 — B) = sin 4 cos B — ¢os 4 sin B, far A = 65° 80", and B =~ 35°,

Find the value of each of the expressions in Exereiscs 11-14, using the
table on pp. 16-17 and assuming all numbers exact except the valucs of the
trigonometric functions.
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1 {67.8){sin 28%)
*  gin 56° 807
{12.3)(tan 21°)
' eot 14° — cot 23°
(245 (18.7)
tan 56 — tan 39° 30"

12

13.

. A AN \
14, sin A + (1.3) cos (5) - (13) tan (g) i A =18

15. Give the results of the following multiplications to the a p?;}:riate
number of significant figures: 44 gin 18°; 44.4 sin 1° ; 4444 coa 1°. , &’

16. Find the acute angle 4, if tan (4 — 17°) = 856/767. (5’\ ”

17. ¥ind the acute angle A, if sin (4 -+ 15%) = 2367743215

X ¢

A0

»
7 ¢ { \'
X \{"\\V
O
™
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CHAPTER III

TRIGONOMETRIC FUNCTIONS OF ANY ANGLE

20. The Extended Notion of an Angle. Coordinate Axes. In
§8 2-3, the trigonometric functions of positive acute angles arg
defined. O\

The meaning of an angle as used in elementary geomet@\"wﬂl
now be extended to include both positive and negativeiangles of
any size, and the trigonometric functions of such ang]’éé'ﬁﬂl then
be defined. R&Y

To do this we introduce coordinate axes. IntFig. 33, the line
X'X is called the z-axig, and the line Yy, pe{pendicular to X'X,
ig called the y-axis. The point of inters\e@}icin, 0, of X'X and

Y'Y is called the origin. O Y -
The coordinate axes divide the X '

plane into four quadrants, I, II, w3

III, IV, numbered as in Fig, 3388 I I R
21. Positive and Negative “An- 0 A

gles. If a line, say OR imn'\Fig. 33, ¥ W %

rotates in a plane abput.one of its “B

points O an angle h\generated. M v

When the rotatior is counter ,

clockwise we gpéak of the angle Q FII(: o

generated ag & positive angle, but
when t-hggetation is clockwise as a negative angle.

22, Jnitial and Terminal Sides of an Angle. If the line OR
zotétes from OX to OP, Fig. 33, we call OX the initial side and
\Qf‘fhe terminal side of the positive angle 4. Similarly OX and
0Q are the initial and terminal sides of the angle — B,

23. The Quadrant of an Angle, Coterminal Angles. An
angle may be so placed that its initial side will coincide with
0X, Fig. 33, and its vertex with the origin. It is then said to
be in standard position.

When placed in standard position an angle is said to belong
to the quadrant in which the terminal side lies. Thus, in Fig. 33,

a1
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the positive angle A is in standard position, and is & first quadrant
angle. The angle ~ B ig in standard position, and is a third
quadrant angle.

Angles in standard position whose terminal sides coincide may
differ by multiples of 360°. Thus, the angles 40°, 400°, — 320°,
---, when in standard position, have the same {erminal side.
Such angles are ealled coferminal angles. A

When speaking of coterminal angles, we will always assume
that they are in standard position. ¢\

Nore. The student should bear in mind that whén we speak
of an angle in a certain quadrant, say a second qﬁadrant angle,
we do not mean that the angle lies entirely in the/Sedond quadrant.
We simply mean that the terminal sideches in the second
quadrant, \

EXERCISES /)
1, Btate the quadrant to which each ’o};:he following angles belongs:
120°, 875°, 2107, 510°, - 100°, — 30°, ~{ 495°, — 320°.
2. State the quadrant to which, sach of the following angles belongs:
2-90° +30°, 3.90° — 40°, 5-90°20°, — 4-00° + 75°, - 5-90° — 307,
1300°, — 1765°. &Ny

3. Which pairs of the following angles are coterminal: 30°, 210°, 390°,
-~ 330°7 -

4, Which pairg of «the' following angles are coterminal: — 60°, 3007,

|~ 420° 270%

5. Give two pu}tive angles and two pegative angles having the same
terminal side ag 79%in standard position.

6. Give %w0/positive angles and two negative anples having the same
terminal side 85 — 117° in standard position.

7. Wit angle docs the minute hand of s watch generate from 11 A.M. to
2 P Muthe same day?

18, "What angle does the hour hand of s clock generate in 123 hours?

R 29, In what quadrant is the supplement of 70°7

m\J

10. In what quadrant is the complement of — 25°7

11. In a cirele whose eircumference ig 200 feet, a central angle subtends an
arc of 180 feet, To what quadrant does this angle belong?

. 12. Express an angular velocity of 156 eomplete revolutions per minute
in degrees per second,

13. A wheel is revolving with an angular velocity of 900° per gecond. Find
the number of complete revolutions per hour.

_24. Rectangular Coordinates. The point P in any position,
Fig. 34, is determined by two numbers, x and . The distance,
Z, of the point P from the y-axis is called the abscissa of P. The
distance, y, of the point P from the z-axis is called the ordinate
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of P, The abseissa, z, and the ordinate, y, of any point are
called its rectangular coordinates, and are written (z, 7).

The abscissa, z, of the point P is said
to be positive if P is to the right of the
y-axis, and negative if P is to the left of
the y-axis. Similarly, the ordinate, y, is
said to be positive if P iz above the z-
axis, and negative if P is below the x-axis,

The abseissa is zero if P is on the y-axis,
and the ordinate is zero if P is on the z-axis.

i'd
Fop
X' (1] X
Y?
Fra. 3¢

NS ©
The distance, », of P from the origin, 0, is ealled theﬁ disiance
or radius vector of the point P. In the definitions of .ﬁfieﬂtrigono-
metric funetions (§ 25), we agree to take the dista{ce; r, positive

and different from zero.

EXERCISES

4

N

1. Locate the points (4, — 2), (— 3, 5), (2=9), (- 5, — 4).
2. In which quadrant i3 each point in Fxertise 17
3. Find the distance, 7, of each point in Ezereise 1 from the origin.

4. Locate the points (5, 12) and (= 5M2).

S. How far is the point {— 24, —F{Fom the origin?

~

Fig. 38

25. Definitions of the Trigonometric Functions of Any Angle.
Consider the right triangle OMP, in Fig. 35. Denoting the posi-
iive acute angle XOP by #, we have, §§ 2-3,
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ordinate of P

ing =Y Sma_'.r_di'_«'.ta:nc:eofP
YT T SGstance of B' % = 4 = Gidinate of B
cos = 5= abscissa of P sec b= T — distance of P
058 = 1~ distance of P’ x  abscissa of P’
_ Y _ ordinate of P _ X _ abscissa of P

tan § = X abscissa of P’ cot § = vy ordinate of P

Now consider each of the four figures, Figs. 35-38.- Ao
denotes either the positive or the negative angle XOIf,\ tq «each
figure, we take the above to be the definitions of the triganoretric
functions of the angle 8 in whatever quadrant the terfiinal side
of the angle lies. "G

Consider, for example, the angle 8 — XOPGn Fig. 36. Let
P(— 3,4) be a point on the terminal sids ofthe angle . We

then have » = 5, and N
: 4 ANy :
8in® = = = — N = — -
E’ cos o A tan 8 3
EXERCISES
1, If # is an angle in the thiriqﬁa&rant for whichz = — 5, and y = — 13,
find the values of sin 8, tan 9, ahd see ¢,
2. If ¢ is an angle in the{fdurth quadrant for which z — 3,and y = — 4,

find the values of sin 8, qcrs:ﬂ, and cot 6.

3. Ifeisa sccond@adra.nt angle for which » = 13, 2 = — 12, find cos 4,
cot 8, and cse g

4 If ¢ is o fourth’ quadrant sngle for which » = 10, y = — &, find sin ¥,
tan 8, and secy, ()

5. If 8 imavsecond quadrant angle for which = — 2, ¥y = b, find cos §;
tan 6, and-gse 9,

6. The“7-24-25% righy triangle may be so piaced that its hypotenuse is
the Fﬁrminal side of two angles belonging to the second quadrant; find their
.siz\nes,’ cosines, and tangents,

o ’7.. The 34-5 right triangle may be so placed that its hypotenuse is the
erminal side of two angles belonging to the third quadrant; find their cosines,
cotangents, and cosecants,

8.. The.5—12—13 right triangle may he so placed that its hypotenuse is the
terminal side of two angles belonging to the fourth quadrant; find their sines,
tangents, and secantg,

) Nore. ZEt may be noted that in certain cases the definitions of the
tcngou(‘)metnc functions fail due to a zero denominator. For cxample, the
definition tan ¢ = y/z fails when = = 0. This will be diseussed in §§27
and 28§,

*Ry 5 7-24-25 right triangie we mean & right triangle wi
) with legs 7 and 24, and
with hypotenuse 25, * wet e an
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26. Sigus of the Trigonometric Functions. The signs of the
trigonometric functions of an angle depend upon the quadrant
to which the angle belongs. Visualize the terminal side of an
angle in any quadrant. Note the signs of the abscissa and
ordinate of any point on this terminal side, bearing in mind that
the distance of the point from the origin is always taken as
positive. Then the signs of the functions follow readily from the
definitions. Q

For example, tan & = y/z is positive when 2 and ¥ have like
signs, and negative when they have unlike signs. But pand y
have like signs for points in the first and third quadrants, and
anlike signs for points in the other two quadrants. {ITence lan @
is positive when 8 is a first or third quadrant a:ng@,f’and negative
when a second or fourth quadrant angle. &

The signs of the trigonometrie functio{ls in the respective

N\

quadrants-are given in Fig. 39. \x
11 O I
In this quadrans AN In this quadrant
the sine and cosecant only S all the functions
are positive N\ are positive
x5 - v
In this quadrant In this quadrant
the tangent and{cotangent only the cosine and secant only
arg\positive are positive
\"\\ Fia. 39
QO EXERCISES
&Why are the signs of sin ¢ and Y
“es00 in any quadrant the same ag the P
\siéns of the ordinates of points in that
quadrant? \NEl
. 1 i
2. Why arethesigns of cos and secp s 1550 ¥
in any quadrant the samc ag the gignsof X T O\

the abseiggas of points in that quadrant?
3. Draw a figzure and find each of
the six trigonometric functions of 135°.
Sorurion. Let P (Fig, 40) be the
point (— 1,1}, Then the linc OPF bisects ¥
the angle Y0OX’, and ~ XOP = 135° F1a. 40
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By the definitions, we have

sin 135° = -\—(15, ese 185° = 3

cos 135° = — —I—_! see 135° = — 32,
V32

tan 135° = —1, cot 135° = — 1,

X P were the point (— 3, 8), would the line OGP biscct the angle voxm

4, By using Fig. 40, find eack of the trigoncmetric functions 01'\:—\225°.
5. Draw a figure and find each of the trigonometric functiofisof 925°,

Hmt. Note that the point (— 1, — 1) lies on the termi{lga,l\'a-;ide of 225°,
6. Uge the figure drawn in Exercise 5 to find the six functions of — 135°
7. From s figure find each of the trigonometric funetions of 315° 3 — 45°,
8. Complete the following table from the resultd ¢I"Excreises 3 to 7.

angle gin eog tdoy T ese sec cot
Ya?
45°, — 315° W2 | 12V vz o[ 2 1
135°, — 225° N
225°, — 135°
3150, —_— 450 . Q.:
imx\
& 9. From Fig. 41, find cach of the
% N trigonometric functions of 210°, — 150°
1O 10. Draw s figure and find the six
NG/ trigonometrie functions of 240°, ~ 120°,
,\‘“' 2100 il. Draw a figure and find the six
M ‘."[3{% 4 X trigonometrie functions of 300°, 330°%
N 0 — 60°, — 30°,

Ql 1 12. Draw a figure and find the six
Np trigonometric functions of 120°, 150°
» — 240°, — 210°,

¥ Evatuate the following:
13. 4 gin 120° ~ cof 150°
Fia. 41

14. sin 30° + sin 150° 4 cot 60° +
cot 120°

15, {cos 300° + tan 135°) (cos 300° — tan 135°)

16. (cos 240° sin 830°) + (cos 120° sin 150%)

17, cot 135° + sec 240° + gin® 300°

18. sec? 150° — tan? 120°

19, Given tang = §/ 12, find the values of the other functions of 4.

SoLoTION. The angla ¢ may be either the positi i
1 besitive or the negative angle
XOP, Fip. 42, or the positive o

r the negative angle X0Q, Fig. 43.
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¥ Y
Pazg
13 5 [
Xt L M_1s TN X

o 2 M o

-5 %

Q(-12,-5)
¥ Y
Fra. 42 Fia. 43

O\
Tn Fig. 42, tan 9 = 5/13; in Fig. 43, tan 0 = (— 5)/(= 12) = §/i2) The

distance OF = V5 + 12* = 13; the distance O = '\l"(— 5)2 4 (:—‘-.’1.2)2 =13,
The values of the other functiong are given in the following table:

"
angle Bin ¢ cos 8 tan ese &\ N Bee @ cot: §
75
. 5 12 s 13 12
¢ =X0P 13 12 $O'5 2| 3
5 12 13 13 12
ekt B T S T 5 ] 3

*
~

Draw the angles 8, and ﬁnql‘the. values of the other functions, expressing
results with rational denomindtors, given:

NS

20, #in 0 = — 15[17.\'\ - 23. each = 3.

21. cog 8 = 2/f7. O\ 24, pecf = — 2,

22, tand = - 532 25. cot o = 2v6.
\ ¥

Draw the ar}g(eﬁ' in the appropriate quadrants, and find the other funections,
given; NV

26. cof = 22/3, where # is positive.
27,%05 0 = m, where m is negative.
LBy ese 8 = (1 + m®)f(2m), where 0 < m < 1,
\ 29, sin 8 = Ifm, a positive fraction.
30. cos @ = I/m, a positive fraction.

In Exereiscs 31 and 32, the fraction Ifm can always be written with the
denominator positive.

31. sin ¢ = §/m, 5 negative fraction.

32, cos # = Ilfm, & negative fraction.

33. tan § = l/m, a positive fraction.

Hmve. In Exercise 83, I and m have like signs.
34, tan & = Ifm, a negative fraction.

Hwr. In Exercize 34,  and m have unlike signs.
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Y 35. Given cos @ = 4/5, and tan 0 negative, find
the values of the other functions,
0 SoLoron. Since cos ¢ is positive, the angle §
X / N4 X must be in either the first or {ourth gquadrant.
NUSNG Since tan ¢ is negative the angle ¢ must be in
B "3 either the second or fourth quadrant. Hence the
P angle # can bein the fourth quadrant only (Fig.
¥ 44). The values of the other funetions arc given
Fra. 44 in the following table.
5

sngle sin & cos 8 [ tan 8 csc @ ‘ see 8"\ “tot @

' 3 3 5 QL 4

§ =X0P —5‘ ~3 —g{l\ A —3

Draw the angle # and find the values of the other f\inctions, given:

36, cos & = - 12/13, and tan ¢ positive. 7
37. ese § = — 2, and cos # pegative. N\
38. cot # = — V7/3, and sin @ positiven v
39. sin = 0.6, and 90° < § (1809 "

\Y;

40. Given cot & = V52, and sec*ﬂ <20, find the value of

e,oaﬂ+cscﬂ
N sm3+scca

27. Quadrantal 18s. When the terminal side OP of an

angle in standard (g pnsﬂ.lon falls on the

quadranﬁél“angles

boundary betwt?en two quadrants, the ¥
angle is called.& quadrantal angle. The
angles, 0°,80° or any multiple of 90°, are Xt Py
o
CBQSJder the quadrantal angle, 0°. The
ternﬁhal side OP of the angle 0° falls on v
@hﬁ boundary between the first quadrant Yra. 45

(ﬁnd the fourth quadrant (Fig, 45). For

this angle, = r and y = 0, By definition (§ 25), we have

*
Sil’lOo:g:—Q:O, csc{)c’:z:[
roor y 0
cos0° =2=Z -1, s00” ==l -1,
*
tan0°=i=9=0, egtﬂ":g:t.
r r ¥y 0

* Binee division by zero is an unpossuble operation, the definitions of § 25 fail

for cse 0° and cot 0°. See §28
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For the angle 90° the terminal side falls ¥
on the boundary between the first and P
second quadrants (Fig. 46). For this angle,
z=0andy =r.

By applying the definitions in § 25 o the 0 X
angle 90°, we obtain the following values
of the functions:

F1a. 46
@\
sin90°=%=;=1, ese90°=§"=;=1, O
*“(”&
cosQO":E:g:O, see 90° = L = 77
r r * N
o_y_1* S AN
tan 90 =>=0’ cot 90 ", T-O.

Here the definitions fail for tan 90° and&se\c‘goc'.

The student should draw a figure dnd write out the values of
the functions of 180° 270°. It shewld be noted that the defini-
tions fail for cse 180°, cot 180°,.fan 270°, and see 270°.

28. Cases in Which the_ Definitions Fail. In the eight cases
noted in § 27 in which the\definitions of § 25 fail it is customary
to say that the functigs) ire not defined. That these functions
have some meaning, \wever, may be seen as follows:

D Qs Take, for example, tan 90°,
Ay It is not defined, that is, the

. angle 90° has no tangent. Buf
every other angle in the neigh-
h borhood of 90° has a tangent
equal to y/z = kfr, Fig. 47, As
8 X the angle # approaches 90°, the
denominator » remaing fixed
while the numerator A increases
without bound. Hence tan @
increases without bound when
the angle 4 approaches 90°. Te
¥ & express this fact briefly, we say
that tan 8 beecomes infinite when # = 90°. The customary ab-
breviated statement tan 90° = o, read “tan 90° is infinite,”
does not mean that a value is assigned to tan 90°.

)
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A gimilar discussion will show that each of the other seven
functions esc 0°, cot 0°, sec 90°, ¢se 180°, cot 180°, tan 270°, and

sec 270° is infinite.
EXERCISES

1, Fill the blanks in the following table:

angle sin cos tan ese sec coby

0° o 1 0 o 1 Ny =
20° W\
180° -1

270° ~¢
Find the values of the following: N
2, 3 cos 0° -+ 2 gin $0° - tan 180° A
3. cos 270° + tan 180° 4+ sin 0° \

NN

4. sin 360 + cse 90° — 2 gec 180°,

5. &in 0° cos 90° + fan 180° esc 2703

6. 603 180° -+ cos 90° — sin 270%,

Find the values of the otherfutetions, given

7. tand = «», L
8, sin ¢ = 0. &
9. cos8 = —1, ’{”x\

29. Reducﬁqn\% an Acute Angle. Tn numerical applications
It is sometimes hecessary to use angles greater than 90°, but the
table of trigbrometric funetions gives the values only for positive
acute afigles. Hence it is necessary to be able to express any

LN

fun’ct{on’bf & given angle, no matter what its size, in terms of &
f}.me\t‘ion of an acute angle.

o~

RS "The process of expressing a function of ¢ (¢ > 90°) in terms of
C \ «#, function of an acute angle is called reduction to an acuie angle.

There is no loss of generslity in assuming 6 positive since by
definition a function of a negative angle can be expressed readily
in terms of & function of a positive angle (§ 25).

We shall give two methods of reduction to an acute angle:
first, by the use of the relations between the functions of ¢ and
@ — 90° (§ 30); and second, by expressing the relation between
any function of a given angle 4 (either positive or negative) and
the same function of the acute angle which the terminal side of

A makes with the z-axis (§ 32).
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30. First Method of Rednction to an Acute Angle—Functions
of 8 and § — 90°. The first step in the first method of reduction
to an acute angle is to express the functions of # in terms of the
functions of ¢ — 90°,

Consider first the case in which the terminal side of 9 lies in
the second guadrant. The appropriate congruent right triangles .
from which to define the functions of # and & — 90° are shown
in Fig. 48,

Fia. 48 \ )

The letters 4, b, ¢ are used to denote p})smve lengths. From
Fig. 48, by deﬁmtion, we have <

R

sin 0= 2= Voos (o - 90)

cos § =m~\~“%‘;—'-'— gin (8 — 90°),

tap}\g't— g = — cot (§ — 90°),

X ) \fo 0 = $= sec (8 — 90,
A’\\:"'; sec § = — E = — esc (6 — 90°),

\m\ \J ) eot § = — % = — tan (8 — 907,

By drawing figures anslogous to Fig. 48 and showing ¢ in the
remaining guadrants, we see readily that formulas (1) hold when
¢ is any angle.

The. formulas {1} may be expressed in words as follows:
A trigonomelric funmction of any given angle 8 is numerically equal
to the co-function of the angle that is smaller by 90°, that is, 6 ~ 90°,
The sign, however, will change for all the functions except sin 8 and
csc @
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EXERCISES
Express each of the following functions in terms of functions of angles less
by 90°.
1. tan 318°
SoruTion. By (1), we have tan 318° = — eot (318° - 90°) = — cot 228°,
2. eos 170° 5. oot 500°
3. sin 220° 6. cse 7H1°
4. sec 410° 7. sin 1601° o

Express each of the following funetions in terms of functions of ang{os fess
by 2.90° by applying formulas {1} twice.

8. 5in 216° O
BoLuTioN, By (1) we have (‘«.‘"
§in 218% = cos 126° = -- gin 36°, \
0, sin 255° 12. cot 834%
10, cos 304° 13, spc@ﬁ()“
11. tan 225° l4<cs} 1141°

Express each of the following functaonsdn torms of funetions of angles less
by 3-90°, "

15. sin 329° 16. cos, 35{}" 17. tan 1218°

By tho repeated use of formulag! (1) express each of the following functions

fn terms of the functions of a pomj;we acute angle, and find their valucs from
table, pp. 16-17.

18, tan 279° N

BorLuTion. tan 279% = — cot 188° = tan 09° = — cot 9° = — 6.314
19, cos 153° 5%\, 22. cob 3007

20. gin 235° 2600 23. ese 330°

21. see 120°C) 24. cos 321°

25, sin £2100°)
Sokim' From § 25 it is clear that sin (— 100°) = sin 260°.
Theh ¥in 260° = cos 170° = — 5in 80° = — 0.985

26+ cos (— 40°) 27, tan (~ 125°) 28, cos {— 200°)
¢\ "By applying formulas (1) show that
\”‘; 29. sin {180° + 4) = — sin A. 31. cot (270° 4 4) = — tan 4.
30, eos {(180° + AY = — cos 4. 32, eos{ 90° + A) = — sin A.

Give the values of the sine, cosine, and tangent of each of the following
angles, without using the tables:

33. 225° 35. 300° 37, 120°
34, 330° 36. 240° 38. 210°

39. Express sin 6 in terms of a function of 8 — 2-90°, of 8 — 3-90°, of
8 — 4-90° of ¢ — 5.90°.

40._ In Exercige 39, is sin # expressed in terms of a sine function when the
anglo is reduced, (1) by an odd _multiple of 0%, (2) by an even multiple of 90°7



TRIGONOMETRIC FUNCTIONS OF ANY ANGLE 43

31. Working Rule for Reduction to Acute Angles. From the
repeated use of formulag (1) and from certain exercises in the
preceding article the student has, no doubt, noticed that there is
a relation between the functions of # (# > 90°) and of 8 — n-90°
(n a posifive integer). Since the angle & — #-90° can always be
made an acute angle by the proper choice of n, it is possible to
state the relations between the functions of 4 and ¢ — »n-90° in
the form of a working rule:

I. A function of ¢ is numerically equal to the co-function @f\
the aeute angle 6 — n-90° if » is odd. N\
II. A function of ¢ is numerically equal to the same functlou of
the acute angle § — #-90° if n is even.
Ii1. The sign to be prefixed to the result is the mgn\snt‘the given
function of 9 in the quadrant to which # bélongs.

Exampre. Express tan 310° as a function':fgf' an acute angle,

SorurroN., In thisexample tan 310° % ) cot (310° — 3.90°)
= — cot 40°. The co-function is used ince n = 3 is odd, and
the negative sign is prefixed since taﬁ 810° is negative, 310° being
in the fourth quadrant. Ay

XRRCISES
Reduce each of the follewing/to a function of an acute angle by meang of
the “working rule.”

1. cos 279° 79N 3. sin 836° 5. cot 688°
2, tan 153° A 4, gec 351° 6. cse 972°

32. Second\l\hethod of Reduction to Acute Angles. A second
method of«%@ductlon to acute angles, which is readily grasped by
the btudy of examples, will probably be found very attractive
and practlcal by those who like an almost purely geometric

m@ﬁdﬂ.

Examrin 1, By drawing a figure, express gin 110°, cos 110°,
tan 110° as funetions of an acute angle.

SoruTroN. Place the angle 110° in standard position (Trig. 49).
Examine the values of the funections of the acute angle 70° which
the terminal line OF makes with the z-axis.

Then, by definition, the numerical values of sin 116°, cos 110°,
$an 110° are respectively equal to the values of sin 70°, cos 70°,
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P Y

70 ‘\“0" e

~b 0O

Fia. 49 (a, b, ¢ positive) Oy
O
tan 70°. Since the sine of an angle in the segomd ‘quadrant is
positive, we have g,

sin 110° = sin 70°%

Since the cosine and {angent of an ang@:m thc sceond guadrant
are each negative, we have ¢

&/

cos 110° = — ¢os 70°, ;‘ttén 110° = — tan 70.°

Examere 2. By drawidg a figure express sin (— 153°),
cos (— 153%), tan (— 153%)8s functions of an acute angle.

3

L SoLUTION. Place the angle — 153°

2N instandard position (Fig. 50). Exam-

\\ ine the values of the functions of the

P o X acute angle 27° which the terminal

- S %53" line OP makes with the z-axis
LAY, Then, by definition, the numericl
S X values of sin {(— 153°), cos {(— 153°)

%”‘ " tan {— 153°) are equal, respectwel&’;
1a. 50 {2, b, ¢ posit:

positive) to the values of sin27°, cos 27
»\\ taﬂ 27°. Since the sine and cosine of an a.ngle in the third
\ auadrani are éach negative

™

sin (— 153%) = — sin 27°,  c¢os (— 153°) = — cos 27°.
Since the tangent of an angle in the third quadrant is positive
tan (— 153°) = tan 27°,

EXERCISES

- By means of a figure express each of the follewing functions in terms of
functions of an zcute angle,
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1. gin 155°%, cos 200°, tan 301°.

2, cot 4717, sec 562°, ese 671°,

3, gin 317°, cos 457°, tan 567°,

4. cot 12957, sec 1365°, csc 2265°.

5. sin (— 147%), cos {— 190°), tan (= 309°).

6. cot (— T70%), sec {(— 8607, ese (— 960°).

33. Functions of fand — 6. In Y
many theoretical discussions, it is
found desirable to know the rela-~ . ¢ A
tions between the functions of ¢ PRI )
and — 8, where 8 is any angle. To -g \ g M
derive these relations, congider first A
the case where 8 and — # terminate A o
in the second and third quadrants Ol
respectively. The appropriate con-
gruent right triangles from which o

to define the functions of — fand @ ;F}n:'sl {a, b, ¢ positive)
are shown in Iig. 51. {

R

By definition, we have o™
gin (—8) = — %=—sj;1:’ﬁ; csc(—9)=-%=—csce,
(2) 2 eos (— ) = — -2 \cose sec (— ) = —§= sec 0,
o™
—a
tan(—ﬂ)—HE———ta.na, cot. (— 6) = b=-co1;6.
PN\

From figyres-analogous to Fig. 51 it may be shown that rela-
tions (2\ yald for 6 terminating in any quadrant. Hence, we
may stdbe the following theorem.

Teworem. The functions of — 8 are equal to the same-named
func?’wns of 8, the signs being epposite for all functions except the

sine and secant.

. EXERCISES

Hxpress each of the following as functions of positive acute angles by first
using relations (2} (§ 33).

1, sin (— 1207)
Sovvrion. From (2), we have
gin {— 120°) = — &in 120° = — cos {(120° — 90°) = — cos 30°,
2. sin (— 310°) 3. cos {— 285°) 4, tan (— 195°)
5, gee {— 211%) 6. cse (— 1300°)
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By any method express each of the following as functions of acute angles.

7. sin (~ 314° 307 8. cos {— 301°) 9. tan (— 100° 30’ 20')
10 cot (— 1565%) 11, see (— 95%) 12, cac {— 275° 220
From the table, pp. 16-17, find the value of each of the fellowing:

13. sin {— 125° 30" 14. cos (— 2117 307

15. tan (— 315° 309 16. csc (— 241°)

Prove that: ~
17. gin (180° — A} =  sin A. 21, see (270° — A)Y = — ead A\
18, eos (180° — A) = — cos A. 22, cos( 90° — A) = sm A
19, tan ( 80° — A) =  cot A, 23, sin (270° — A) = < é@sA

20. cot (270° — A) =  tan 4.

24. Draw a figure and derive relations (2), § 33, for — # tc.lm!,na.tmg in the
fourth quadrant.,

\
MISCELLANEOUS EXERCISES "‘\

1. Find the angle generated by the hour ha.nc\of e watch in 5 hours, 40
minutes,

2. Find the angle generated by the mmuté\hsmd of & walch in 2 hours,
36 minutes.

3. Find the angle generated by the secund hand of a watch in 5 hours,
15 minutes, 40 sceonds. \

4. To what quadrant does e,a.éh of the following angles bclong: 4577
— 875", 380°, 492°, — 800°, 15° ’—}‘5 80°, 1757° — 6-90°7

5. To what quadrant do thc nterior (exterior) angles of a rezular polygon
of 18 sides beleng?

6. In & circle of radnia i2 fect, how long an arc does a central angle of 210°
subtend (r = 22/7)7 "\

7. Giver sin § £y12/13, find cos 8, tan 8, see .

8. Given sge\’é = 2, find sin @, cos 8, oot 4.

9, Giverxtin 6 = 3/4, gin # < @, find sin 8, cos 8, csc 8.

10. Giver eos § = — 7/25, tan s < 0, find sin 6, tan 9, csc 6.
Eva@te the following:

I, Bin (~ 120°) + 3 cot 315° — 2 gos 300°
o 2. tan 120° + 3 cot (— 240°) -+ sce (— 300°) + 6 sin 270"
\ 3 7 13. tan 225° sin 930° cos ( — 600%)
14. tan 135° 4 4 cot 225° — 5 ¢os 180°
15. 54in 0° — 6 cos 90° + tan 180° 4 ese 270° 4+ gee 180°
16, If tan @ = — @, and if 6 is in the fowrth quadrant, find the remaining -
functions of 4.

17. Given sin 8 = 7, and 6 in the second quadrant, find the remaining func-
fions,

18, If cos # = — 40/41, and if § is in the third quadrant, find the remaining
funetions.
19, Evaluate
sin 420° tan {— 210%)
ese (— 390°) + 3 col, 585°
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20. Given tan# = — 5f12, sin ¢ > 0, find the six trigonometric funciions
of — 8.

21. Two wheels of radii 10 inches and 12 inches are conneeted by a belt.
If the larger turng through an angle of 1000°, through what angle will the
smaller wheel turn?

22. Prove that tan (180° 4- 8) = tan 6.

23. Prove thai cos (180° — AY = — cos 4.

24, (liven that sin 115° = n, find the value of

tan 205° sin 335° ‘
cog 245° AN
25, Cliven cos 320° = g, flnd the six trigonometrie functions of 140’3.,
26. Simplify PN
gin {(— &) tan {— &) + gec (— &) "‘
208 (90° 4- ) cot (90° — &)

gsc (180° — g, ¥
27. Prove that cos (270° 4- 6) = sin 4. v/
28. Express as functions of positive zcute angles: \;

gin 317°, cos ( — 800°), ftan 241°, cot {(— 117°~I,\eyec 205°, ese 12007,
Find two positive values of # less than 360“’ﬂﬁtisfymg the following, equa-

tions: A}
20, sin § = — 1/2. N
30, cos 6 = V3/2.

31, tang@ = — V3. o~
32. cot g = 1.

33. sec § = — 2{V3, \\

34. csc 6 = V2.

35. Prove that g, ms{go" — 8 + boos (80° +6) = (s — b) sine.

36, Simph.‘fy ta.n‘ﬂ A tan (— 6) — tan (180° — ).

37. sin 420°4EB90° + cos (— 300°) sin (— 330%) = 7

38. b sec¥ 135" — Geot? 300° = 7

39, i) iy (2 -+ b) cot (90° 4- =) -+ (@ — B) tan (90° — ) + (b — a) eot 2.

40. Exprecq the following as functions of acute angles less than 45%
Si 253" cot 333°, cos 642° 10, tan 462° 15/, cos 284°,

e
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CHAPTER 1V

TRIGONOMETRIC IDENTITIES

34, Meaning of an Identity. It will be recalled from algebra
that an identify is an equality that holds for «ll valueg of the
unknown or unknowns for which each member of thcgfmﬁlity is
defined. Thus, gin®8 + cos? 8 = 1 is an example qf’san identity
that is true for all values of 4; whereas tan 8 = &imf/cos 6 is an
example of an identity whose members are'/iiot defined for
8 = 90° nor for § equal to an odd multiple pf" 90°

ExaurrE. Explain why sin 0/cos 8 is'undefined at 6 = 90°.

35. Fundamental Identities. In§10we found, by eonsidering

certain right triangles, that the follewing equalities hold for any
acute angle, ™)

_ X

C XY

(1)  sin® ¢ + cos? 8"=‘jf,"" (5) secd= coi-‘. 5’
(2)  sectd = ’l&t&nﬂ 6, 6) cot o= tT;flf‘a )
3 cscf \8 = 1 + cot? 6, (7 tang= E%g’
4 “\C'SC 0 = sm-_}_ﬁl ’ (8) cot & = %oj'—g .

Bﬁ\ (iraWing in each quadrant the appropriate right triangles

_aBalogous to those in § 10, it readily follows that the above
\equalities hold for the angle § terminating in any cuadrant,

\ )

thereby removing the restriction that the angle § he an acute
angle. Sinee these equalities hold for all values of the angle 8
for which their members are defined (§ 27), they are identities.

The eight identities given above are sometimes called the funda-
mental trigonometric identities.

36. Trigonometric Trausformations, In higher mathematios
it is frequently desirabie to transform a trigonometric expression
into another form. This may be for the purpose of simplifying
the expression, or for reducing it to a form containing one or -

A
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two functions only. The fundamental identities are useful in
making sueh transformations,

Exawmrrn 1. By using the fundamental identities simplify the
expressiott
cos &
1 — sin?f’
SoLuTioN. From (1), 1 — &in®# = cos? 0, Hence

N

D))
ecogd _ cosf _ 1 — se0 0 o\
1 —sin’8 cos*fé cosf . A\
sec ¢ sin 9 ;T’T :
2. ——— 1 .
ExamprLE Express fand T oot @ terms qfemﬂ only.

SoruTion. By (5), (7), and (8), we have Y,

1 <in @ x\ “ gin @
secfuinf  cosf cos
tan 8 + cot 8§ sin A | cogf sin®f - cos? @
cos 6 81 8 sin 8 cos ¢
sind
“¢os 0 .
=\"‘—T-—'— = gin? 4.
’\'\‘”'sin § coso
7ol EXERCISES
L Expresg*tén?eos # + 1 — ain & sec @ cot & in terms of sin # only,
NManz -1, .
2. E\ o86 [ s T 1 in terms of sin x and cos z orly.
L in &
Ao Bltuplity 7=

mJ
\ }4. Simplify sec z — tan zsin 2.
. . sin@ — cos @
5. Bimplify & 6 —secd o0t d
6, Show that cot # cos§ — esc §(l — 2 sin’ §) can be reduced to sin g,
7. 8how tha# sect @ — tan?@ can be transformed into 1 + 2 tan? g,
8. Express sin* y — cos! i in terms of sin y enly, cos ¥ only.
9, Show that (sin & -+ cos §)° can be transformed into 1 + 2 sin @ cos 6.
10. Simplify (1 — cos® 6)(1 -+ cot? f).
11, Simplify {sin & -+ cos #)* 4 (sin & — cos )%

. sin ¢ 1 - cos &
12. Bimplify 1+.cosﬂ+ ey
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seC® — cBe X |
13. Express 507 T osos B terms of tan x only.

14, Show that (tan = + sec 2)* can be transformed inte } —_}- 212 z ’
15, Show that {csc # — cot 2)? can be transformed into ~——023 % 57,
14 cosn
16. S8how that (1 4 tan )2+ (3 +coty)? can be transformed into
(sec y -+ ese y)e. N

37. Further Examples of Identities. The reduction .folgmulas
of §§30 and 33 are examples of important trigonomgiric’ iden-
tities. An indefinitely large number of trigonometrie’ identities
of greater or less importance can be established by ‘eans of the
fundamental identities (§35). We shall giyé/ examples and
exercises to illustrate methods of establishi¥ig)a number of such
identities. \

o
Examerz 1. Prove that S\

) ¢ 3

28 N in?
es¢ 0 - cot § = 08 8.3 cf;)st?-l—sm 8
PR 8in ¢

by transforming the secondiiﬁémber into the first.

SoLuTioN. o
a~\
€os® # 4 cos # 4 sin?@) " 1 -+ cosf 1 cos g
: e 1+ - = t 4.
sing | N\© sin @ sin8+sin9 ose 6 + co

Examern3/ Prove that tan g 4 cot 8 —= zf]:g by transform-

. .’\n
Ing each.member to the same expression.

SGivTION.

AN N H in?
m:”\tanﬂ_i_cow:smﬁ_]_c_osa:__sm.ﬂ-kcosgﬂ: _ 1 ,
\: cosf  gin @ sin & cog @ sing cos &

L
secd cosf 1

$ind sind smocosd.
Examrerr 3. Prove that
{sin x 4+ ¢og r)(tan ¢ + eot z) = secx - ese z.

SoLuTIonN, Expressing ali functions in terms of gin ¢ and
€os i, we have



TRIGONOMETRIC IDENTITIES

First MeMBER

. sin
(sin & - ecos z) ( <
COs &

+

cos x
sin &

smxcos:c)

(sin z + cos ) (

ginz + cos z
gsinzeos x

EXERCISES

SECOND MEMBER

_[___

Bln ¥

COB &
_sinz 4 coszr
sin z ¢os &

N\

51

N

A\

."\.
Prove the following identities by reducing the first member to the.second.

1. cog® @ tan? g |- sin® P cotl 9 = 1.

-
N
™

2, sinfcot @ + 2)(Zcot ¢ + 1) = Zesed+ Scosd. 20

3. (sin & -+ cos &) (tan & + cot o) = sec a + cso o NS
cos @ gin . \
4, 1 —tan8+1 _cow—mnﬂ—{-c()se. ,*t\\'
1 - tan®*x N\
8, ~———— = tan’x. S
cse? N
1—sing _ . "{:‘&
6. i ams = {sec § — tan ) R \\
7. {sin & + cos )2 + {sin § &gjqég,eiﬂ =9
secd + 1 tand®
8. tan # secﬁ—l»Sm
-]
9, —S:m—g———csc%
sec? §
10 cos A ‘\}HS!.DA
- l—i—-smné... cos A
syﬂ?j‘ L+eosf
11, 1{1\\305 5 - pr a5t &,

12. tamf?+ (cos? § — ain?8) sec @ esc & = cot 6.

A

1 —2cos®A
13. tan 4 — oot A = o
1 1
2 . -
14'26588_1—(:038 1+ cos@

15. tan® z sin? z = tan*r — sin?z,
16. tan®® + 1 = osc? g font A,

17. sec? 8 csc? @ = gect § - ese? £,
sin &

1- EE mr———re———ta ¥
I R ———

'"\Prove the following identitics by reducing the sceond member to the firsé,
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19, tan®d + cot? @ - 2 = sec? # csct .
20, {fan @ — cot 8)* = sec® & + cae?d — 4,
1 . cos B .
1—tanB  cos B —sin B
tan 4 - tan B _SinAdcosB —cosdgin B
1ftandtanB cosAcosBF snAank

21

22,

Prove the following identities by teducing each member to the same
expression.

23, coszesexrtana = 1 — cos £ 4+ cot T gin 2.

oA\
@*e -1 _secf a\
2. 1 —sin?d cotd Nt

24 4 ,,‘ 3
25.2+m-—€=secfﬂcsc’9. 7
gin® & coa® ¢ LV
2ein A 3
2 — W
26. cos® A tan 4 aecA-{—cosA—i—sin*Asecf{
cot6cosd _ cotd — cosf K7,
27, &
eotﬂ-l—cose cot @ cos & ’\

csc? B -} sect B 1: Ny
28, tan B S cot B = W
29, gec! 6(1 — gint6) = gect ¢ '-l-}tim.” 8.
30, cotfx 4 cot?z = emet ’-'\:s‘cz z.
3L, {1+ sece)(l ~ €08 8} =tan ¢ sin g,

tan & — tan.B Fm\eotjﬂ — cot
"l+tanat A Lobacot g+ 1
Prove each of the following identities by any method,
33, (tan 4, £%cob A) sin A cos 4 = sin? A — cos? A.
34, tan® FDtant r = sect x — gect .
35. eotl® > seo 8 ose 0(1 — 2 5in? 6) = tan g,

O 4tanze _ 1
36\1 + (1~ tan® 8~ (cos? 6 — sin? 6)°
Osr. 1 1

T—eme T TFems — 21 + tano),

38 (1 +tan = + cot x)(sin & — cosz) = ____E;‘;j’ :j:e:;

39, 2tan? 9 3 tan' 9 = sectd — 1.
40, sind sec® A = geez 4 — 1.
41, } —tan'd = 2 sec § — gectg,

42 1 . _ sects
"1+ cos*d  tantd I 3
2tanz 2

43, T=%an’z ~ cotw — tanao
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Find the positive values of # less than 360° for which one or both members

of each of the identities in Fxcreises 4448 are undefined,
1 1 .

1—cosd 1+ cosd

Sovvurion. When ¢ = 0, csc ¢ is undefined, and the denominator 1 — cos &
5 zero. When # = 1807, csc ¢ is undefined, and the denominator 1 + cos @
is zero. Hence, both members of the identity are undefined when @ = 0°,
or 180°. ] L\

44, Zere? @ =

coz f cog f
45, sng cot 8. 47, T —smnd gsecf + tan 9.' :.\'§,
g6, 0086 _ 1 —sing, 4, 2tend 2 :\"\;\_ -
"14sing cos & "1 ~tan®d  cot® ztand
Ry
&
N\
t"‘\\'
€%
N
> VU
O
X ¢
‘:::;‘
PN\
“\ .
s“}:‘
N\
N
¢ '&.}
N
L)
‘ny\,,/
N3
\¢
O
o)
'8 (’
K{%sl
D
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CHAPTER V

VARIATION OF THE TRIGONOMETRIC FUNCTIONS.
LINE VALUES. GRAPHS

38, Variation in Values of the Functions. The variatiens in
the values of a trigonometrie function, say of sin 0, as 6 inereases
from 0° to 90° can be followed fairly well in a lable sulchhvas that
on pages 16-17. O

The line values and the graphs of the f unctimgs«hg be discussed
in the present chapter are of much assistunce mzt. only in following
changes in values of the functicns from U“:,\t-o 90°, but also in
tracing the variations throughout the whole range of values of

the angle from 0° to 360°. AN

39. Line Values. Let 8 be anjn :‘mgle (Figs. 52-55). Withthe
origin of coordinates, 0, as a cgﬂiei‘ and with a radius r = 1 uni
draw a circle (often called gwnit circle), cutting the initial side
of ¢ at A and the terming{*side at P.

Draw MP perpendicular to the z-axis, and draw the tangents
AT and BT" to theeircle at the points A and B as shown. Ex-
tend these tangents’to meet the terminal side of @ at 7 and T
Then in each oi?Kt e four quadrants (Figs. 52-55), we may WIit
sineq OF =,\~I,,~‘

\\ sin 6 = %=¥= MP,
O\ N
:.{f,:‘ cos § = %%=g= OM,
_ tan9=%§=%=$:AT’
. cscﬁ'=%z%=%’g=op’
sec&:%:% = ¥=OT,
to<OM _ BT _ BT _ pmr
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Y
BlY  eots 7 preot§ 1B
T F
)
A XK= b BN
L = § E
-]
4 - cos ¢

Lon]
g
=
™

3]
/7
[

Fro. 52 Fra. 83,70
v " )
B cot § r I ont 8 '
T AN
.\.‘

M
= 0 o o X
B ‘T =]
P :

Fra. 54 Fia. 55
- .\< e
e thus define the line'values of the six funetions to he
sn:ge' = MP, csc & = OT,
*éoée = OM, sec 8 = OT,
\ tanB~AT, cot 8 = BT,

That i 13, ,each trigonometrie function is given both in magnitude
au,d Si\gn by a line when the unit of length is the radius of the
Uit circle, it being understood that OT (alse OT") is pegative
when its direction from O is opposite to that of the terminal
line OP,

By following the variations of the appropriate line values in
Figs. 52, 53, 54, 55, as 6 changes from 0° o 360°, we may form a
useful general idea of the variation of a funection as ¢ increases.

Tracing Variations in sin 8. By observing the changes in
length of MP ss ¢ inereases from 0° to 360°, we draw the following
inferences:
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As # increases from 0° to 90° (Tig. 52), MP = sin @ starts s’
0 and increases to 1. )

As ¢ increases from 90° to 180° (Fig. 53), MP = sin ¢ start
from 1 and decreases to 0.

As 8 increases from 180° to 27(° (Fig. 54), MP = sin ¢ staris
from 0 and decreases to — 1. _

As 8 increases from 270° to 360° (Fig. 54), MP = sin @ starls
from - 1 and increases to 0, A\

Tracing Variations in cos 4. By observity the changés.in the
length of OM as @ increases from 0° to 360° we infersthat?

As 9 increases from 0° to 90° (Tig, 52), OM ="eus ¢ starts st
1 and decreases to 0. D

As ¢ increases from 90° to 180° (Fig. 53);’;}‘)11{ = cos § starts
from 0 and decreases to - 1. \

As 8 increases from 180° to 270° {Ei’g‘x\M), OM = cos § starts
from — 1 and increases to 0. ~N

As ¢ increases from 270° to 360ft(ﬁ‘ig. 55), OM = cos 9 starts
from 0 and incresses to 1. N

Tracing Variations in t{m:{l By observing the changes in AT
as the angle ¢ increases from 0° to 360°, we may trace the variation
of tan 8 and find that\:~"

As g increaaes{@ni 0% to 90° (Fig. 52), AT = tan 0 increases
from 0 to <. \,
As  incregses'from 90° to 180° (Fig, 53), AT = tan @ increases

from — o460
As 0 irdereases from 180° to 270° (Fig, 54), AT = tan 6 increases
from @40 o, |
Asf increases from 270° to 360° (Fig. 55), AT = tan 8 increases
Atom — © to 0,

/7N

N/ The variation in the other functions may be similarly traced

from Figs. 52, 53, 54, 55, and such tracing will now be given a8
exercises,

EXERCISES

hanges in the value of eot 9 as § increases from
10 270°, 270° to 360°, by following the changes in

1. Trace and deseribe the ¢
0° to 90°, 90? ta 180°, 180°
BT (Figs. 52-55).

2. Same as Exercise 1 but for see @ instead of cot g,

3. Bame as Exercize T hut for cse 6 instead of cot 9.
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40, Graphs of sin x, cos x, and tan x. Tet 2 be a variable
angle. To obtain a sujtable set of values for plotting the graph
of a function, say of y = sin 2, it is usually convenient to take
for x the angles 0°, 30°, 45°, 60°, 90°, 120°, ---, and prepare a
table of values of y that correspond to assigned values of .
Thus:

z | y=ugnx 2 {y =sinz z y=5in ¢ x y=sln
o o.00| 90°]  1.00]180° 0.00 | 270° _ ~100]
30° |  3=0.50{120° 3vV3=0.87|210°|—3 =—0.50]300°|—:VE3= =587

45° [3V2=0.71 [ 135° |3V2=0.71 | 225° | —3W2 = —0.71 | 315° [~ }V2= 2071
60° [3V3=0.87]150°| $=0.50|240°|-3v3=—0.87|330° |+ % 050

N\

Sine Curie. On OX, Fig, 56, mark off an a-ngle"‘g\cale for x of
some convenient length so that 360° can be easly shown on the
paper that you are using. On OY mark off/ascale for y with a
convenient length to represent one unit walbe of y.

v \ QO
14 : 3
o R\ X
0° 90° \\ 180 270°
N
N Sine Curve
& W =8InE
\,\\" Fia. 56

Whils it is not essential to have a relation between the scales
fér % and y, it turns out later, for certain purposes, that the
length taken on OX for 90° should be slightly more than the
uni$ length taken on OY multiplied by 3/2. Moreover, the
trigonometric curves seem to look well if plotied with about
these relative seales for z and y. Locate points on Fig. 56 by
using the pairs of values (z, y) in the above table as the co-
ordinates of points. By drawing a smooth curve through the
points, we obtain the wave-shaped curve of Fig. &6, ealied the
sine curve, or the graph of sin x.
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If greater accuracy is desired than is assured by the number
of plotted points, we may well increase the number of points by
plotting values at smaller intervals, say at intervals of only 15°
on x, and obtain the values of the funetion from the table on
pp. 16-17.

The sine curve from & = 0° to 360° would clearly be repeated
if we should continue the curve for values of z from 360° $0.720°,
Indeed, the curve may be continued without bound botinte the
right and to the left in Fig. 56. On account of this repebition of
values, the sin¢ function is said to be a periodic fufiotion, The
period of sin  is 360° as may be seen from the. gurve or from
sin (z + 360°) = sin 7. 7\

On account of its simple wave form, the.si)aé curve has many

-applications in wave motion.

The greatest distance of the sine ourve, y = sin z, from the
z-axis ig called the amplitude of the furve or wave.

The wave length is equal to therperiod of the trigonometric

function that represents the wave:
A\EXERCISES

L. What is the value of the amplitude of the sine eurve ir Fig, 567

2, How far is the lqw@\t point of the ainc curve (Fig. 56) helow the r-axis?

3. For what va.bke'q of xissing = 07

4. Give a vethal description of the vatiations of the sine function from
your chservatigh.of the curve for y = sin z in Fig. 56 as x increages from:
(2) 0° to 90% ¥b) 90° to 180°; (c) 180° to 270°; {d) 270° to 360°.

5. Whg&is the amplitude of y = 2 sin 7

PR 4

@sz’ne Curve. To plot the graph of ¥ = cos z, we first prepare

atable of corresponding values of z and y, plot these values, and

R ’“\'{:lz‘aw & smooth curve through them as shown in Fig, 57.

\‘:

] Y
o\ . /I X
g 9N 180° 270° 360°
—.1 L
Cosine Curve
U= C0O3Xx

Fra, 57
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EXERCISES

1. Since sin {z + 90°) = cos z, how does the curve y = cos z differ from
that of ¥ = sin o?

2, For what values of z does vos » have its smallest algebraic value? What
is this value?

3. For what values of z is cos z = OF

4, What is the amplitude of the cosine curve?

5. Give a verbal comparison of the cosine curve with the sine eurve.

6. What is the period of cos x?

Tangent Curve. On account of the fact that tanz cha,nges
rapidly when z is near 90° and 270°, we suggest for purpuqes of
plotting

oy
N

y=tancx R

the following values at intervals of 15° from the ~t}}l§le on pages
16-17 rather than at wider intervals used to plot\sin x and eos .

a\)

z {y=tanz| % |y=tanz| =z |y SAtabz|] 2z |y=tanz

0° .00 99° @ 18¢° {"\'0.00 | 270° w

15° 027 105° | —373 | 1953|027 |285°| ~-3.73
30° 0.58 120° | —1.73 | 200°*| o058 [ 300° | — 173
45° 1.00 135° | — 1.00 J1225° 100 [315°| —1.00
60° 1.73 150° | — 0.53%) 240° 1.73 330° | — 0.58
75° 3.73 165° | ~ 0277 255° | 3.78 | 3457 | — 0.27

With these values t

%graph of the curve may be drawn as in

Fig. 58.
NG
9.
'® M
\%..
B\ ;\’ 0 F4 X
\/ 3 o /180°  [270° /360°
Tangent Curve
y=tanz

Fro. 58
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EXERCISES

1. Does the tangent have a finite amplitude?

2. What iz the period of tan z?

3. Is the tangent curve continuous? If not, for what angles is it diseon-
tinuous?

4. Does the fangent function always increase as the angle increages?
Does tan r increase eontinuously as = changes continuously from 89° to 91°7
Explain from the curve,

5. Plot ¥ = gin {z 4 90°). N
6. Plot ¥y = cos (z 4+ 90%). A o
7. Plot ¢ = tan {(z + 90°). ¢\

NS ©
41. Graphs of cot x, sec x, csc x. In a manner similar to that
used for the three principal funetions, we may draw the graphs
of eot 2, see z, and cse x, as shown in Figs. 59461

1 7] ¥
¥ k \/

[
N\

2.4 \, X 4
RN B = R N ™ oL i T T I T

Gotangent Carve A m
\\

Bl

Y=otz s Becant. Curve Cosecant Curve
¢ \“ y=sere phagtl
Fra. 59 o N\ Tia. 60 Fiq. 61
&~ EXERCISES

L. Doeg7th€ cosecant curve have a finite amplitude? The secant? The
cotangest} ™
2/How near does the curve g = sec 2 come o the z-axia?
‘.«.3.‘ How near does the curve ¥ = tee = come to the z-axis?
N ]3033 ot = deercase continuously as z changes continuously from 179°
\ b0 181°7

5. At what values of 2 has y = cob discontinuities?



CHAPTER VI

LAW OF SINES—LAW OF COSINES—APPLICATIONS

42, Introduction. In Chapter I, certain problems of a prae-
tical nature were solved. The solutions of those problems were
made to depend upon the solutions of right triangles. In the™
present chapter, we derive formulas by means of which pracfied]
problems involving oblique triangles may be solved. Fot \this
purpose, we shall make much use of the law of sines agd}aw of

~

cosines. N

43. Law of Sines. [n any triangle ABC, (¥

a _sind _
b sinB ) x.'\\,
c ’..‘\ Nt
y O b
Pl e AW y
4 F & 4 B
Fia. 62 ) Fre. 63

Proor, In the h‘l}n;gle ABC, Fig. 62, or Fig, 63, draw the
altitude, CF = p,forming the right triangles AFC and BFC.
From these righit triangles, in either figure, we have

:’\u'

'"\;’ {B —— E = 1
s \O § = s 4, G = S B.
Divithug p/b by p/a, we get
N a_gind
D 7 En B

Since a and b are any two sides of the triangle ABC, we may
write

a _sin A
2 e snC
b_sinB
® ¢ snC

61
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These results are usually written in the more symmetrical form

a b - _c
sind” sinB sin C

In this form, the law of sines can be stated as follows: I n any
triangle the sides are proportional o the sines of the opposile angles.

We shall now give some numerical examples to be solved by
the use of the law of sines. In the computations of this chapter,
we use the four-place tables of trigonometric funetions, Table I,
pp. 21-26, Since we assume all our data exact for wiwposes of
computation, distances ecomputed by means of valueS from Table
IT will be reported to four significant figures. (Angles will be
reported to the nearest minute, D

Exanrip 1. Given 4 = 72° 10/, ¢ = 41°0', ¢ = 60, find .

Sorvtion. The known parts are in-
dicated in'ﬁg. 64. From (2), we have
a = ceind}sin ¢, From Table I1, pp.
21-26, Wé find sin 72° 10/ = 0.9520,
andsit41° 50’ = 0.6670, Substituting,
‘weHave
N (60)(0.9520)
Fra, 64 Q (0.6670)

%

= 85.64

.

ExaumreLy 2. Given B = 58°, ¢ = 64° 14/, ¢ = 90, find b.

SornuTiow,, (Dhe known parts are indicated in Fig. 65. T'rom
(3), we hapel’

(@) ~O b=,
'\\..

From Table I1, pp. 21-26, we find
~ b sin 58° = 0.8430.

Since the angle 64° 14 is not found in Table II, we use a process

called inferpolation to find the approximate value of sin 64° 14/,
From Table II, we find

sin 84° 20" = 0.9013,
sin 64° 10’ = 0.9001,

and note that for the difference of 1¥ in the angle there is a
labular difference of 0.0612 in the values of the sine function.
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Sinece 64° 14" iz 4/10 of the way from 64° 10/ to 84° 20, we assume
that its sine is 4/10 of the way from sin 64° 10’ to sin 64° 20,
that is, 4/10 of the way from 0.9001 to 0.9013. Hence the
corraction to be added to 0.9001 is
4/10 of 0.,0012 = 0.0005 to the nearest
unit in the fourth decimal place; thatis,

(c) sin 64° 14’ = 0.9001 - 0.0005

= 0.9006
Substituting from (b) and (¢) in (a),
we have

(20)(0.8480) _ 3 .
~0.5006) 1288 Tee, 63

Exaurie 3. Given B = 67° 32, b = 204, ¥.>"189, find C.
SorutioN. The known parts are mdlcade in Fig. 66. From

b=

(3), we have “\‘.
sinC_ ¢ AN
SnB B ’: O
that is, )
sin G ﬁ ¢ 31;)1 B
By interpolation, we find™\,
o) sin 67° 32' = 0.9241
Substitating, we get
. (189)(0.9241) _
sin(C = ——_(294) = 0,5941
- Then
O Fro. 66 ¢ = 36° 27",

o The value of ( is found from Table II, page 26, by interpola-
\tron The process of interpolation is ordinarily carried out in
“an informal manner and mey be explained as follows:

gin 36° 20° = 0.5925,
gin C = (.5941,
gin 36° 30" = 0.5948
The difference between 0.5925 and 0.5941 is 0.0016 and the

difference between 0.5925 and 0.5948 is 0.0023. Hence the
nurnber 0.5041 lies 16/23 of the way from 0.5925 to 0.5948.
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We then assume that the angle € lies 16/23 of the way from
36° 20" to 36° 30. The correction to be added to the angle
36° 20’ is 16/23 of 10’ = 7’ to the nearest minute, that is,

C = 36° 20 -7 = 36° 27",

EXERCISES

L. Given b= 40, A =67 25, € =55°49, finde.
2. Given e¢= 76, B=37"1%, (=35 51', find a.

3. Given a =120, A =75°11', B — 65° 31, fndb.

4, Given b= 22, ¢ = 75, C =32°2¢, find B. K4 N\
5. Civen b =383, c=295 B =46°15, find C, PR\
6, Given a = 17, ¢ = 2y C =61° 56, find 4., \

7.

« Show that the law of sines may be written in <he form T
sind _sinB gin¢ KTs.
e TTE T AN

8, Btate the Iaw of sines in words when written 850 Exercise 7.

44. Applications of the Law of Sines,:j\\r'he law of sines may
be used to compute the remaining parts of any oblique triangle
in which we have given one side and\t¥o angles (Case I), or two
sides and an angle opposite one of\them (Case IT3.

‘The following examples willillustrate these two cages,

Exaymere 1. In order %4 caleulate the distance from an
object A to an inaceessible but visible objeet C, a base line AB
was taken 1200 feet lodig," The angles 4 and B were found to be
37° 10" and 75° 41{\(fesi)eetively. Find the distance AC.

SoruTion, The known items are indicated in Fig. 67. Since
A4 B+ C=2180° we have

C=180%= 4 — B = 180° — 37° 10/ — 75° 41/ — 67° o,

N c From (3), § 43, we find
b sinB . _csinB
“\ e Sn 0’ that is, b= Gn C

Bubstituting 1200 for ¢ and the
valees of sin B and sin ¢ from

PP Cise Table II, we have
B
0=1200 _ (1200)(0.9690)
Fra. 67 b= —W = 1262 feet.

Exameir 2. A telephone pole 40 feet high, standing on the
side of a hill is braced by a wire running from its top down the
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hill to a point 35 feet from the foot of the pole. If the pole
subtends an angle of 31° 21’ at the point where the wire hits the
ground, how long is the wire? c

Sovurion. The known items are
ghown in Fig. 68, From (2), § 43, we
have
e gin A .

a

sin ¢ =

SBubstituting, we have

(35)(0.5202)

0 = 0.4552

sin ¢ =
Then
=275, and A4 4 ¢ = 58°2¢’,

From (1}, § 43, we have

_asinB, \ ¢
Since B = 180° — (4 + (), sm B sin (A + ). Why? Upon
substitution, we find

CY 0.8520)
(0 5202)

P {

’\\ " EXERCISES

1. Find the disj;afgce BC in Example 1 above. See Fig. 67.

2. In Exampled? shove, find the inclination of the hill (Fig, 68) and the
vertical distaneg\of C above 4.

3, The distance, AB = 1060 fcef, between two points along the shore of a
lake subtchds/an angle of 70° at a point C on the opposite shore. I AC = 800
fect, hogwtar is B from €7 Find the nearcst distance from C to AB.

4. "Phe angle of elevation of the top of & mountain from & point at its hase
As 40 21°. At a point 1000 fect up the slope of the mountain inclined at a

\Qoﬁs’mnt angls of 17° 31/, the angle of elevation of the top is 55° 88’. Find
the height of the mountain.

5. A boat is steaming N 40° E at a rate of 18 miles per hour. At ten
o’clock a radio tower hears N 10° W, at 12 o’clock it bears 8 7(° W. How
far was the ship from the tower at ten o’clock?

6. In Excrcise 5, at what time was the ship nearest the tower?

7. Show that the law of sines may be written in the form

= 65.51

where R ig the radius of the circle circumseribing the triangle ABC (Fig. 69).
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c Hiny, £ B =z AB'C. Why?
' £ ACB" = 80°, Why?
2Rein AB'C = b, Why?

Bt

8. The perimeter of a certain triangle is 100,
B YisinA:sinB:sinC =3: 2: 3, find the sides
of the triangle. ’
9. If the angles of a triangle are in the ratio
1:3:5, and the greatest side is 50, find th}re»
Fra. 69 maining sides. o
10. Show that the length of thodnternal bi-
sector of the angle €' of the triangle ABC may be written in theé, f})rm

bain 4 . Y
&in (A + %)

11. In the triangle ABC, ¢ = 100, A = 75°_18%
and B = 50° 13/, calculate the length of the futapal
bigector of the angle 4. w7

12. In Fig. 70, the line CE biscots thedangle € and
AC = DC. Prove that s BAD = (4 “B)f2, and

that £ ADB=90° -+ (/2. Apply,th:é law of sines
to the triangle ABD and ohtain o

c @ -—,—‘Bo ’_
cosC e Bl
2 8N 2 F1a. 70

4 § 3
\\‘ - 13. Tn Fig. 71, it is given that CD = AC.
Bhow that £ ADC = €42, and show also that
4 £ BAD = 90°+ A2 — Bf2. Apply the law
of sines to the triangle BAD to obtain
¢ a++b

sin g g A-B’
B 3 3
AN fra. 71 This is sometimes called Newton’s formula.

PN\ The formulas in Excrcises 12 and 13 are use-
\ “ful for checking solutions since they contain all six parts of the triangle ABC.
14. From the results iz Exercises 12 and 13, abtain the relation

A-B
2 _a-—"h
tanA;—B a4 b

tan

by noting that
cot% = tan 4 ;I-B

The above result is known as the law of tangents.
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45, Law of Cosines. In any iriangle ABC,
a? = B 4 ¢ — 2bc cos A.
Proor. In Fig. 72 and Fig. 73 construct the altitude BF = p.

P
fod ! { \: A )
A : b
. % |\ *
Tie. 72 Fre. 73 /5
In the right triangle BFC, we have, from Fig, 72,
@=G—ar+ps o
and, from Tig. 73, *
@t = {x — b)? 4 P2/
Expanding we find X Ny
(a) a =P -|;~:92—i- P — 2bz.
But p* 4 22 = ¢2 and %c cos A. Why? Hence (a) becomes
(4) a{'\;"’}b2 + ¢t — 2be cos A.
Since o is any side of the triangle, we may write also
(5 ,\\ " =+ - 2accos B,
(6) N\ ¢ = a® + b* — 2ab cos C.

Beglat-'ibns {4), {5), and (6) may be put in words as follows,
Thexsguare of any side of a triangle is equal to the sum of the
Souares of the other twe sides diminished by twice their product

Xn{dﬁz’plied by the cosine of their tncluded angle.

Examern 1. Given b = 40, ¢ = 50, A = 65° 18/, find 4.
SoruTioN. To get ¢, we use formula (4),
' a? = b® + ¢ — 2bc cos A.
From Table II, we find, by interpolation, that
cos 65° 18’ = 0.4178
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Substituting, we have (Fig. 74)

0% = 407 + 507 — (2)(40)(50) (0.4178)
= 9499,
Hence ¢ = 49,28

Examere 2. Given (sec Fig. 75)
e = 250, b = 300, ¢ = 400, find C.

SoLution. Solving for cos&.in

Fia. 74 (6), we find OV
_ a4 b et O ’
SO=""Tm A
Then, (Fig. 75), L
_ (250)? + (300)2 ~ (400)? N,
t08 € = = 5 @50)(300) R 20
= — 0.0500, o\ .
whence, by interpolation, Table ’II: . =400
22, we find that 87° 8 is the-geute Fra. 75

angle whose cosine is 0.05000-\Hence

Cr= 92° 52, Why?
AN
e\J EXZERCISES

. Given a=‘~1};\

1 b= 20, C=56°1T7, finde.
2. Given bs\20, ¢= 25, A =120° find a.
3. Given fa= 117, ¢ =120, B = 60°, find b.
4 Givedya = 17, b= 20, c¢= 30, find B.
5. Gin”" a= 25, b= 31, ¢= 29, find (7.
6,Given o =200, b =300, o =400, find 4 and B,

"\.?;} Show that the relations (4}, (5), and {6) can be written
w\z Bt -g

AV cosd =g
@ et~

2ae
@+ Bk

2ab
8. When written as in Exercise 7, state the faw of cosines in words.,
9. Using Fig. 72 and Fig. 73, skow that

b=ceosd 4+ acosC,

and write similar expressions for 2 and e,

cos B =

cosC =
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10. Using the law of cosines show that the squarc of the length of the
median drawn from the vertex B of the triangle ABC is a2/2 + &2 — B4,

11. Find the length of the median to the longest side in Exercise 6 shove.

12, In any triangle ABC, if € = 90°, cos €/ =0, cos A = bie, cos B = aje,
show that all three relations in Excreise 7 reduce to ¢ = qf + &#. Xenece the
law of cosines reduces to the theorem of Pythagoras if the triangle is a right
triangle.

46, Applications of the Law of Cosines. The law of cosinegs
may be used to calculate the remaining parts of any oblique
triangle in which we have given two sides and their inchided
angle (Case III) or all three sides (Case IV). The following
examples will {llustrate these two cases.

Exsmrere 1. To compute the distance across“g\éﬁrﬁer from
point A to point B, a point C is taken. The distinces (4, ¢B
and the angle ACB are found to be 30 ya{ds, B0 yards, and

75° 15 respectively. Find the distance A\B\ ’

Sorurion, Using relation (6), NN
§ 45, we have A
¢ =a"+ b — 2abcos C. m
Substituting, we obtain 3%
& = 50° + 30° — 2(50)(30)(0.2546),
2 = 2636.

: = 5(15.33?&2;;&1'(15. ) Fie, 76

7" Exampik 2. The foot of a ladder 33 feet
long is 10 feet from the base of a buttress.
Find the inclination of the {ace of the buttress
if the ladder reaches a point 30 feet up its face.

SorutroN. ILet B be the inclination of the
face of the buttress, We can find the angle B
from (5), § 45. Thus
o 4 &2 — B

2a¢ ]

cos B =
Bubstituting, we have

30% + 102 — 33
= = — [},]483
008 B = — 10y 30)

B =98°3%, and B = 81°2%
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Examrre 3. Two forces of magnitudes 30 and 60 pounds
make an angle of 65° with each other. Find the magnitude of
the resultant force.

Sorution. In mechanies, we learn that if two forees are
applied at a point O, (Fig. 78) acting in the direections 04 and
OB, and if the lengths of OA and OB are equal to the magnitudes
of these forces, then the diagonal, OC, of the parallclegram
OACB represents in both magnitude and dircetion, the yesuitant
force. The forees represented by OB and 0OA aregealled the’
components of the force represented by OC. It {8)sometimes
convenient to speak of the force OC as being resdlved into two
components, 04 and OB. The physical qu‘fihtities, velocities
and accelerations may be similarly represé‘g}t-ed in length and
direction. Quantities such as forces, velogaties, and accelerations
which have both magnitude and direp,t.ix\m‘ are called vectors.

K&

\\ - Fra. 78

Applying th\e 1aw of cosines, we have

\\-OT,’Q = 0F + BC - 20B-0A-cos OBC,
A = (60) + (30)2 — (2)(60)(30)(cos 115°)
= 3600 -+ 900 — (3600)(— 0.4226)

ad
&

N = 6021.

Hence OC = 77.60 pounds.

EXERCISES

1, Find the angles of the triangle whose sides are 15, 17, and 19.

2. The resultant of two forces of 30 and 60 pounds is 77.6 pounds. The
angle between the two forces is 65°. Use the law of sines to find the angles
between the resultant and the two eomponents.  See example three above.

3. The inclination of a buttress is 85° 287, A ladder, whose foot is 10 feet

from the base of the buttress, reaches 30 foet up its facc. Find the length of
the ladder and its inclination.
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4, In a trizngle in which @ = 9, & = 12, € takes the following values:
30°, 45°, 60°, 80°, 120°, 135°, and 150° find ¢ in each case.

5. Find the area of & square whose perimeter is equal to the perimeter of
the triangle in which ¢ = 30, b = 40, ¢ = 32°,

6, The sides of a triangle are, @ = 35, b = 40, ¢ = 31. Extend EC by
50 units to D. TFind the angle at A subtended by CD.

7. On the side b of the triangle ARC in Exercize 6 an equilateral triangle
ACT} is constructed, exterior to the triangle ASC, Find BD.

8. Construct a square on the side & (Exercise 6) exterior to the trisngle(
ABC, ¥ind the distances of its vertices from B. \

' 9. A ship steams N 35° E from a point A at » rate of 18 miles perghauly.
After 1.5 hours it alters its course to N 10° W. Find its distance l'rqir} M ‘at
the end of 4 hours. ~\ ) _

10. At a point O, two forees, Fy = 40Tbs,, F2 = 50 1bs., act indhe direetions
N 47 17" FE and N 25 W, respectively. Find the ma.gnjtuflcf\oi the reaultant
force and its direction. )

11. A force of 80 pounds is resolved into two conipoments which make
angles of 40° and 55° with the direction of the origingbforée. Find the magni-
tude of each component. '\ &

12. In any triangle ABC show that &

a4 Fc=2(bccos A —!—»c’qcﬁaB+abcosC).

13, In the triangie ABC, construct ihé altitudes 4D, BE, and CF. Show
by the law of cosines that EF = a(fujs’A, ED = ceos 7, and DF = beos B.

14. On the side a of any trigfigle ABC, an equilateral triangle BZCA” is con-
structed exterior to the triangle WABC. In like manner construct equilateral
trizngles on the sides b éj.éxterior to the triangle. Prove by the law of co-
sines that Ad" = BBA= OC", :

15. In any triangle ABC, show that

N\
s d  cosB | cosC_ (a® F B4 .
\:\ 2 T TTe T 2abe

16, Gﬁr\e\n "A, a, and ¢ in the formula for the law of cosines, show that

\ b:ccogA:l:‘\‘raz—-czsiIlgA.

N N
b
iscuss and interpret the cases, @ = ¢, ¢ > ¢sin d, a = ¢sin 4.

17. A troe, 60 feet high, standing on the side of a hill which is inclined at
2 constant angle of 15° to the horizental is broken over by a storm. TIts top
strikes the ground 20 feet down the hill from the base of the tree. Find the
length of the part broken over.

18, If the top of the tree in Exercise 17 struck the ground 20 fcet up the
bill from the bagse of the tree, find the length of the part broken over.

19, In Exercise 17, if the part of the tree broken over forms the base of an
isosecles triangie, find the length of that part of the tree which remains
standing. ’
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47. Area. In any triangle ABC, the area is

S = }ab sin C.
B Proor. Draw the altitude, BE = h,
in triangle ABC (Fig. 79).
7 ¢ Then we have
4 _%- o S = 3bk, and k= asinC A
b Therefore O\
Fia. 79 (N S =1absinC. .\

Since @ and b are any two sides, we have also N

(8) 8 = Zhesin A, \\

©) 8 = lacsin B. \%

The relations (7}, (8), and (9) may, be expressed as follows:
The area of any triangle is equal tos o\ne—half the product of any
two stdes multiplied by the sine of thevr tncluded angle, .
In a triangle in which a side ald two angles are given, its area
may be found by replacmg b by its equal, ¢ sin Bfsie C, in (8).
There results 4
1~ sm gin B
10 mi T sinC

Similar expressio re obtained if the given side is ¢ or b.
In case threg\sides of a triangle are given, the area may be
calculated kythe formula
Ay D7 S=VG-—as-bis—-0,
whgye\\% =a+ b+ ¢ To obtain (11), weuse (7). Squaring
koth sides of (7), we have
”\; J 45 = o™ sin® €' = o?*(1 — cos? ()
N\ = a®*(1 -+ cos C)(1 — eos O).

2 2 __
By replacing cos € by E-+—225-—02 » by § 45, Fixercise 7, we have

_ a* + b2 — ¢t a? - b — ¢t
452*“"”(1+“m——)(1 -S5);
1652 = (20b - a® + b* — )(2ab — o2 ~ B2 + &),
1682 = [(a + b — #][¢* ~ (a — b)?],
168 =(e+b+c)a+b—c)(—a+b+cHa —b+ e
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Extracting the square roof, we have

8=Va+b+de+b-qla—b+o(—a+b+ .

Introducing a symbol s for half the perimeter of the triangle,
that is, @ + b -+ ¢ = 2s, we have

atb—c=(@+b+e) —2 =25 -2 = 2 — o),
a—b+e=(a+b+¢) —2b=2s— 2b=2(s —b),
--a+b+c=(a+b—}-c)—2a=2s—2a—~2(s-—a)

Substituting in the above formula, we have formula (11), W\hi‘ch
is often called Heror's formula, O

e
N

EXERCISES .
Find the area of each of the following triangles, given.'wi
L a=235 b=30, C=T7532. 2. b =13, ¢'=21, 4 =9513".
3.0=50, a=75  B=1748, 4. 4= 59‘\3 =35° C = 48°23"
5. b =100, =71°18, 4 =65°13". 6. ¢ ) K120 A =75% B =85°18",
7.a=13, b =15 ¢ =17, 8.a,=20 b =230, ¢=4d5.
9. a =100 b =120, ¢ =130. .
10. Find S for an equilateral t.rlangie?of side ¢ using (7}, (10}, and (11).
11. Show that & = rs, where S is the\area
of ABC (Fig. 80), r is the radius of"che in-
seribed cirele, and where 28 = ¢ B+ ¢,

Hinr, Area ARC = arez\ AOE - area
BOC -+ area COA4.

i2, Using (11), §4€7\a.nd the formula of
Exercise 11, show that.

r_ﬁﬂ)(s_b}(s_c) 4

L §

('l

Fie. 80
13, A%ldener has a triangular plot of ground whose sides are 30, 40, and

60 feet\ \Find the area of the largest circular flower bed the gardener ean
haye\iUse r = 8.142
14 Prove that § = 2R?sin 4 sin B sin C, where Sis the ares of any triangle
BC and where R ig the radius of the circumacribed circle of the triangle AB(,
Hmvr, Use Exercise 7, § 44, and (7), § 47.
15. In any triangle, show that § = abc/(4R).
16. Using Exercise 11, show that § = Rr(sin 4 + sin B + sin C).
17. Find r given the data in Exercises 7, 8, 8. Use Exercise 12.
18, Tind R piven the data in Exercises 4, 5, 6. Use Exercise 7, § 44,
19, Find the area of the circumeircle of the friangle whose sides are 15, 20,
25. User = 3.142
20. Find the ratio of the areas of the incircle and eircumeircle of the
triangle whose sides are 11, 13, 16.



CHAPTER VII

ADDITION THEOREMS AND RELATED FORMULAS

48. Formulas for sin (A 4 B) and cos (4 + B). In derjaing
formulas especially adapted to the solution of obligue triamgles
by logarithms (Chapter IX), and in many appligations of
trigonometry to other subjects, frequent use is made(of formulas
for expressing trigonometric functions of the sum(c}ii.diﬂ"erence of
two angles in terms of functions of the separaté/angles,

We shall now establish* two such formulas::\\

(1 sin (4 4+ B) = sin A cos B;Q\cns A sin B,
() - cos (A + B) = cos A cqs'ﬁ‘: sin A sin B,
> bt P
\y -

B

¢}
\J Fig. 81 Fra. 82
N
,\.f For the present we shall assume that 4 and B are each positive
~Jatute angles. Two cases arise: 4 4 B acute (Fig. 81), and
"4 + B obtuse (Fig. 82). In each of these figures, 4 = NOQ
and B = QOP., Then 4 + B = NOP.
In the figures, the line PQ is drawn perpendicular to OQ.
The lines MP and NQ are perpendicular to ON or ON produced,
and QR is parallel to ON. Then, from the figure, by the defini-
tions of sines and cosines of 4 and B, we have from the right
triangles ONQ, 0OQP, and PEQ,

* Buggestions leading fo other proofs of these important theorcms are given In
Exereises 57-59 at, the end of the chapter,

74
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- np=NQ 00 EP PQ
smAeosB+cosAsmB_.OQ OP+?TQ'§P

Y0 RP_MR_ RP
orP " OPT 0P T OoP

MP _
=~ 0P~ sin (A 4 B),

by the definition of the sine. )

Hence, stated in words, the sine of the sum of two angles 4s equigh\ >
to the product of the sine of the first and the cosine of the segond
plus the product of the cosine of the first and the sine of the sceond.

This statement is called the addition theorem of the sirte, and
formuls, (1) is called the addition formula of the sine.l

To guard agsinst the false inference that sin (4 & B) is the
sum of gin A and sin B, the student should vefify that sin 90° is
less than the sum of sin 30° and sin 60°. )

Similarly, we observe from the figure t@t,\ ’

i dsinp - OO0 EQ PQ
cosAcosB-—amAsmB—QQ;OP 70 0P

WON RQ_ON MN

= —— —

W OP QP 0P OP
m<“ =gi1f= cos {A + B).

Hence, the cosine of the'sum of fwo angles is equal to the product of
the cosine of the firshand the cosine of the second minus the product
‘of the sine of thefirst and sine of the second.

This is calletl’ the addition theorem of the cosine, and (2) is
the additq'qﬁ\j‘brmui‘a of the cosine.

49-‘E‘x}ension of the Formulas for sin (4 -+ B) and cos (4 -+ B)
to All“Angles without Restriction. In § 48, we have proved the
wddition formulas when A and B are positive acute angles, It
may be shown that these formulas hold for all angles by showing
that they continue to hold if either A or B is increased by 90°.
It seems that the permanence of form of formulas (1) and (2)
when 90° is added to an angle may well be shown by exercises,

Examrrm 1. CGiven

sin (& + B) = gin wcosB -+ cosasin B,
008 (o 4+ 8) = coscosf —ainasing,
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where o and 8 are any acute angles, and v = 8 + 90°; show that
3) sin (@ + ¥} = sin « cos ¥ + ¢0s a sin 4.
SovuTron. Bince y = 8 -+ 90°,

(@)  sin(a+ ) = sin (@ + 8 + 90°) = cos (@ + ) (§30)

= cosacosf —sinasing

But Q)
cos 8 = cos (y — 90°) = siny N\(§30)
and PR
sin 8 = gin (y — 90°) = — cos ¥y A (§ 30).
Hence, by substitution in (a), we have .\(T :
sin (« -+ ) = sin a cos ¥ -+ cos aainy,
which was to be proved. x\\

Note that, sinee « and 8 enter syﬁlmetrlca]ly in the formula
for sin (« + 8), we could have ificrénsed o by 90° as well as 8.
Similarly, it may be showpethat the permanence of form of
formula (1) would remain J.f"emher a or 8 were decreased by 90°.

ExampiE 2. QGiven,

cos {a« + ,(i)j% €oS & €08 8 — 8in a sin g,
sin (e 4%0) = sin o cos 8 + cos  sin g,

and vy = 8 :|:90° show that
(4) \ ‘cos (@ + v) = cos a cosy — sin  sin 5.
\

F@m the results of Examples 1 and 2, it follows that if the
f@rmulas (1) and (2) are true for given angles « and 8, they

(1emain true for angles obtained by inereasing or decreasing either
) of the given angles by 90°. Since any angle may be obtained

from an acute angle by repested additions or subtractions of
90°, the addition formulas (1) and (2) are true for ail angles.

50. Formulas for tan (4 + B) and cot (4 + B). By (7}, § 35,

_ sin (A-{—B)_sinAcosB-f—cosAsinB.
ta’n(A-i_B)__cos(A + B) cosAcosB — sin A sin B

Dividing both numerator and denominator by cos 4 cos B, we
have
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gin A  sin B
cos A ' cos B

tan(A-l_B):l_sinAsinB’
cos 4 cos B
that is,
- 1:8.11 A-ttan B
@) tan(d+ B = Aten B
Tixpress this formula in words.
Bimilarly, we have O\
v\ N
_cos (A +B) cosAcosB —sin AsinB
cot (4 + B) = (A +B) sin 4 cos B -+ cos(Asin B’
or, dividing numerator and denominator by sin A\s‘in B,
cot 4 cot B =1
_ 3
.(6) cot (4 + B) = cot A + cot.B
Formulas (5) and {(6) are the add;tzpn formulas for the tangent
and cotangent respectively. KO
51. Functions of (4 — B). By the use of one or more of the
formulas (1), (2), (8), (6}, and; {the facts that sin (— 6) = — sin 8,
cos{— #) = cosf, ian (rﬁ P = —tand, cot(—6) = — eotd,

we obtain the foﬂawmgvubtract:on SJormula:

sin (A \\B) = gin [4 4+ (— B)]
: = gin A cos (— B) - cos A sin (~ B).

Then \ }

(7} /sin’ (A — B) = sin A cos B — cos A sin B,

Similarly, )

® {\° cos(4 —B)=cosAcos B+ sindsinB,

oY tan 4 — tan B

i tan (A= B) = T gm A tan B’

cotAcot B+ 1

a0 cot (A—B)= g cota |

EXERCISES
In the following exercises, it is assumed that the student knows the valuea
of the functions of 0°, 30°, 45°, 60°, and 90°
1. ¥ind gin 75° in terms of radicals.
SoLuTron. Note that 75° = 45° + 30°; hence
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gin 75° = sin (45° 4- 30°) = sin 45 cos 30° + cos 45° sin 80°
= 3VE % + V24 = 3V + V2.
2. Show that cos (60° + 30°) < cog 60 4 cos 30°,
3. Show that cos 75° = (V6 — V) = sin 15°.
4. Bhow that tan75° = 2 + V3 = cob 15°.
5. Show thatsin 15° = 3(¥6 — ¥2) by using the fact that 15° = 45° — 30°.
6. Show that tan 15° = 2 — V3 by using the fact that 15° = 45° — 308,
7. Given tanz = 3/4, siny = 5/13, and = and » both positive ‘apute
angles. Find the values of tan (z + 1), sin (z + 1), cos (x + ), sid (5 ).
8. Given tan = = 4/3, fan y = 3/4 where z and y are both positivé acute
angles. Find the values of sin (x — ), cos (z — v), and tan (z ).
9. If cos 4 = 1/3 and cos B = 2/3, find cos (4 + B) ahd tos (4 — B) if
A and B are acute angles. 5 .\’~
10. Ifcos 4 = 1/3, and sin B = 8/4, find cos {4 = B),\if A and B ave acute
angles.

Show whether the statement in each of the,E;l}Iéises 11-22 is an identity.

11, sin (45° + 8) = 3V2(cos § + sin O} ~'j:\
12. sin (30° + #) 4+ cos (60° 4- ) = cogk.

13. eos (30° — x) — cos (30° + x), w=\sin z.

14, sin {4 - B) sin (4 ~ B} =gin®A — sin? B.
15. cos (z 4+ ) con (z — ) ;26632 z — En?y,
16. tan (45° + A) + cob (4™ 45%) = 0.

o _1&%ans o = l—tang
17. tan (45° 4 ) —j%jm—x 18. tan (45° — 6) = 715

19. cos (60° 4 ) \\sin (30° + ) = corz.
20. gin (60° + ¢N\= (V3 cos = -+ sin z),
gin (= 45 _ fan 2 4 tan ¥
sin (x\'-:y) Tlanz —tany
22, tar(# + 45°) tan (A — 45°) = — 1.
23,.0dvén sin (A + B) = 1, sin 4 = 3/5, and that 4 and B are positive
acute.\ Find sin B, cos B, and tan B.
) .\'242 Given that sin (4 + B) = 56/65, sin B = 12/13, and that 4 and B
#\are positive acute. TFind sin A, cos A, and tan A.
/25, Find sin 150° from functions of 180° and 30°.
26. Tind eos 105° from the functions of 45° and 60°,
27. Hsinz = 0.6and tan y = 1, find the values of sin (x — g), tan (z ~ #)-
28. If tan z = 0.5 and cot ¢ = 0.5, show that eos (2 4 ) = 0,
29. Iftan A = 1, and tan (4 + B) = — 2 — 3, find tan B.
30. Iftand =4, 4 + B = 45°, find tan B.
31. If sin 2 = 0.309 and cos y = 0.809 when  and y are acute angles, find
sin (2 <y} and verify the result by vring the table ou pp. 21-26.
32, Work Exercise 31 if  is in the second quadrant,
33. Find cos 120° by using (4} 120° = 60° + 60°, (b) 120° = 80° 4 30°.
34. ¥ind sin 135° by using 135° = G0° - 45°,

21.
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35. Find tan 210° by using 210° = 180° 4- 30°.
36, Find cos 300° by using 300° = 360° — 60°.

Derive the following formulas from the sddition and subtraction formulas:

37, sinz = cos {xr — 00 40. cos (270° - 3} = —gin 2.

38. cos{180° + 2} = —cogz. 41, sin (270° — 5} = — ecos 7.

39. gin (180° — &) = sin 2. 42. cos (360° — 2) = cor .

43. Derive the formula

sin(z +y +2) =sinzcosycosz + coszsinycosz Q

+ coszeosysinz — stnxsmysmz
Hmvr. Write sin {z 4 ¢ 4 2) = sin [# + (¥ +2)] and apply {1 él&
44. Derive the formuls "\

7%

N

cos (o +y+z} = COS Z QOS Y COE 2 — €08 & Sin ¥ sin 2
—cosysmmsmz—\qﬁzsmzsmy

45. Derive the formuyla

fanz 4 tany +tanz — tsnaddn ytanz
1 —tanztany —ta.nytan\'—‘tanztanx

tan (x +y 4 2) =

52. Functions of Double Angles. In the addition formulas

(1) gin (A + B) = sin AcosB —+ cos A sin B,

{2) cos {4 + B) = co&A cos B — sin 4 sin B,
A tan A 4 tan B

®) tan (4 + B)“ — tan A tan B’

let B = A, then ‘(}—}- B) becomes the double angle 24, and
after slight redlictidns, we obtain

(11) /2 sin 24 = 2 sin A cos 4,
(12) \“\ cos 24 = cos? 4 — sin? 4
A O\ = 1—2gin* 4

R = 2cos’4d - 1,
)y 2tan A

The significance of formulas (11}, (12), and (13) may well be
emphasized by expressing them in words in each of two ways.
Thus, (11) may be stated in two ways as follows:

1. The sine of twice an angle is twice the product of the sine and
cosine of the angle.

2. The sine of an angle is equal lo twice the product of the sine
and costne of an angle half as large as the given angle.
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ORAL EXERCISES

. Express sin 60° in terma of funetions of 30°.

- Express sin 61° in terms of functions of half as large an angle.
Express each fermula (12) in words in two ways.

+ Express {formula (13) in words in two ways.

. Given sin z = 3/5, find sin 2=.

. Given sin {32/2) = 7/25, find sin 3z.

. Given tan (3z/2) = 12/5, find tan 2.

Q"
33, Functions of Half Angles. If in formula (12) of § 52) we
regard 24 as the angle first to be considered, then theg angles in
the right members are half angles. To put this {oint more
clearly in evidence, let 4 = z/2. Then, from (12);5ve have

-3 ST

cosx = 1 — Zsinﬂg, and cosx =,~2}cﬁsﬁg -1

If we solve the first of these equationxs{ior 2 sin? (z/2) and the

second for 2 cos? (2/2), we find K
2 sinZ% =1 — cosz, 3;1}({ J2 cos?g =1+ cos z,
whence Ry Y
AN fl —cosx
(14) SlI.I..‘ PR + —Z ?
oo g [
,\\.. 2

The appropriate signs in the right members are determined by
the quadramt’of the angle %2, If z is a positive angle not
greater than’180°, z/2 is in the first quadrant and the sign + musb
be clzgs?n"in both (14) and (15). From (14) and (15), we find

N x Sing fl — cosx
‘16 tan =~ = — - — - _Lue 4
\( ) 2 x + 1+ cosx’

cos -

2

the appropriate sign being again determined by the quadrant of
the angle /2. By multiplying numerator and denominator of
the right member of (16) by = 1 + cos 2, we get
tan T o V1 —cos’x sin x
an s = = .
2 14 cosx 1+ cosz

Similarly, by multiplying numerator and dencminator of (16)
Y £ 41 — cos z, we obtain
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t&n—= __'_""_'—"'2 = - -
2 4l —cos?z gin 2

Collecting our results, we may write

x_ fl—cosx sin x _1—cosx
an tanz + 1-+cosx 1+cosx sin x
N\
Formulas (14), (15}, (16), (17) express the functions of an anglein
terms of funetions of an angle twice as large as the gwen anglé

EXERCISES A\
1. Ifgin A = 4/5, find sin 24; also cos 24. AD
2. ¥ cos A = 12/13, find sin 24; also tan 24. AN

3, If sin (x/2} = 0.6, find sin z; alse tan .
4. If cos (2/2) = 0.3, find sin z; also tan 2, N
5. If cee z = 54, find cos 2z. 7,

Assuming that the values of functions of 3;0'%)5”, and 60° are known, find
the value of each of the following functions Without using tables,

6. sin 120° from functions of 60° «jj?." #in 90° from functions of 45®

8. tan 120° from tan 60° ~0M2. ten 15° from sin 30° and cos 30°
9. cos 135° from cos 45° W% 13, sin 224° from cos 45°

10, sin 15° from cos 30° o 14. cos 224° from cos 45°

11. cos 13° from cos 307, \ 15. tan 223° from sin 45° and cos 45°

Express orally each Q{‘the fo]loww.g in terms of functions of half the angle.

16, sin 72°  18.{ cos 10p 20. sin §8°  22. cosde 24, cos300°
17. sin 8z 19 jtan4r  21. sin 30  23. sin 120°  25. sin (22 4 607)
26. Express\éi;r 30 in terms of sin 4.
Hiyr., I\(1), § 48, make A = 20 and B = 8. Use (11) and (12), § 52.
27. E;&ress cos 30 in terms of cos 4. 28, Express fan 38 in terms of tan 4.
29 Werive the formula sin 40 = 4 cos® ¢ sin @ ~— 4 gos # sin? 4,

4 \ HIN‘I‘ Apply (11} and (12), § 52, twice.

\ 30. Derive the formula cos 49 = cost @ — & cos® @ sin? ¢ 1 gint g,
31. (iiven cos @ = — 1/2 where ¢ is in the second quadrant; find the values

of sin (8/2), cos (8/2).

Express each of the following in terms of functions of an angle twice as
large s the given angle.

32, cos? 2z 33, sin® 3z 34, fan 2z 35, =in? 20F

Prove the following identities:
36. 2 ¢sc 2z = sec x csc o, 37. costz — sintx = cos 2.
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2
38.3332$=.__S_ei. a9, (}Ot— ﬂ_
2 —sgectx } —cosz
40, (sinT — cos )2 +5in 22 = 1. 41, {sin 2 4 cos x)* = 1 -} sin 2.
. 2 x x x
42, sm:r(ta.n§+cot§) =2 43, t-an§—cot§—2eotx.
44, tan (45° + 2) — tan {45° — z) = 2 tan 2.
1~ tan®
45, cos 21 = m .
. 2 fan x cos 3z | sin 3z ™\
46, Slngﬁt—m 47, m-'— oS T —200?2%
48, cos & co8 Bx — sin xsin 3z = cos 4x. .\\
49. gec 2r 4 tan 2¢ = tan {45° + ). N\
50, If cos 2z = — } snd =z is in the second quadrant, ﬁnd the valuez of
cos (z/2), sin (z{2}, and tan (z2).
Bimplify each of the following expressions, ",\
51. 2sindx con iz + 2sinx costz 54, sin 520082z — cos 52 sin 27
52. 3;1113; - 0000383:‘ i ;3 g( cos g{:x
53. tan z(1 + sec 27) 5,6‘ " BIn 2%

54. To Express the Product of, Two Functions as the Sum or
Difference of Functions, From the formulas

(1) sin(A+B)—ﬁ:nAcosB+cosAsinB
2) cos(A-l—B}\: cos 4 cos B — sin A sin B,
¥h) | sin (A &\B) = gin 4 ¢os B — cos 4 sin B,
(8) G({ﬁ\(zﬂr — B) = cos A cos B + sin A sin B,

we obta.in, ﬁy’addition and subtraction of members,

(a) \sm (A + B) +sin (4 ~ B)=  2sin 4 eos B,

(b) sin (4 4+ B) —sin (4 — By=  2cos 4 sin B,
<‘§c) cos (A + B) +cos{d —B)=  2cos A cos B,

(d) cos (A + By —cos (4 — B)= — 2sin A sin B.

By solving for sin A sin B, cos A cos B, and sin 4 cos B in the
second members of these identities, we get the product formulas

(18) 8in A sin B = §[ecos (4 — B) — cos (4 + B)],
(19) co8 A cos B = ${cos (4 + B) + cos (4 — B)],
(20)  sin A cos B = i[sin (4 + B) + sin (4 — B)].
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It is & good exercise for the student to read these formulas in
words. Thus, (18) reads: The product of the sines of two angles
@ equal to one~half the quantity formed by subtracting the cosine of
the sum of the angles from the cosine of their difference.

Examrre 1. Read formulas (19) and (20} in words.

Exsnpre 2. Check formulas (18), (19), and (20) for A = 60°
B =30° The above formulas are important in integral ealeulus.

55. To Express the Sum or Difference of Two Like Fufttions
as a Product of Two Functions. To derive formulas forthe sum
or difference of sines or cosines of two angles, we nepd”énly make

© a+p-s
() A—B=y S ’
in (2), (b), (o), (d) of § 54. From () a0l

4= 3=y

B=ieW .
Using these values in (a), (bj,(c), (d), we obtain
(21) sinx+4siny “=\“ 2sin 3(x 4+ y)cos i(x — y),
(22) sinx — SU\_:,L= 2 cos §{x -} y) sin 3(x — p),

(23)  cosx tGosy= 2cosi{x + y) cos i(x — ),
(24) r_:os.{:—: cosy = — 2sin {x + g) sin {(x — p).

Here agdin“the student should resd the formulas in words.
Thus, £2. 5 reads: The sum of the sines of two angles is equal to
twicthe product of the sine of half the sum of the angles and the
&(ja{:a?w of half their difference. These formulas are useful for

urposes of simplification (see § 78) and in particular for putting
certain expressions into suitable form for logarithmic ecomputa-
tion,

Examere 1. Show that gin 40° 4 sin 20° = cos 10°,
Sorution. From (21),
sin 40° - sin 20° = 2 ain 30° cos 10° = cos 10°,

since sin 30° = 2.
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Examrere 2. Show that

sin H¢ — sin 38

oS 30 — cos 50 oot 49.

Sorourion. Applying (22) and (24) to the numerator and
derominator of the left member, taking x = 56, ¥ == 38, we obtain

sin 58 — sin 38 __ 2 cos 3(50 + 38) «in 1{50 — 36)

= , : - N\
008 30 — cos b 2 sin 1(50 - 36) sin 3(50 — 38)
2 eos 48 sin O\
= _——————— = got 44, A\
2 gin 44 sin ¢ O
EXERCISES
Express as the sum or difference of two functions: ~"‘~.\\

1. 2sin 34 cos A 2. 2 cos 44 cos 24 8" 2 cos 5z sin 3z

4, 2gin 3zsin 2 5. 2gin 76 sin 36 :«\\: 6. 2 s (56/2) cos (6/2)

7. cos (A + B)eos{d — B) \~ 8, cos3rcoswm
Express as the product of two functionsé.na simplify:

9. sin 75° < =in 15° 10. cos 75234 cos 15° 11. sin 75° — sin 15°
12. cos 15° — co875° 13, ma,42° — cos 48° 14. &in 37° 4 sin 63°
15. sin 50° + c0s20° Hiwr, (tes :20° = sin 70°, 16, cos50° - sin 20°
17. sin 65° — cos 35° 18:'30'3 35° — ros65° 19. cos20° — gin 50°
20. sin 75° — cos75° 2N cos75° — sin 75° 22, cos10° — sin 107
Express as the produt,{i;}f two functions:

23, sin 50 +sinﬁ\\ 24, cos 56 -+ cos 30

25. giu Bz — gin 26. cos Oz — cos 2x

27. sin (AMB) -+ sin (4 — B) 28. cos (59 — 24) 4- cos (50 -+ 24)
29. sin 5&\‘—’ cos {(B0° — z) 30. sin 4z - cos

Proyd the identities in Exercises 31—40:

31 §m2A +sin2B _ tan (4 + B)

as.
39,

§m 24 — sin 28 tan (A - B

cosg —cosy EY x+y
€8T +eosy tan = 2
gind3d +sin A gin bxr — sin =

=cos Asecdd 34

' 8in 64 — sin 24 . ) cossx—{—cosx:taugm'

gin {z 4 60°} -~ sin (z — 60°) = ain z.

gin (22 — 310 + sin 3y cosdz + cosx
cos (2x — 3y) + cosdy tanz. 37, sin 3z 4+ sin
gin 7(A + B eos (A4 — B) + cos {4 + B)sin (4 — B) = sin 4.
cos (A - 60°) - cos (60° — 4) = cos A,

cos (7 — 2z — coa (nx)
sin (n — 2)x + sin (nz}

= cot 2x.

= tan x,
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Show whether each of the equalities 41-52 is an identity:
41. 2sin (z 4 45 sin (& — 45°) = — cos 2=,

cos 3z — cosdr _ N 8in 50° — sin 10° _
ey Ry S e e T
44. cos 2r — cos 6z = 16 8in’ z cos? (1 — 2 sin? g,
cos® +cosp 1 otz —tang _
45. sin @ + sin 23 cot . 46. COto + tanz | 008 2r.
sinzy —eosx +1 x
47'Sinx—]-cosx+1“tan2 O\
¢\

48. sin 24 4 sin 44 + sin 64 = 4 eos .4 cos 24 sin 34, 2N
49, cos A + c08384 + cos 54 - corTA = 4 cos 4 cos 24 cos 44, \.

50. sinA+sinB+ain(A+B).=4cos‘;—1cos2§sin‘4;3.-f )

g SA —sinB _ tan3(4 — B) w\"
“sind +sin B tan3(d + B) \

5 sin 2 -+ sin 2x—|—sin3x_tz_m2m '\\:

eos L + co32x 4 cos 3x
3. When A -+ B + (' = 180°, prove the fofiala

gin 4 4 &in B —|—smC=4cps%cos§cosg-

n X

Sor.uTroN. R
(sin A + ein B) + sin € = 2 in §(4\F B) cos 4(4 — B) +5in C
= 2 gin é-(;ei + B) cos 4{A ~ B) 4 2sin
But, X x\

sin 3(4 4- B)\e\cos Ein

C oo C .
30083

A'*"B — 907,

C
2
Hence
smA—I—smB\—l-smC—2eos—[cos 34 — B)-{-smc]
.\so
,§ =2coa% cosAzB-I-eosA;—B)-

. \ =2cos%(2¢os%cos-g) =4ws%cosgcos%-
3% sin 4 + sin B ~ sin € = 4sin (4/2) sin (Bf2) cos (C/2).
55. c08. A + cos B - cosC = 1 + 4 sin (A/2) =in (B/2) sin (Cf2).
56, tan A 4 tan B 4+ tan (' = ten 4 tan B tan €.
Hmr, tan € = — tan (4 + RB).

57. Using A and B ss two angles of & triangle
(Fig. 83}, prove the addition theorem

C

sin (4 + B) = sin A cos B + cos A sin B. 4 B

BuaeeeTions, From what was shown in ¢
Erercise 7, § 44, it follows that in any triangle Fic, 83
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{a) e = 3Ksind, b = 2R=in B, ¢ =2RainC,

where & ia the radius of the circle circumseribing the triangle ABC.
Note from Fig. 83 that

{hn - ¢ =acosB 4 beos A.
From {s) and (b), we get
{c} 2R sin ¢ = 2Rsin A coe B -+ 2R gin B cos A.

Complete the proof by dividing hoth members of (¢} by 2R, and then by
using the fact that ¢ = 180° — (4 + B).

Q 58, Establizh the addition theorcm \¥ \
sin{d 4+ B)=s8nA cosB +cos Asin B

by equating the area of tnangle OM’S Fig. 84, to
the sum of the areas of tr}aI)chs OMZ and OZS,

SueeEsTion. From FLg 84, by using (7}, §47,

M fwxein (4 42 \)-—: the sin A -+ 3hwein B,
Divide tbrough by twr, and

gin (4 +B) -—smA +-—smB

Complete the proof by replacmg k{w and kfz by using the definition of the
cogine.

59. Estabiish the add\tlon thecrem
@BEA + B) =cos A coa B —sin Asin B
by starting with-the relation
N \ ares 05Q = area 0ZQ - ares OZS.
SuacEdTIoN. From Fig. 84, and (7), § 47,
’\:t.\’;ﬂwy sin (90° — A — B) = 3y sin (90° — A) — Mo sin B.

D‘iwde through by 3wy and complete the solution.

3 60. From the right triangles

VAMP and MPR (Fig. 85) de- P
rive the following formulas:

sin2e = 2sin x cog >, cpg;su “ t;
2costz = 1 1 cos 2z, 28 of & "2’;
Zgin® x = 1 — cos 2x. -E :

_ 1 —cos2r -
tanz = o A
sin 2z 4-—————-—a(1+cos?m)-—-—-aja(1-eos2x)

“T¥cos2r Fra. 85



CHAPTER VIII

LOGARITHMS

56. Introduction. The amount of numerieal work involved in
performing the operations of multiplieation, division, raising: $6™
a power, and extracting a root may be greatly reduced by the
use of logarithms. In the applications of trigonometry,.jﬂﬁich
usually involve the solution of triangles, multiplications and
divisions occur very frequently (see Chapter I1X). By, the use
of logarithms sueh operations as are indicated b}i \\

A3.7)14,  (LOOT)™, 382, SOW0.0071
can be carried out very efficiently. " x\\

N\
57. Logarithms. A logarithm is aierponent. Consider the
following powers of 10: W

R

10 =100001 % 100= 10
105 = 0.001 12= 100
102= 001 ° 108 = 1000
10t = 63 104 = 10000

100 (M1

The exponent of 10 in the left member of each of these equalities
is ealled the logdrithm fo the buse 10 of the corresponding number
in the rightn{e»fnber. Thus — 4 is the logarithm of 0.0001, and
4 is the logarithm of 10000. '

Log: ms to the base 10 are often called common logarithims.
It isysual to use log as an abbreviation for the word logarithm.
..\Ii;\ié very important that the student should see clearly that

N = 1000, and log 1000 = 3 are merely two different ways of
stating the same thing. The former is the exponenticl form, the
latter the logarithmic form,

EXERCISES
Change each of the following statements to logarithmic form.
1. 108 = 100. 4, 10 = 0.001
2, 1005 = 3,1623 5. 1042 = (.37
3. 1058 = 450, 6. 10272 = 46416

87
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Change each of the following siatements to exponentisl form.

7. log 1000 = 3. 10, log 0.012 = — 1.9208
8, log 9.9 = 0.0956 11. log 2.67 = 0.4265
9, log 0.0000L = — 5. 12, log 0.267 = — 0,5735

Tt is readily seen that for integral powers of 10 the logarithm
of & number increases as the number increases. In this book we
shall restrict ourselves to logarithms of positive numbers to the
base 10, and shall make the following important assumption’s

The logurithm of @ number increases as the number mcrsa%s

58. Characteristic and Mantissa. It is ewdent ‘:hat most
numbers are not integral powers of 10. Thus 487 Y8ymore than
the second power of 10 and less than the th,g-d power of 10.
Hence

log 487 = 2 4 a decimal f@ctlon

The integral part of the logarlthm hgca.lled the characteristic
and the decimal part the mantissa For example, we find from

the table that log 1392 = 3. 14364 The characteristic is 3, and
the mantissa is (,14364.

59, Index Laws Applledjfo Loga:ithms. From the index law
Qe 100 = 107,
we derive an imp(@a’.nt property of logarithms, Let

N

107 =m, and 1ov= 1,

then \
,'\'“. ].0 m = y d =
and \\ g z, and logmn =y,
O\ mn = 10%-10v = 10=+v,
Henee
~O° 10gmn=x+y=10gm+logn.

\‘;

Expressed in words, this result, is as follows:

I. The logarithm of a product equals the sum of the logarithms
of the factors,

For example, we have

log 14 = Jog (2.7) = log 2 - log 7.
From the index law
102

1 = 107,
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we derive a second important property of logarithms, With the
notation above we have :

Hence

log%“—— z—y=Iogm—logn.
N\
We may express this result in words as follows:
II. The Ilogarithm of & quolient equals the Iogamthm {{f\ ﬂae
dividend minus the logarithm of the divisor. O
For example, we have _ N

&
log 13 log 14 — log 3. \

From the index law )
(107)r = 10, (¢
we derive g third important property:éf logarithms. With the
same notation, that is, with m = 19% we have
= (199" = 10°.
Hence N\ °
log = ar = rlog m.

We may express ig‘résu}t in words as follows:

II1. The logarithan of the rih power of a number is v times the
logarithm of the number

For exampie, we have

'\r';\" log (13.7)14 = 1.41 log 13.7

In .pa:[%mular, if 7 is the reciprocal of an integer, 1/s, say, the
“rafsifiy to the rth power” becomes the “extracting of the sth
0dt.” Tn words, the logarithm of the real positive sth root of
a number is the logaritbm of the number divided by s.

For example, we have

log 4927 = §1og 92.7

60. Effect on the Logarithm of 2 Number Produced by Multi~
plication or Division of the Number by 10. Using the notation

of § 59, we have
log m = .
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By property I, § 59,
'Iog Wm=1logmt+logl0=logm+1=2+1.

Henece multiplieation of a number by 10 increases its logarithm
by 1; that is, the characteristic is increased one unit, while the
mantissa remains unchanged.

By property 11, § 59,

m O
loge— =logm —logld=logm —1=12z2—1,
10 Oy
Henee division of & number by 10 decreases its logarifhm by 1;
that ig, the characteristic is decreased one unit, whilg-tke mantissa
remaing unchanged. K7,

Since multiplication or division of a number by 10 simply
moves the decimal point to the right or to$hé left, we see that
the mantissa is independent of the positienof the decimal point,
and depends only on the sequence of thfgﬁis in the number,

61. Characteristic Law. Since(log1 =0, and logl0=1
(§ 57), and the logarithm of a muniber inereases as the number

Increases, it is clear that the ¥garithm of any number between
1 and 10 is 0 + a decimal.fraction. For example,

108'7.296 = 0.86308

By successive mu@éliéations and divisions by 10, we have

log 7296 = 1.86308,

log 720.6 = 2.86308,

logB7206 = — 1+ 0.86308 = 9.86308 — 10,*
\:Ihg’0.07296 = - 24 0.86308 = 8.86308 — 10,

log 0.007296 = — 3 -I- (.86308 = 7.86308 — 10.

~\The law for determining the characteristic of the logarithm of
<\,a' number may then be stated as follows:

To find the characteristic of the logarithm of & number which has
an iﬂtegml part, subtract 1 from the number of digits in the integrol
part.

To find the cheracteristic of the logarithn of a decimal fraetion
subtract from 9 the number of ciphers between the decimal point

and the first significant figure. From the number so obtagned
subtract 10,

¥ The logarithm is written in this form for convenience in computation.
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EXERCISES
Give the characteristic of the logarithm of each of the follewing numbers,
1. 375 2. 3075 3. 12567 4, 134.51
5. 12.678 6. 3.67809 7. 0.3627 8. 0.0765
9, 10324 10. 0,0003675 11. 123.564 12, 100002

13. Given log 3.845 = 0.584%), find log 384.5

14. Given log 47943 = 4.68075, find Jog 0.0047043

15. Given log 0.067333 = 8.82828 — 10, find log 673330.

16. ¥ind log 9134, given log 5.134 = (.D6066

17. Find log 0.0003706, given log 37.06 = 1.56891 A
18, Find log 7637000, given log 0.07637 = 8.88202 — 10, ,\' e’
Find the characteristic of the logarithm of each of the followmg fumbers.
19. 26(10)* 20. 14/19 2L 26(10)¢ o\ 22. 270

62. Explanation of the Logarithmic Table I.- ‘Logs.nthms of
Numbers. On pages 1-19 we give a ﬁve-place table of the
logarithms of numbers. The first column. gn/each page has the
letter N at the top and bottom. The let't:er X is an abbreviation
for number. The other eolumng ha.w; at’ the top and bottom the
numbers 0, 1, 2, 3, ---, Q. o)

The table contams the mantisgas' of all four-digit numbers, the
first three digits in the N —co]umn ‘the fourth digit at the lop and
bottom of another colump. Tt should be noted that the first
two digits of the mantiaﬁa(are given only in the column headed 0,
The characteristic 0@8 Jogarithm ean always be readily supplied
wher needed.

63. The Loggntﬁm of a Given INumber.
Examrry 1\ Tind the Iogarlthm of 1397.

To ﬁn&\the mantissa corresponding to the number 1397, we
locate thic intersection of the row that has 139 in the N-column,
Klth\the column that has 7 at the top. We thus find that the

Cmantissa is 14520. The characteristic is 3, so that

log 1397 = 3.14520 _
Exampre 2. Find the logarithm of 785.64.

This number has more than four digits, so that the mantissa
of its logarithm is not given in the table. It may, however, be
approximated from mantissas in the table by the process of
interpolation by proportional parts, previously explained in § 43.
In the tables we find that



92 PLANE TRIGONOMELIRY

the mantissa of log 78560 is 89520,
the mantissa of log 78570 is 89526.

Since the number 78564 lies 4/10 of the way from 78560 to
78570, by proportional parts the mantissa of its logarithm Kes
4/10 of the way from the mantissa of log 78560 to the mantisss
of log 78570, that is, 4/10 of the way from 89520 to 89526,

The two mantissas differ by 6, and 4/10 of 6 iz 2.4, Hence
the gorrection 2 is to be added to the smaller mantissa 89520
Thus the mantissa of log 78564 is 89522, The characterigtic of
the logarithm of 785.64 is 2, so that )

N\
A

log 785.64 = 2.89522 ~\
EXERCISES LV
Obtain from Tsble T the logarithm of each of the following numbers.
1. 67 2. 123 3. 3256 /50 4. 7561
5. 2000 6, 876.9 7. 0.561 8. 0.0785
9. 17.865 10. 278.86 11, 078682 12. 0.0035467
13. 6.7091 14. 23.568 15,\123.91 16. 56789

64. The Number that Corresjgdﬁds to a Given Logarithm.
Examrir 1. Find the n};iiuber whose logarithm is 2.76103.

To find the numbe\r&correaponding to the mantissa 76103, we
locate the row and dolin in which this mantissa lies. We find
that it lies in tl;e\o\w that has 576 in the N-column, and in the
column that hag8 at the top.

The sequeniee of digits corresponding to the mantissa 76103 is,
thereforé/)5768. The characteristic is 2, so that the pumber
whq&\e{lﬁ’gacrithm is 2.76103 is 576.8.

Q :EX-AM?LE 2. Find the number whose logarithm is 1.68792.

- The mantissa 68792 is not given in the table, but it lies betwoen

the two adjacent mantissas 68789 and 68797 of the table. The
mantissa 63789 corresponds to the number 48740, and bhe
mantisss 68797 corresponds 1o the number 48750. .

The mantissa 68792 lies at 3/8 of the way from 6878% to 68797.
Hence, by the process of interpolation by proportional parts, the
number whose mantissa is 68792 iz

48740 +§5 of 10 = 48744
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Thus
log 48.744 = 1.68792
EXERCISES

Ohbtain from the table the five digit number corregponding to each of the
following Iogarithma.

1, 2.13577 2. 1.23578 3. 347885

4. 0.56789 5. 6.78522 — 10 6. 896600 — 10
7, 2.57000 8. 4.50000 9. 0.78005 O
10. 2.80002 11. 2.00325 12. 890984 — 10\\.

65, Use of Logarithms. The following examples illustrate
the use of logarithms in arithmetic computation.

%
i

NN

S )

Exameis 1. Find the value of N , given that. '\ &

(389.2)(48.756) _
8976/

W

N =

foruTion. The work may be arraﬁgéd as follows:
log 3822 "= 2.59017
log 483356 = 1.68802
log (389,,2)(48.756) = 427819 (By I, § 59)
(N log 8976 = 3.85308
\'\‘~~-’ log N = 032511  (By I, § 59)
\ N = 21140

In vsing logatithms, time is saved and errors are avoided by
making a\ébiéa]led form for all the numerical work before re-
femng‘\t@ the table for the values of the logarithms. Thus, in
EX&m‘ple 1, the form is

o) log 389.2 =

e \ ¥,

\V log 48.756 =

log (389.2)(48.756) =
log 8976 =

log N =
. N =
FxameLy 2. Find the value of z, if z = (0.678)%

BoLurron. ‘The work is arranged as follows:
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log (0.678) = 9.83123 — 10
log x = 3 log (0.678) = 29.49369 — 30
logz = 9.49369 — 10

z = (31166

Examprz 3. Find y, if y = V0.079674.

Sorvmon, We recall that V0.079674 = (0.079674)Vs.

log (0.079674) = 8.90131 — 10 O
logy = 1{8.90131 —10). D

In this case, division by 3 is necessary, but — 10:1?5 ot exactly

divisible by 3. It will facilifaie the computatl{m at this point

to add and subtract such a multiple of 10 that > 10 will appear

in the quotient. Thus, we add and subtr%:t 20, giving
LD
log y = 3(28:90131 — 30)

log & 063377 — 10
= 043030

When eomputing with negative numbers, make the computations
with logarithms of thé “eorresponding positive numbers, and
finally attach the app}opna,te gign. Thus, if Example 3 were
changed to find = V— 0.079674, we should proceed as above,
but finally WI’:th the result as
: R
7.3
."\' W

y = — 0.43030

EXERCISES

Fi}d the value, {0 five mgmﬁcant figures, of the unknown in each of the
.fﬂﬁﬁmg cases.

Lz =(@6)8752). 2.y = (7596)/(3075). 3. P = Vi3l

= V087 2a _ (68.762)(78.925) -
- B eesn 0 O ° 0.2
7«y='\"0.02a 8.z = v341 0.1 = =047
10, ¢ = (VB)(VI0)({FD). _ (YB75.6H)(V85.376)
oz = {@){#0‘.0‘41‘)(#0‘.0@61). 12. F10027
(86.1) V7867
13. M = (B.767)(42.632)
14, ¥ — BaBIRESDEY
| 86T §676.85

(7TR)2R{08)2hs
Br = {158y 16, = — (1.067)t+
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17, y = (101)(L.075) - B7.682)(0.46752)
v = (10L(.075) 1s. P (0.7664)%
— _ (0.007867)(0.086752) 20, pr . (55.752)(8.6752)
19. ‘:‘_ =TT GseTe 145674
2L ¥z = — (104367 21, 3 = (log 3.76885)2
_ (14.6)¥0.6789 145z
23, vz —E— M. o = — 86752
(1.4)14(58,6) 26, A = 1% x = 31416, r = 487
25| ¥ o= _-_'Ef‘é‘““"‘ B
(16) 27, V = &, ¢ = 3.1416, r = 287/
28. The volume of a right cireular cone is giver hy
O\
F = § 7 k ‘ ; :\

where 7 12 the radius of the base and k is the altitude. Find ¥ fai'éhbic feet,
if r = 25 feet, 4 inches, and 2 = 7.5 yards.

29. Using the formula in Exercise 28, find r given V° “\ﬁOO eu. in. and
k= 3 feet.

30. The ares S of an equilateral triangle of side a\)a given by the formuls,

ﬂ:“ \{2‘ ".::\
Find 8 if o = 276.75 feet. /
31. Using the formula in Exereise 30 ﬁnd the Jength of the side of an
equilsteral triangle whose area is 1000 aqmre yardy.
32, The area S of & triangle Whose t.ﬁree sides are given is

S = \fs(s—a)(swb){s—c), 2s=a-+be
Find 8, if a = 175, b = 237:5;>= 240,
33. Uuing Exercise 32,\ﬁnd Sif 6 = 1375, b = 1465, ¢ = 2078.
34, In § 47, Exercige, 12, we found the radius r of the inseribed ecirele of a
iriangle ABC to be.g‘ivén by the formula
s —a)s = D)(s —Afs, =a+bte
.”\‘¢
Find r for"bl{e.f-riangle whope gides are 76, 01, and 101,
35, Riadr for the triangle whose sides are 786.5, 896.5, and 900.6. Use

formula ‘of Exercise 34.
m36 The tadius B of the eircle cireumseribing a trisngle ABC is given by

*tée:re]at&on

- ok
=T

where a, b, ¢ are the sides and S is the area. Find R for the triangle whose
sides are 1324, 2467, and 3256.

Hmr. The formula for S is found in Exercise 32.

37. Tor a pendulum if iz known that

I
o7

i=rx
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where & is the time of a complete vibration, [ is the length of the pendutum,
and g is the acceleration. Find the length I of a peadulum that completes g
vibration in & second if g = 982 cm. Per sec. per sec., and r = 3.1416,

38, What is the time £ of vibration of a pendulum 50 feet long if ¢ = 32.16

feet per see. per see.?

30. The time ¢ of s vibration of a pendulum is 5/4 seconds. If ¢ = 980.96
¢m. per sec. per sec., how long is the pendulum? _

40, The piate current J in a three-electrode vacuum tube is given hy the

formula,
7 = 0.00445V11%, ~

where V is the voltage. ¥ind I for ¥V = 110. N
oA

66. Explanation of the Logarithmic Table IIL Logazithihs of
the Trigonometric Functions. On pages 27-72 We}g\lve g five-
place table of the logarithms of the t-rigonognpiric' functions.
While Table III gives the logarithms of the-fuhctions directly
from the angle, these logarithms are, of dourse, merely the
logarithms of the values of the functiong,\/Thus, for example,

log sin 60° = A3,
Table TIT gives logarithms offunctions at intervals of 1’ from
0° to 90°. )
We have given in Tahle-IIT the value of each logarithm of a
trigonometrie funciiom\increased by 10. Thus, 10 must be
subtracted from eagh tabular value to get the logarithm.

67. The Loga}iﬁm of a Trigonometric Function of a Given
Angle. w\)

¢
Exaypus'l. Find log sin 36° 29,

&
Turn' to the page that has 36° at the top. Locate the inter-
sgotion of the row that has 29’ in the first column with the

:.\"cb‘iumn that has L sin at the top. We thus find that

/N

\‘:

log sin 36° 29’ = 9.77422 — 10.
Examrrz 2. Find log cot 81° 19,

_ Turn 1:-0 the page that has 81° at the bottom. Locate the
intersection of the row that has 19’ in the Jast column with the
column that has L ctn * at the bottom. We thus find thab
log cot 81° 19’ = 9.18391 — 10.
* Iy Table IIE, et iz used for cotangent.
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Examrere 3. Find log fan 14° 24.6.

This logarithm is not given direcily in the table, but it may
be approximated from logarithms in the table by interpolation.

Turn to the page that has 14° at the top. We find on that
page that

log tan 14° 24’ = 9.40052 — 10 .
log tan 14° 25" = 9.41005 — 10 N\

N

Difference = 0.00053 oA\

log tan 14° 24.6 = 9.40952 — 10 + (0.6 of 0.00053)
= 9.40952 — 10 + 0.00032 ]
= 0.40084 — 10.

FExamrein 4. Find log cos 73° 47,7,

N
P &"
~

This may be found approximately as ip.Kzample 3. Turn to
the page that has 73° at the bottom. We'find on that page that

log cos 73° 47" = 0.44602 30
log cos 737 48" = 9.44559 % 10
Difference = 0.00043
log cos 73° 47.7' = 9244602 — 10 — (0.7 of 0.00043)
| &.0.44602 — 10 — 0.00030
A= 944572 — 10
N\ - :

Nore. The sfudent should notice in Table III that log sin 4
and log tan f\iBéréase as the angle @ increases, but that log cot @
and log cogd\decrease as the angle # increases.

It followsg that, if we always interpolate from the smaller angle,
the eorréetion for tenths of a minute will be added in the case of
log&in® and log tan 4, and subtracted in the case of log cot d

-804 log cos 6.

\ ' 68. The Angle Corresponding to a Given Logarithm of a
Trigonometric Function of an Angle.

Examerr 1. Find the angle # corresponding to
| log cot § = 8.97825 — 10.

Turn to the page in the table that has the logarithm 8.97_825
in a column having L ctn at the bottom. (It is not found in a
column having L ctn at the top, as the student should verify.)
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- This page has 84° at the bottom. The given logarithm is at
the intersection of the L ctu column, and the row that has 34’ i

the last column.
Hence ¢ = 84° 34’ when log cot § = 8.97825 — 10.

Examrie 2. Find the angle 8 corresponding to
. log rin # = 9.68433 — 10. ~
This logarithm is not given in the table, but the angle may be
approximated by interpolation. The logarithm lieg ’b‘etween
two adjacent logarithms in the column that has L sin ht'the top,
on the page that has 28° at the top. We find on_ fchat page that

log sin 28° 54’ = 9.68420, "
log sin 28° 55 = 9.68443

Difference = W

We also see that the difference between log sin 28° 54’ and the
given logarithm is 0.00013, Hepce

6 = 28° 54’ .—lﬁ’%of 1’ = 28° 54.6/

~8" EXERCISES
Find each of the hgg{vﬁng five-place logarithms from Table 111,

1. logsin 13°2% 2. log eos 40° 58°
3. log tan 48° 37/ 4. log cot 68° 117
5. log sif 78% 55.3 6. log cos 65° 8.2’
7 Iog\ 38°178" 8. log cot 13° 15,37
g sin 58° 13.¢/ 10. log sin 78° 1’
11, Yog cos 37° 56.6° 12. log cos 5° 59.5"
13 fog tan 75° 11.9* 14, log tan 12° 14,5
\ J 18, log cot 5° 32.47 16. log cot 44° 44,9
\ ) logsin 118°25.1° Hoer. sin 118° 25.1° — cos 28° 95.1
18. Ing sin 135° 18.3’ 19. fog tan 227° 28.6
20. log sin 156° 47.6° 21. log cos $24° 45.3/
22, log tan 258° 30.5’ 23. log cot 200° 15.3
Find the. atute angle 4, in each case, from the information given helow.
24. logsin 4 = 9.68716 — 10, 25, log cos 4 = 9.78655 — 10.
26. log tan 4 = 9.75382 — 10, 27, log cot 4 = 0.32281
28. logsin A = 9 84025 - 10, 29. log cos 4 = 0.85060 — 10.
30. log tan 4 = 0.74540 3L log cot A = 9.21800 — 10.

32. logsin 4 = 9. 87654 - 10. 33. logsin A = 9.45123 — 10.
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34, log con 4 = 9.12345 — 10. 35. log oz A = 9.060000 — 10.
36, log tan A = 0.23467 37. log tan A = 9.78650 — 10.
38. log cot A = 9.00000 — 10. 39. log cot A = 0.00000

Find two positive angles A less than 360°, in each cage, from the information
given below.

40, log sin 4 = 9.53010 — 10. 41. log cos 4 = 998038 — 10.
42, log fan 4 = 0.31352 43. log cot A = 0.65124 ~—
44, log gin 4 = 5.80007 — 10. 45, log cos 4 = 9.18388 — 10.
46. log tan A = 9.6428% — 10, 47. log cot A = 0.24680 — 10.. I\,
48. The area of & iriangle is given by o
8 = 4absin C. PR,

Tind 8 if @ = 76.2, b = 36.5, C = 63° 18", "
49. Find 8 b = 85, 0 = 75, A = 100° 21.5". Use the formula in Exer.
cise 48, '\g ;
50. The area & of a triangle is given by
8 = ¢*sin A sin Bf(2 smC)

¥ind 8, given ¢ = 778, 4 = 68° 17, B = 31° 56% ' >

51. Find S for the triangle in whmh ¢ .—})1.34 B = 60° 13.4, and
C = 75°23.5".

Hmr, SBee Exercise 50.

52. The volwme of o right cxrmﬂar.eqne Is given by

V= 311'}1.5"’:%3‘1)"‘ A,
where % i the altitude and A7is the generating angle. TFind V, if & = 8.5,
A=87"58and r = 31414()\

53, From the law o(aenas, ¢ = bhgin Afsin B. Find a, given b = 375.21,
A = 36"7.2, and B = 5.7,

69. Accuracy/of’ a Five-Place Table. TFive-place tables are
sufficiently aéchrate to satisfy the requirements of the ordinary
data of eogineering and physical science, A measurement
eXpresseﬁsby a five-place number presupposes a relative accuracy
of at, least 1/200 of 1%,.

An‘angle may very commonly be determined from a five-place

\t&b]e of logarithms of its functions with an error of not more
han one-tenth minute, but the accuracy of this determination
depénds much on the size of the angle and on the function from
which it is determined.

In the answers to exercises and problems in this book, which
are found by caleulations with five-place tables, we adopt the
practice of ordinarily giving answers showing angles to fenths of
a minute and distances to five significant figures although this
degree of aceuracy is not always warranted.
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70. Reporting Angles in Degrees, Minutes, and Seconds,
While we usually report answers in degrees, minutes, and tenths
of a minute, we shall give some exercises for drill on the practice
of reporting angles to degrees, minutes, and seconds,

EXERCISES

Txpress each of the following angles in degrecs, minutes, and seconds.

1. 19° 214" 2, 87° 39.2 3. 50°43.7 )

4, 27° 10.3 5, 41°41.8' 6. 657 29.6' N\
TFixpress each of the following angles in degrees, minutes, and tenthgd a

minute.

7. 17° 19" 25" 8, B1° 34’ 557 0. 46 4% 17”

10. 20° T’ 81" 11, 39° 407 43" 12. 622 (268 47

Find each of the following five-place luga.nthma from ']"\able 1I1.
13. log sin 17° 32 13"

SOLUTION. , \\;
{a) log sin 17° 32’ = 9.47884 = 10,
(b) ' log sin 17° 82' 18" = &

() log &in 17° 33" = '9 47934 -~ 10.

We get (a) and (c) from Table III, p, 45., and are to find z in (b) by inter-
polation. The difference between Vaa fivo mantissas is 40. Since 327 13" i3
13/60 of the way from 32’ to 33’ we add (13{60)(40} = O to the mantissa
47894, Thig givea

log ai 17" 327 18" = 9.47903 — 10,

14. logsin 23° 19/ 1 3{'. 15. log cos 48° 217 26"
16. log tan 27° 30™507 17. log cot 21° 33’ 21"
18, log tan 52°44 31" 19. log cos 81° 39’ 36"
20. log sin §1°, 9 47" 21. log sin 80° 12 21"

Tind tﬁls\ﬁcﬁte angle A by the use of the five-place Table 111, reporting the
results in\glegrees, minutes, and seconds.
22\log'sin 4 = 9.77218 — 10,

N :SDLUTION.
: {a) 9 log sin 36° 11/ = 977112 — 10,
"‘\} b} logain 4 = §.77118 — 10,
N/ © log sin 36° 12/ = 9.77130 — 10.

Wo get (a) and (c) from Table III, p. 64, and sre to find A in (b). BY

proportional parts, we see that A is 1/3 of the way from 36° 11’ to 36712+
Hence

4 =36° 11" + gof 1’ = 36° 11 20",

23. logsin A = 9.77821 — 10. 24. log cos A = 8.99365 — 10
25. log tan 4 = 0.20722 26. log cot A = 0.10262
27, log cos A = 9.78264 — i0. 28, logsin A = 8.99264 — 10

29. log tan 4 = 9.48560 — 10. 30. log cot 4 = 9.72159 — 10
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71. Angles Near 0° and 90°. Table II is inadequate for
obtaining by interpelation the values of log sin #, log tan 4, and
log eot 0 when ¢ is near 0°, and likewise the values of log cos 8,
log cot 8, and log tan @ when 9 iz near 90°. To obtain such values
the student may use a table with angles tabulated at smaller
intervals,

Table IIT is also inadequate §o obtain the angle # from log cos #
when 8 is near 0°, and from log gin @ when 8 is near 90°. .

72. Natural Logarithms. In our study of logarithms, we hav,g
considered only logarithms to the base 10. For a more genera.l
definition we may say that, if

-
7NN
S D

(1) N =0 : D
where N, @, and z are any three numbers (& > 0 a 5 1), then
the exponent x is the logarithm of N io the bqse a, and we wrile
as the equivalent of (1) “\ &

@ z = log. V.

It is fairly obvious that the pmpet:tles of logarithms found in
§ 59 can be derived for any basg @by substituting & for 10

Examrie.  Prove loga minv= log. m -+ log. n.

For purposes of compu}atlon, 10 is the most convenient base.
Why? \\
For purposes of the caleulus and in higher mathematics a base
called e where s &)
.'\~' e= 271828 ---,

2\
is more dohvenient than base 10, TLogarithms to the base e are
called ‘natural logarithms to distinguish them from common
loganthms

\ 3
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CHAPTER IX

SOLUTION OF TRIANGLES BY LOGARITHMS

3. Introduction. In this chapter, logarithms will be used in
the solution of trisngles. We shall find it convenient to treat
right and oblique triangles separately.

74. Right Triangles. 'The formulas for solving a nght tnangle,
ABC (Fig. 86), are as follows:

B (a) sin 4 = = cos'B}
. . b " 4
. . (b) cos A N gin B,
2\ 1
(e) tand\= 3= cot B,
AT 0 (@ A B = 90°,

Fra. 86 - o
(@) N = e

The formulas (a), (b); and (¢) are well adapted to logarithmic
somputation, Consld‘ar the following illustrative examples.

Exawmery 1. (h}enc = 176.4, A = 18° 21.5', find q, b, and B.

- Sog.;mom The values of the known parts zre indicated ip
1g,

B

y C
Fia. 87

ForMuLas:

a=csind, b=ccosd, B=090°~ A =71"385

loge = 2.24650 loge = 224650
logsin4 = 049825 — 10  logcos 4 = ©9.97732 — 10
log @ = 11.74475 — 19 logh = 1222382 — 10
@ = 55.559 b = 167.42

102
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Exampre 2. Given ¢ = 1145, a = 1064, find b, 4, and B,

SorutioN. The values of the known parts B
are indicated in Fig. 88,

ForMULAS: £21145/ [a=1064

sinA=%, b= \"cz—a2=v'(c+a)(c:—_a),

T Coa
B =90° — A. Fra, 88 )
log a = 13.02694 — 10 ¢ = 1145

log ¢ = 3.05881 = 1064
logsin 4 = 9.96813 — 10 ¢ -+ a.=2209
A = 88° 19, ¢ — =" 81

B = 21° 41", log (c 450))=  3.34420

log (c’="a) = 1.90849

Mhogt? = 5.25269

A7 logh = 262634

N b = 423.00

We use b= V¢ —af in preference to b = ¢ eos 4 in accord
with the practice of using'}the original data rather than computed
parts in finding other fakts

\\

N\

EXERCISES
Solve the fon\u&i}ag right triangles.
= 2979, A = 46° 27

l.¢

2. 2,275, b — 4983,

3. a’=\130 ¢ = 200, k a

ﬂ{ g'= 520, A =43°27.5 P
N8 = 2024, ¢ —o0827 ' c
N\ 6.¢=11007, a = 67291 Fia. 89 /7

7. b = 18436, B = 65° 15.6° o

8. In Fig. 89, show that b = & tan ¢ tan 8. K

9. Trom the bottom of & building 36 fect high, the angle of ‘elevation of
the top of a radio tower is 65° 85.7". TFrom the top of the bujlding the angle
of depression of the bage of the radio tower is 48° 31.5. Find the height of
the radio tower, Use the formula i in Exercise 8.

10. At '*v point 4, the angle of elevation of the top of 2 monument due west
560° 155", At a point B, 352 feet due south of 4, the base of the monument
bears N 37° 16.8' W. Find the height of the menument above the horizontal
Plane containing the points A and B. ’

Al
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B 11. In Fig. 90, show that
ham {a — B)
a = o e——
08 & o8 3

¢ Hmr. Notethata =htane — Atang,

12, If D falls between B and € in Exer
cise 11, show that

a

¥
a ﬂhsin {x + B B}
B\a €08 ¢ coB 8 Q!
4 N 2 _ _hsnA \
Fia. 90 T §nEsnC \"\4\

13. Find the height of a flagpole standing on a building if #t @ horizontal
distance of 184.2 feet from the flagpole, the angles of elevatian of its top and
bottom are 59° 467 and 49° 33’ respectively. Use the formiuls of Exercise 11,

14. Find the altitude from vertex 4 of the triangle‘}‘lk(]‘ {Fig. 90), given
a = 1875,8 = 35° 17.3',and € = 105°32.8". TUsethe tormula of Exercise 11,

15, At a horizontal distance of 1000 feet from.figioke stack, the angle of
elevation of the top of the stack is 9° 20.5 anc(éhe angle of depression of the
bottom 10°, how high is the smoke stack2NUse the formula of Esercise 12.

75. Oblique Triangles. In Chapter VI, the law of sines and
the law of cosines were used txi;éoﬁlpute the unknown parts of 4
triangle. In general, if thede of the six parts of a triangle are
given, provided the given isarts are not all angles, the remaining
parts can be found. The process of finding these unkpown parts
is called the solufj{@ of the triangle.

Four cases atise, ‘necording as the given parts are:

Case N/ One side and two angles.
C%E\»f;}ﬂ. Two sides and the angle opposite one of them.
A8k UL Two sides and their included angle.
-.;,j'EASE IV. Three sides.

B\ D I}'\is assumed that the data are consistent with the two fol-
\/ lomn\g k?onditions.

(1) \\ A+ B+ ¢ =180°

gles which belong to Cases I and II, we need
no new theoremsd We simply use the law of sines as in §43

b.ut make our multiplications and divisions by the use of log2-
rithms,
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76. Case I.  Gven one side and two angles.

The following example will illustrate
how logarithms may be used in the solu-
tion.

Exampre 1. Given that ¢ = 18.26,
A =55 18, B=65° 18.6',find C,a, and b.

SopurioN. The values of the known speysr 63°18.6;

parts are indicated in Fig. 91. A s B
FORMULAS: Fia. 01 0
C=180°— A — B=50°23.4,, N\
a = c 4 ‘ ::‘ .
gin sin ¢’ \
b= O

§nB ®nC

loge = 11.261.50:3\* 10

logsin ¢ = 993483 — 10

log (ﬁ) = Shase7

log sind, = 9.91495 — 10
loggir B = 9.95837 — 10
“Nioga = 11.24162 — 10

SO logh = 11.28504 — 10

O a = 17.443

A0
A\ b= 19.277

Inﬁp%mg triangles, time 15 saved and errors avoided by
mgking a so-called form for all numerical work before using
tablés on any part of the work. Compare remark and illustration

3

n § 65.

EXERCISES
Solve each of the following triangles.
L. b = 1926, A = 5°26.2', B = T2°36.8".
2, ¢ = 1432, A =53°17.3), B =62°23.5.
3. a0 = 41267, A = 50° 38,9, B =60"74"
4. ¢ = 3343, B =T5° 28, ¢ = 66° 45"
b = 728.38, B = 54°21.3, ¢ = 6% 15.5"

5.
6. ¢ = 2504, B =15"19.8, ¢ = 72° 44.1°
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v, From two points 481 yards apatt on a straight level road, Tunning
due east, the bearings of an oil derrick are found to be N 47° 55.3' E and
N 71286’ W. Find the distance of the derrick from each point.

8. To find the distance from a point A on one side of & lake fo a point
¢ on the other side, the following observations were made. A distance
AR = 2377 foet was taken and the angles BAC and ABC were found to be
37° 24’ and 65° 47.5° reapectively. Find the length of AC.

w7, Case II.  Given two sides and the angle oppostte one of them,

The data for triangles under Case II may be such that: = A

(a) One triangle fits the data. A
(b) Two triangles fit the data. R
{¢) No triangle fits the data. O

Assume that the given parts are ¢, b, and 4. »\ R

ILLUSTRATIVE DRAWINGS. Figures 92-07 with the restrictions
on 4, a, and b stated below each figure, llusteate’ conditions under
which there is one solution, two solutioqs,tamd no solution.

Figures 92-94 indicate conditions wnder which there iz one
golution, \Y;

7
<

¢ A [
Fia. 92 Fic. 94
Ascute s A acute A obtuse
a=bgind azb a>b

e A
Fl_ ¢ 95 indicates conditions under which there are w0
th?tmns' Figures 96 and 97 indicate conditions under which
~&here are no solutions,

c
a
b B A
‘ Ll b
B B B | )

Fre. 95 Fra. 96 Fra. 97

4 acute A acute A obtuse
a<bh a>bsind 6 <bein 4 a<b
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Case II is commonly referred to as the ambiguous case. A
carefully constructed figure will usually indicate the number of

solutions.
Examprz 1. Given a = 150, ¢ = 170, A = 61° 55.8’, find b,
B, and C.
SorvrioNn. Construct Fig. 98 indicating the values of known
parts.
FormurLa:

€ ¢
log’'e = 2.23045
logsin A = 9.94564 — 10
log ¢ sin 4 = 12.17609 - 10

loga 2.17609 O
log sin € = (0.00000 ) x\\ o
C = 90°. e\ Fra. 98

Since C is a right angle, there is_only’qﬁé'sl)lution; we have then
B = 2824’
Completing the solution, Weﬁhaﬁfé '
L= ccos A
y :lbg’c = 223045

lo&os A = 9.67266 — 10
o logh = 1190311 ~ 10

Ke b = 80.004
Emm{gf,“ Given b = 3400, ¢ = 2200, C = 30° 20', find o,
4, and B\ .
3 \ 4
V 8460
2200 2200
3020
C B B
Fra. 59

SoLuTioN. Draw Fig. 99 to scale indieating the values of
known parts. The figure indicates that there are two solutions,
iriangles ABC and AB’C. This can be verified by noting that
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angle C is acute and ¢ < b, and then proving that ¢ > b gin .
These are the conditions stated under Fig. 95.
To prove ¢ > b sin ¢ and to find B, we use the formula

gin B sin ¢

b ¢
logb = 3.53148
logsin C = 9.70332 — 10 N\
(a) log b sin C = 13.23480 — 10 A
(o) loge = 3.34242 &
logsin B = 0.89238 — 10 \J
B = 51° 18,5 ("".

This gives angle B of the triangle ABC. I‘rm:h (1) and (b) we
note also that ¢ > b sin €.

We now complete the solution of terg}e ABC
ForMULAS: A = 180° — B — G A98° 21.57,
b sin A
:~sm B
logb.’: 3.53148
log M4 = 9.99536 — 10
logh¥in A = 13.52684 — 10
(Togsin B = 9.89238 — 10
XN loga = 3.63448
O a = 4309.8

We now complete the solution of the triangle AB'C. The
angle B7in the triangle AB'C is B’ = 180° — B — 128° 41.5'.

[

.II

MLAS = 180° — B — (' = 20° 58.5,
A o = b.sin A .
”\ » sin B3'
A\ logh = 3.53148
logsin A = 9.55383 — 10
log bsin A = 13.08531 — 10
logsin B = 9.80238 — 10
loga = -3.19203
¢ = 1559.5

Exaurin 3. Given ¢ = 600, 4 = 47° 16/, q = 450, find b
B, and C. '
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SorvrioN. From Fig. 100 drawn to scale, it appears that no
solution is possible.

X A ¢
AW,

g, 100 4 \

To prove that no solution is possible, we proceed iafs follows.
A

Fomura:

. ~esin A
San: -

a { 2\\':

loge = 2.83885
logsin A = 9.86600 — 10
log ¢ sin A = 1200485 — 10
log @ %}:’2.’65321
log sin G.= 10.05164 - 10.

Since log sin €' is greater than zero, it follows that sin Cis
greater than one. (But)sin C is never greater than one; hence
the angle C cs.m:got\)e tound. Therefore, there is no solution.

It is Jeft as ap exercise for the student to find the length of
the perpendiéilar from B to AX which equals ¢sin 4. Note
that this le@'g\th is greater than 450.

N

R\ \ EXERCISES
. :ﬁélm each of the following iriangles.

\§ 1. b = 350, ¢ = 400, B = 40°
2. @ = 27495, b = 340, A = 53° 58
3. @ = 180, ¢ = 100, A =127° 33"
4. b = 600, ¢ = 250, ¢ =42°1%
5. 6 = 512.3, b = 423.6, A = 55°
6. a = 40, b = 50, A=5378
7. a = 700, ¢ = 400, C = 47° 32
8, a = 235, b = 189, B = 36° 283
9. @ = 43477, b = 400.31, A =94 176
10. o = 946.72, e = 1443.3, A=11°143"
1L b = 10.23, e = 3.921, B = 16° 55
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'12. In munning & course, & surveyor encouniers a barrier. He alters his
ecurse by an angle 31° 10.5° and goes a distance of 678.4 yards, He then
finds that he can most easily get back to his original course by going 556
vards. Find the distance or distances in the original course not traversed by
the surveyor.

13. Two observers, 4000 feet apart, observe simultaneously the angles of
elevation of & balloon. If the halloon is in the vertieal plane of the observers,
and if the angles of elevation are 47° 38’ and 58° 1%/, find the height of the
balloon, Two solutions. ~

78. Law of Tangents. Before taking up the solution of. tnan—
gles under Case 111, it is desirable to develop the law of ta‘ngents
In any triangle ABC (z > b), \

tan A—B “\ L
2 _a—b ¢
ta.nA +B -0 /
2 \\

This relation was given in Exercme\M § 44, We shall now
give another proof.

Proor. From the law of sme$; we ma,y write
sin A aj~3: CsinB_ b

sin ¢ X8’ gin €
By subtracting andeddmg, we have
sind &sinB g —b
@) \ 8in € e ]
gnd +sinB _a+b
(b) O sinC e
Dwdiﬁg (a) by (b) member by member, we find
(8) sind —sinB g —5%

Sind +snB a5

By (21) and (22), § 55,

. A+B . A~RB
snd —sinB 20085 —sin—g
sin A inB —

A+ gin B 2SiJJA+BcosA B
2 2
4 -8B
=tan 5
¢ A+ B
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whence
tand — B
2 a—b
th«E—B arb
2
Similarly, we may derive the formulas
B-C C—4
tanT b-—-c tan 5 _c-a
BYC b+te C+4 ¢c+a O
tan > tanT N\

Stated in words, the law of tangents is: In eny mcihgle the
tangent of holf the difference of any two angles is o thetangent of
half their sum as the difference of the sides oppesite X }ese angles is
{o their sum.

79. Case IIL.  Given two sides and theg@iﬁded angle.

The law of tangents is well adapted $0\the solution of triangles
by logarithms when two sides and the 4neluded angle are given,
whereas the law of cosines used in § 45 is not well adapted to
logarithmie computation. Thes followan.g B
example will serve as an 111ustratxon

Examrru., Given b & \850 ¢ = 748, and ¢=74
A = 58° 39, find a,\Q,\and ¢,

58°39°
Sorgrron, 'TDhevvalues of known parts 4 5= 850 ¢
are indjcated,{ri Tig. 101. Fia. 101
PR+
(2. B—~€C b—¢c, B+C
Fo:aglﬁs&s. tan 3 b—l—ct n—p—1
\' = _,__SE A .
\"\; " ¢="snB
b—ec= 102
b+ e = 1598
B+ C=180~ A= i21° 217
(a) B ‘2“ € — 60° 40.5’

log (b — ¢) = 2.00860

log tanB _;_ ¢ 0.25046
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B 42' C - 12.25906 — 10

log (b4 ¢) = 38.20358

log (b — ¢) tan

log ta.nB C. 9.05548 -~ 10

2
Then E-C_ eou
~
But from (a) B _g - 60° 40.5* O\
Add, B = 67°9.5 O
Subtract, C= 54115 M\

logh = 2.92042 .7
logsin A = 9.93146%> 10
log bsin A = 12.86088 — 10
logsin B = 9/90453 ~— 10
log @ =~2.89635

a(=787.68

EXERCISES
Solve each of the following triahgles.
1. a = 304, = 280.3, € = 100°,
2, b = 300, (=95, A = 65°47.9
8.a=500, (¢ =39575 B = 52° 0.5’
4.a=312, X\ b=423, ¢ = 52° 305
5. b = 813.96, N\ ¢ = 993.67, A = 67°27.1
6. a = 22367~ ¢ = 2646, B = 50°30.8

7. TWD.fPileeS of 450 and 540 dynes act simultaneously at a point. If the
angle betsween the forces is 80°, find the magnitude of their resultant.

8-\ ¢ airplanes leave an airport at the same time. The first plane flies
a £oimse 8 83°5.4° H at & rate of 150 miles per hour. The second plane

:eré & course N 55° 30’ B ab & rate of 125 miles per hour. How far aparb
m\} are the airplanes in one hour?

80, Tangents of Half-Angles. Before taking up the solution
of triangles belonging to Case IV, it is desirable to develop
formula for the tangent of one-half of an angle of the triangle.

In any triangle, ABC, we have

(1)

r
8§ —4a

A
t&ng = ¥

where 25 = g + b -l-.c and r = (s — a)(s — b)(s — c)/s-
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Proor. In the triangle ABC (Fig. 102), let O be the center
of the inseribed cirele. It then follows that AO, BO, and CO
bisect the angles A, B, and C respectively. Also we know that

AN = MA, BL=NB, LC=C(M,
and, by addition, we find

(a) AN + BL4+LC=MA 4+ NB 4 CM.
J C
M A ¢
WA
L :.\ ~
r o
\\
4 N 8
Fra. 102 N

Binece the perimeter of the trlangle 13\23, each side of (a) is
equal to g, that is,

AN-{—BL-}«LC-*S,, and AN ta=s
AN =y —a.
From the right tnaugle JQV 0, we have

v, A r
\ tany =52

Henee

In & similar nq,a:gner, we may show that

:t\n'
@) O~ t-an-g= 5 : 5’
(\ '
O’ 7
(3}\ ' tang =’

\ Tt remains to show that
fls —a)(s —b)(s — 6)

8

roe=
From Fig. 102,
Ares, ABC = area ABO + area BOC + area COA.
Then it follows, using S for area ABC, that
by 8 = Jra + 3rb + Ire = rs.
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Sinee, by § 47,

8= +s(s —a)(s — &)(s — ¢),
we find, from (b),

rs = vs(s — a)(s — b}(s — ¢).

(s —a)is —b)(s —
r=\(ls a)ss s — o) N

Hence

Bl1. Case IV. Glven three sides, L\

In Chapter VI, the law of cosines was used to doimpute the
angles of & triangle when three sides were given,, ~The formulas
for the tangents of the half-angles are well adapged bo computation

" by logarithms as will become obvious from the}ollomng example,

Exavrim. Given ¢ = 1316, b = 15Q ¢ = 201, find 4, B,
and (. \\

Sorvrion. The given parts amin&icated in Fig. 103.

®

Ny

& %
AT 4
O Fro. 103

Formuras: X\~

A __’": o B _r C _ ¥
t“ﬁés‘"—»a’ bng=sg Ry

\wfe—(s_“)(s;b)(s“c) 2s=a+b+e,
N = 1316 log (s — a) = 2.04021
b= 150 log (s — b) = 1.96047
€= 201 log (s — ¢) = 1.60531
25 = 4826 sum = 5.6059¢
s = 2413 log s = 2.38256
§—a= 1097 log r? = 3.22343
s—b= 913 logr = 1.61172

g —e= 40.3
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We now use the formulas:

BT i—a 2 s
log r = 1.61172 log r = 1.61172
log (s — ) = 2.04021 log (s — b) = 1.96047
A B
log tan 5 = 9.57151 ~ 10 log tam 5 = 9.65125 — 10,
. . r:\“\’
A _ on0 0p ot B_ 0o mgr O
5 = 20° 26.8 3= T8
A = 40° 53.6/ B = 482188
tan -q =7 ) -
2- G -0 o0

logr = 1.61172’13\
log (s — ¢) = 1.60531

log tan g =10.00641 — 10

\"3521 = 45° 25.4
h\)
¢ = 90° 50.8/

"4

The compu{a:,ﬁ? n may be checked by taking the sum of the
computed angles. In this case the sum is 180° 0.2". The failure
of the suib“o’f the computed angles to check with 180° by 0.2" is
due ﬁgi’;\he approximate character of the tables. See § 69,
HoWever this check is regarded as satisfactory.

3
N EXERCISES

Solve each of the following triangles.

1 g = 40, b = 50, e = 40,
2. ¢ = 312, b= 423, ¢ =342,
3. ¢ = 4938, = 3500, e = 2900.
4. o = 400, b = 340, ¢ = 250,
5. e = 100, b= 120, ¢ = 140.

6. @ = 6053, b = 4082, ¢ = 7068,
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7 The distances between three oil wells A, B, and €' are as follows:
AB = 633 yarls, AC = 850 yards, BC = 785 yards. If 4 is due south of
C, in what direction is B from C, if B lies east of A and C?
8. An observer is 444 yards from the engine of a freight irain and 312
_ ~_yards from the eaboose. If the train is 272 yards long, what angle is sub-
tended by the train at the eye of the observer?
9. Two forces of 1026 and 1824 dynes have a resultant of 1598 dynes,
Find the angle between the two forces.
10, The sides of & friangle are 450, 309, and 624.5. Find the altitude upor

the longest side, N\
82. Areas. From § 47, we recall that the area 8 of a%angle

is given by any one of the following formulas: O ’
1

(ﬂ-) S—Eabsm(f. "‘..\g’
_1a*sinBsinC \ .

) S=s—ma o>
R
(e) 8 = +s(s — a}{s B} (s — ¢).

While other formulas can he;éiifen for the ares of a triangle,
each of the formulas (a), (b);emd (c) is well adapted to logarithmic
computation. N

{\" EXERCISES
Find the ares of ea@«ﬁf the following triangles, given:

La=1753 M A = §0° 50, B = 73°10%
2. b = 37209 ™ B = 51°, C = T4

3. a = 25)\° b = 21.95, C = 45°

£ b =/32.530, ¢ = 52925, A =21°362
5\;%‘322-7, b = 4165, ¢ = 5528
6:0-= 20, b =30, ¢ =40,

<O Two sides of & triangle are 1000 feet and 2000 fect. If these sides
Jnclude an acute angle, and if the area is 672030 square feet, find the third side.
N/ Hmvr. TFind the angle between the sides and use the law of cosines.
8. Afield ABCD has AB = 2563 rods, BC = 24,09 rods, €D = 9.92 rods,
and DA = 27.97 rods. The angle between AR and BC is 78° 25'. Find the
ares of the field in acres,

Hmr, One acre ig 160 square rods.

83. Checking. It ig important to check the accuracy of any
computation. To check the solution of a triangle, any formula
which uses as many as possible of the computed parts is likely
%o serve as a good cheek, but such a formula will not necessarly
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be satisfied to the last figure. We may prove the formula

A—B

a+b T
¢ sin g-
2

for this purpose.
Proor. From the law of sines, we have

_snd b_sinB

sin (7 ¢ sin(

ale

Adding, we have

a+&_sind +sinB_ 2

2sinA+Bcosé: &8

@) P snC s C
AY
by (21), § 55. But R
A+B=180°-¢, %;ﬁ
Hence R\ \
(b) sinA +B_ si.ﬁ(‘g()" - g) = cosg

2 2
and

(e) ‘ \{i{ilé = 2 sin-gcosg .
Hence we hgyé’i;?i‘am (a), (b}, and (¢},

~0 st =B
% a+b _ 2

\ ¢ gin
NS 2

=90° —5-
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By symmetry two other formulas may be written down. We

shall refer to all these formulas as Newton’s formulas.

Newton’s formulas serve as = good check since they have not
b_BGn used in the solution of triangles and since they contain all
S8X parts of the triangle, They are adapted to logarithmie

computation,

The following summary gives not only the formulas for the
logarithmie solution of triangles but those for checking and for

the area as well.



118 PLANE TRIGONOMETRY
Case I 11 II1 v
Given: | One side and | Two gides | Two sides| Three sides. ’
) two angles, and an| and their
angle op-| ineluded
posite one | angle,
' of them.
Solu- | Lawofsines. |Law of|Lawoftan-| Tangents of half-
tion SINEs. gents. angles. &
Cheek | Newton’s for- | Newton's Newton’s| A+ EB+C ?~1\80°
muls, or law | formula, or] formula, or R A
of tangentsa. law of tan-| law of £ '\
genta, sines. 4 ‘.'}‘
| atsin BsinC ab ain & ab sin \
2sin A 2 5 \f8(§\— @) (s — B} — o)
o
Fxampre., Use Newton’s formula¢to eheck the computed

parts of the triangle in Example 1,§.76.

The given and computed partsare as follows:

Given O Computed
¢c= 1826, N C = 59° 23.4,
A = 55° 18" a = 17.443,
= 65° {8 K4 b = 19.277
From these we derive ¢ + b = 36.720, and
C \X/ - o
5= g{‘iﬂ.?, B — A = 10° 0.6/, B—4_ poy
N\
AV B—A
N\ cos
«\Check formula: blta_ 2_.
N [ . ¢
N\ )
\ 3
log (b -+ a) = 1.56490, log s 2= 4 _ 900834 — 10,
log ¢ = 1.26150, log smg 9,69494 — 10,
; cos B—A
+ a 2
log=—— = 0.30340,  log——— = 0.30340
Slni-
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The final values agree. However, exact agreement to five
significant figures is more than we should reasonably expect in
computing with five-place tables,

EXERCISES
Use one of Newton’s formulas to check the computed parts of the following
triangle.
1. Given: € = 123° 4.6/, b = 234.25, ¢ = 417.02 A
Computed A = 28° 548, B =28°08, ¢ =24L11 o\ﬁ\
Use the law of tangents fo check the computed parts of the fo]lowmg
triangle. . N
2. Given: b = 3400, ¢ = 2200, Q%{Sb" 20",
Computed: A = 98 21.6/, B = §1° 184, & = 4309.8

Use the law of sines to check the computed parts UQ*JJ‘-‘ following triangle.

3, Given: b = 41.02, ¢ =4548, Y A =62°08
Cormputed: B = 5471.21, C= 63" 402, g =44824
Solve each of the following triangles, and, ehack the computed parts, given:
4 4 =47°19, € = 1132 15’ ¢ = 353.56
5. a = 623, b =507, ¢ = 428,
6. 4 =177, b —63077 ¢ = 820.48

7. Two highways cross a:b\an angle of 47°30’. Find the distanees be-
tween two fowns, one nn\ee\ch ‘highway, that are 18 and 27 miles from the
erossing, T'wo solutions.

8. Two ships start\frém a port P, at the same time. One is steaming 20
miles per hour 8 128¥ and the other is steaming 25 miles per hour N 63° W.

How far are thewipﬁrt in twe hours?
9. Two_sidegvof a triangle are 505 feet and 465 feet and the difference of
the angles ehpﬁmtc these sides is 16° 20.5°. Solve the triangle.

HZNT % Use law of tangents.
~10: The diagonals of a parsllelogram are 90 feet and 146 feet, and one side
'}\7 feet. Find the angles of the parallelogram and its remaining side.

MISCELLANEOUS EXERCISES
Bolve each of the following right triangles, given the parts stated below.

L B = 75" 37, b= 234491
2. 4 = 62°27.8, b = 1010.5
3. 4 = B7.534, ¢ = T9.728
4. ¢ = 20,365, b = 15.583
5. B = 46° 47,4/, e = $50.04
6 A =50°209’ b = 235.64
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Solve each of the following trisngles, given the parts stated below.

7. B = 61° B8, ¢ = 80° 4%, ¢ = 5.6588

8 A4 =21°215, ¢ = 58° 17.%, b = 85.502

0, A = 105° 6.7, B = 60° 144, @ = 283.82

10. A = 42° 7.7, ¢ = 107° 15.5, @ = 180.64

1. b =235, e = 106, € = 38° 45.4'
12. A = B5°, a = 512.34, b = 423.56

13. A =42 444, a = 20.000, ¢ = 46.136

14, a = 100, b = 120, O = 78° 278
15. b = 40.82, ¢ = T0.86, A = 53 41878,
16. ¢ = 300, ¢ = 500, B =53 78N\
17. & = 6000, b = 5000, C = 413 246’
18. b = 12918, ¢ = 112086, A = B6%g5.8
19. ¢ = 1686, b = 960, ¢ ,£78100.

20. g =760, b = 1090, o= 1448,

21, ¢ = 3400, b = 3579, » = 6656,

22, & = 16000, b = 26690, A6 = 24737,

23, Find the third side of a triangle if two ‘sides which include an acute
angle are 50 and 60, and if the area is 1469%) '

24 Given o = 250, b = 350, ¢ = 450\find R, the radius of the circle cir-
cumscribing the friangle by using the felation 4RS = abe. Find also the
angle A, Hee §82. N

25. Tf two sides of a frianglpart 1026 and 1824 and the difference of the
angles opposite these sides is 51° 1.6/, find the Temaining parts of the triangle.

Hovr, Use law of tgmﬁénts.

-26. The angles .(tﬁéngle are -74:", 59°, and 47°. 1f the perimeter is 180
golve the trianglp,making use of the formula r = s tan 4/2 tan B/2 tan Cf2,
where r i_s the radids of the inseribed eircle and s is half the sum of the sides.

27, Findthie-perimeter of the triangle if two sides and included angle are
5544, 6691and 8° 20.2" respectively.

Zx?l‘ve {he triangle, given r = 15, s = 80, A = 50” 18",

,'.Hi‘ ,  Use-a half angle formuls and Newton's formula.
SN :29 The arca of a triangle is 1234, its angles are 24° 45,8/, 75° 37.5', and
(79° 86.9°. Solve the triangle by using the relation § = 2R? sin A sin B #in ¢
N/ Hmvr, See Exercige 14, § 47.

D50. 'I:he area of a triangle is 1000 square feet, and two of its angles are
46°35.9' and 68° 7.3". Use the relation § = 2R?sin A sin Bsin C to 5017
the triangle.

3. EE‘m‘d the Tadius of the largest gasoline storage tank that can be built
on & triangular piece of ground whose dimensions are 31.2, 42.3, and 34.2 feet.

32. The radius, 7, of the inscribed circle of a triangle is 120 feet and w0
of the angles of the triangle are 46° 16" and 70°. Use the relation
r= msm%singsing

to solve the triangle, z 2
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Hwvr. See Exercise 7, p. 65.

33. Two angles of a triangle are 75° 36.5 and 60° and the radius of the
circumeirele is 246 feet, TFind the length of each side.

34. Two angles of a triangle are 70° and 65° and the radius of the inseribed
circle is 200 inches. Find the sides of the triangle,

35. In Fig. 104 three circles with radii 3, 4, and 5,
gre tangent externally. Find the angles between the
lines joining the centers.

36. Using the formulas, tan 42 = rf{s — a), ete,,
find the angle hetween the largest and the smallest
sides of the triangle whose sides are a = 317,
b =30.1,c = 50.

37. A man standing hetween two fowers, 200 feet ¢
from the base of the higher, which s 90 feet high, Fre 104
observes their elevatious to be the same; 73 feet A
nearer the shorter tower he finds the elevation of onglis\twice that of the
other. Find the height of the shorter tower and his original distance from it.

38. In Fig. 105, given"DAC = 33%, » = 20°,
y = 55°, and AB,=\1575 feet; find EC.

39. Prove fhat’/the area A of a regular
polygon of ngides circumseribed about & circle
of radius fjfs{ given by the relation

E JONT A = it tan (180°/m).
4 D Emd ‘the area of a regular polygon of 17 sides
Fie, 105 _“cireumscribed about a eirele of radius 20 feet.

. 28\) 40. S8how that the area A of s regular poly-
gon of # sides ingeribed hg\a. cirele of radius r is given by the relation

A = ns2ein/(180%n) cos (180%n) = Inr?sin (360%n).
X,

Find the area 05{ polyzon of 23 sides inscribed in a circle of radius 56.7 feet.
41. Show hat/the perimeter of a regular ingeribed palygon of » sides in a
cirdde of radius r is given by the expression 2ursin (180°n). ¥ind the
perimeterof*the polygon in Exercise 40.
42.Prove that the arca of any quadrilateral is one half the product of she
twoldibgonals multiplied by the sine of their included angle.
\\ 43. From the first relation below, derive the second:

o d 1 —eosd A (s — bi(s —¢}
R I ek A T

Hovr, RBee §47. Write similar expressions for sin (B/2) and ain (C/2).

4. From the firat relation below, derive the second:

4  4eosd 4 fls—a),
e E=NT cosg—-\l be

Bee §47. Write similar expressions for cos {B/2) and cos {C/2).
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3, mef:thn first relation below, show that the other two relations hold
'fqr any right tri?.ngle:

oA fi=Tcos 4 A_ fe—b B_ l—a_
Jeng =NiTesar 7 Vers P27 Vora

. 46, Expresu sin A in terms of the semi-perimeter s and the sides.
Howr. Use sin A = 2 sin (4/2) cos {4/2).

47, By using § = }absin € for the area of s triangle, and the resalts i

Exercise 46, derive the formula AN
. Ko

8§ = Vs{z — a}(s — b)(z — &) e\

s W

48, Using the identity “~

7

gin A -}sinB+sinC = 4cos%cos%qqk%,
express sin A - sm B +sin € in terms of the ai{es and semiperimeter s of
the triangle ABC. AN

49, Express B in terms of the sides anq'a‘eniiperimeter g of the triangle
ABC. AV

$0. Apply the formulas in Exercise 43 to solve Exercise 22.

51. Apply the formulss in Exercige:d? to solve Exereise 21.

52. If one angle of a triangla'igjﬁo", the area 10v3 square fest, and the
perimeter 20 feet, find the lengthstof the sides.

53, The shadow of a towex standing on a level plane is found to be 60 feef
Tonger when the altitude‘of*the sun is 30° than when it is 45° Find the
height of the tower.c £ \J

54. A square to%} stands upon a horizontal plane. From & point in
this plane from mihich three of its upper corners are visible their angular
elevations ate Tespeciively 45% 60° and 45°. Show that the height of the
tower is to.fhe’breadth of one of its sides as V6(V5 + 1) isto 4.

55. In @Ay circle, prove that a chord which subtends an angle of 108°
ak tgmﬁmr is equal to the sum of the two chords which subtend central
of 36° and 60°, .

56. Given tan (4/2) = 5/6 and tan (B/2) = 2037,
find tan (€/2) and then show that for this trisngle
a-+c=2b .

.57. The aren of a trinngle is 5424, and two of if8
sides are 106 and 138. Find the angle between t%mm.

58. In Fig. 106, the points 4, B, C lie in a hor2or
tal plane. The point D Jies directly over the point C-
Show that

€D _esind tan¢’ _csin Btan@
Fra, 108 SEn(A+ L5y sin(d-+B)

59.‘ To find the height of a mountain peak above & borizontal plane, the
following measurements were made aceording to the figure in Exercist 58,
£ =1200, A = 45°, B ~ 70°13', ¢’ = 35°. Find the height of the pesk-



SOLUTION OF TRIANGLES BY LOGARITHMS 123

60, Find the angle of elevation of the mountain peak in Exercise 59 from
the point A,

61, Two cabins A and B are located on the gide of & mountain. Csll the
top of the mountain T and let T’ and B’ be the feet of the perpendiculars
dropped from T and B, respectively, upon the horizontsl plane through A.
The angles of elevation of T and B from A are 25° and 15°, respectively.
Given that 7* bears N 20°E from A and N 35° W from B. If B bears
8 75° B from A, find the heighis of T" and B above the horizontal plane con-
taining A, if A8 is 1565 yards.

62. Two straight roads intersect af an angle of 30° From the pom;n{'

interseetion two pedestrians A and B start 2t the same time, A w,
along one road at a rate of § miles per hour, and B walking at a umfombrate
along the other road. At the end of 3 hours they are 9 miles agm:ﬁ Find
the rate {or rates) at which B walks.

63. Using the formulas in Bxercise 45, find b in the right, jm@hgle in which
A =88°18 and ¢ = 1000. Complets the sclution of thé{¥iangle.

A~

N



CHAPTER X

RADIAN MEASURE OF ANGLES

84, The Radian. In measuring angles, we have thus far uged
degrees, minutes, and seconds as the units. Another unit, the
radiun, is more convenient for many purposes, notably l,qb&rtam
problems involving the methods of the ealeulus. N\

Durivition. A radion is an angle which, if its wrtem 15 placed
at the center of a circle, intercepts an arc equal to the mc?ms Thus,
in Fig. 107, the arc r szbtends & radian at Q, m\

85. Relation Coqnectmg Arc, Angle,
and Radius. Ix %ny circle of radius »,
let a central\gmgle of ¢ radians (Fig. 107)
intercept of tiie circle an arcs.  Since fwo
angles of’amrcle have the same ratio astheir
mtercepted ares (planc geometry), the ro-
digtaneasure of the angle 8 is the ratio of the
T1a, 107 Aength of its arc s to the radius r. Thab s,

: o~

1o

o)) \'\‘m’ p=
Bolving (1) for s, we get
(2 P\ % s = rf.
In acn.é'bher form,
(3) \ are = (radius){angle in radians).
86 Relation between Degrees and Radians. In the specisl
\‘3333 of a straight angle, the arc ¢ in formula (2), § 85,18 a semi-

\ ) circumference. Thus, from geometry, s = #r. Substituting in
(1), § 85, we have

straight angle § = 2~
T

=T
for the number of radians in a straight angle. Thus, as a8
approximation, we may say roughly that a straight angle 15
equal to 3} radians. Since a straight angle contains 180%
follows that
(4) x radians = 180°,

124
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This is a fundamental relation for changing radians to degrees
and degrees to radians. The relation {4) may be written in
other forms that tend to facilitate caleulations. Thus, from (4),

’ . 180° 180° .
{5) 1 radian = " 31418 approximately.

(6)  1radian = 57.286° = 57° 17.8’, approximately.
On the other hand, we find, from (4),

N

_ A\

(7 1°= % radians = 0.017453 radians, approximately -
From (5), (6), and (7}, we obtain the following rules f@f Efi‘anging
measyrements in radians to degrees and vice versa;{ *

{a) To change degrees to radians, multiply the number of degrees by
~NY;
T = nn o £ ¢ '\
55 = 0.017453 L°

(b) To change radiuns to degrees, @uﬁigbiy the number of radians

X

by R
180 57906 --.

a S
Hereafter, when no other.unit of measure for angles is indicated,
it will be assumed th t'\éixﬁ angle is expressed in radians. Thus,
by 7/2, we mean /2 &ans which equals 90°.

The number of-radians in an angle is frequently expressed in
terms of = 'Thus; 360°, 180°, 90°, 60°, 45°, 30° are respectively
equal to 2r,.44 /2, 7/3, w/4, 7/6 Tadians.

SO EXERCISES
Egipi:ésé the following in redian measure, giving results in terms of =.
\ 1.7120° 5. 225° 9. 330° 13, — 240°
2, 135° 6. 240° 10. 315° 14, — 20°
3. 150° 7. 270° 11, 60° 15, — 60°
4. 210° 8. 300° 12. —120° 16. — 50°
Change the following radian measures of angles to degrees:
17, «/2 22. Brjd 27. —x 32, - 829
13, z/4 23, 2x/3 28. 8xf15 33, 4
19, «/3 24, Tx{12 29, 1 M —2r
20. =9 25. 5r/6 30. 3 35, — {10

21, 3=/2 26. 5r/12 31, 2.5 36, 117/6
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37, Through how many radians does the minute band of & clock revolve

in 15 minutes? Through how many degrees?

38. How many radians between the hour and minute hand of & clock af

fve o'clock? How many degrees?

39, One angle of a triengle is 45°, and ancther is «/3 radians, What &

the third angle in radians?

£0. Express 24° 25’ in radians giving the result (a) exactly in terms of =

and {b) approximately i decimals.

Sovurion. (a) Since "N\
=] ] -] '
_ 24°25'=24%=241§2-=2—19'—g’-, )
~ we have O
oo 203w o 203m LA
2%°2 =35 * 1% radians = 575 g\ag\h;a,ns.
@) Substituting = = 3.1416, we obtain Q
240 257 = B2 1agjain’ 0.4262 radians (pesrly)

from which we find

The result could also be obtained from’ Ts;ble I1, page 24, by interpolation
between the two valuss \/

24° 20’ = 0:4247 radizns,
24° 30/ j-—-';014276 radians;
245°95' = 0.4262 radians.
Express the following in Tadian measure giving the results in decimal form.

P

41, 120° & 43, 49° 20 45. 69° 25 47, 61° 55
42, 20° 167 O\ 44, 58° 45 46, 79° 45 48, 183° 18’
Withou?. j:.}ié yine of & table, give the value of each of the following functions.
49. it [xf2) 52. cot (s/4) 55, tan (3s/4)  38. sin (95/2)
0 tos'® 53. sin (x/6) 56, sin (2r/3) 59. tan 9%
St (wjd) 54, cos (x/3) 57. cos T 60. cot (T=/2)

:.\3 487, An Angle in Radian Measure Compared with the Values

N
%
\ }

ofits TrigonometricFunctions. Both theradian

by mensure of the angle ¢ and sin ¢ (Fig. 108) ar¢

‘ ratios. We can thus compare their values by
‘A‘ 4 asking: Which is the larger number, fin radians
or gin 0, when 6 is an acute angle? Answer {ror
Fig. 108 by using the definitions of sin ¢ agd th'e
redian measure of 6. Which do you think ¥

Fra, 108 !
the larger number, § or tan ¢, when #1821 acute

angle? See Fig, 108.

When ¢ is small, ¢ in radians and sin # ave nearly equal as YOU
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can verify by examining the values in Table IT, page 22. This
fact is often used in applied mathematies,

The fact that the angle in radians and the trigonometrie
functions are both ratios suggests that by taking x in radians
and using the same scale for x and y in plotting (see § 40) the
equation

Yy = sin x,

we obtain a graphic eomparison of the magnitudes of z f{in
radians) and the value of sin 2, RAY,

Thus, the length for 90° would be taken as /2 = LI+ in
accord with the suggestion of § 40 that it be taken slightly more
than 3/2 of the unit on OY. A

88. Area of a Sector. The area bounded
by two radii and an arc of a circle is called &)
sector. See AOB of Fig. 109, In georgé{ﬁ:ly
it is shown that the area of a sector QB is
equal to arc AB multiplied by one-half the
radivs. That is, N

«ay

Fia. 109

O .
(8) area sector AOB = %’(arc AB) = -;(rﬂ) =5 1%b.
S
Examrre. The ateg of the triangle AOB (Fig. 109) is given
by the formula 3-2sin'9 (§ 47), and the area of the sector AOB
by formula (8),(?8how that the area of the shaded segment
(Fig. 109) = Jl9 — sin 0).

O
N EXERCISES

1, Find the length of a circulsr arc whose radius is 10 inches and which
subténds an angle of 1.2 radians.
kd‘:Z'. Find the number of radisns in an angle at the center of & circle of
1us 40 inches which intercepts an arc of 70 inches. .
3. The minute hand of a clock is 4 inches long. How far does its end
travel in 15 minutes?
4. The radius of & circle is 1000 feet. . Find the arc that subtends an
angle of 35°.
S. The radius of a circle is 1000 feet. Find the arc that subtends 237° 15”.
6. An angle of 1.5 radians at the center of & circle intercepts an arc of
lengih 105 inches. Find the radius.
. 7. I we agsume the earth to be a sphere of radius 4000 miles, how far
i8 it on the earth’s surface from a point in Istitude 41° 40’ to the Norith Pole?
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8. A railroad curve is laid out on a cirele of radius 1000 feet. "What i
the length of a portion that subtends an angle of 21° 15° at the center of the
circle? ) .

9. If an are, 140 feet long, subtends an angle of 4 radians at the center
of a cirdle, find its diameter.

10, If a pendutum 37.5 inches long swings through 0.097 radian, what i3
the length of the arc through which it swings? )

11. Given that 8 is the radian messure of a positive acute angle which
vavies from 0° to 90°. By the use of values in Table 1T investigate whether
tand > 8, tan & < 6, or tan § = &.

12. Show that if ¢ i the radian measure of a positive acute angle, then
tan 9 > &, N\ 2

Hmr. TUse the fact from Fig. 108 that AQ > arc AF. g\

13. Find the ares of a seetor of a eircle of radius 100/ ‘in?cheé if the sector
angle is 1.5 radians. Tf «/2 radians. If €0°. N '

14. Find the area of a 25° sector of a circle of radits’200 feet.

-18. In & circle of radius 100 fect a chord is lf‘)qfeet. Find the area of the
amaller segmend cuf off by the chord. A

16. Given a cylindrical oil tank of lengph\xsﬁ'feet and radius 8 feet lying
horizontally and filled to a depth of 2.5, Yeet. Caloulate the mumber of
gailons of cil in the tank, (Use! gal, =231 eu. in.)



CHAPTER XI

INVERSE TRIGONOMETRIC FUNCTIONS

80. Meaning of an Inverse Trigonometric Function. With a,

mathematical operation, there is usually associated an inverse
operation. For example, with the direct operation of finding
the square of a number x, say y = x% there is associaigd‘the
inverse operation of finding the number z = 4y thse squa.re
is y. As another example, with the simple diregty process of
finding the valucs of the trigonometric funetions ei\a given angle
from 1 table, there is associated the inverse proesss ‘of finding the
angle from the table when some function @che angle is given,
In the equation A

\ 3
Q"

(1 x=siny, \J

we may regard the angle y cﬁ). }afitb’y as a funection of z. This
new way of looking at the rela,tiim (1) may be expressed by saying

2 yisan, wgle whose sine is x
or - ¢.& ‘.. }

X\
(3) gis an arc whose sine is x.

The statement’@j or (3) is expressed in the contracted notation
O _

(4) O~ y = arcsin x

and istead arc sine of x, or the inverse sine of x, or the enti-sine

of &y
N\ _JAnother way of writing the equation (4) s ;

y = sin~lx.

The — 1 in the symbol sin—t« should not be confused with
an exponent — 1. If we wish to write sin # with an exponent
— 1, we should write (sin z)~* and not sin™ 2.

The other inverse trigonometric functions, arc €os £, ar¢ tan z,
are eot z, are sec z, arc ¢se ¢, have meanings similar to arcsinz
a3 will be suggested in the following exercises.

129
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EXERCISES
1, Give meaning fo the expression arc cos 2.

Sovvrion. Let 2 = cosy,
then Y = &CC COB I,
that is, y is an angle whose cosine ig 2.

2. (iive meanings to the expressions: are tan z, arc cot z, arcsec 2, arcose z.,
3, The equations z =siny and y = arcsinz are equivalent, Write
another equation equivalent to each of the fallewing: N\

() ¢ = are cos . (d) ¥ = cscla, O\
¢\
) z=tany (&) z = arc cot ..
{c) © =secz {f) % = sin™tv, >
Write the following in the notation of inverse funetions,:'( ™
4, sin g = 1/2. B. cosy = ~ 142, 6ltany = 2.
7. secy = — 3, 8. escx =4, Q. cot § =2,

Assume 3 non-negative angle not greater tha.Q\QO", and give the value of
each angle hoth in degrees and in radians: '\ 4

10. arceos 1 14. arc cot 00N 18. arcsin (¥2/2)
1L arctanl 15, are tan..(I_{A"g) 10, tan™t V3 _

12Z. gin 2 (1/2) 16. arc gel W2 20, are tan {V3/3)

13. are cos {(V3/2) 17. seéti2 21, arcsin®

Simplify: )

22. arc ain {sin ) m< 25, tan {arc tan z)

23. sin (aresin'z) L { ) 26. coscos i

24. are tan (tan &\ 27. arc cod (€03 x)

90. Multiple. Valuedness of the Inverse Functions. A funda-
mental diffefence between the direct and inverse trigonometric
functiqga’g}rﬁay be illustrated by the relation between an angle
and\ifs’sine. While the sine of an angle has only one value,
t-bgr} are mwany angles that have the same value for the sine.

~For example, are sin (1/2) may be 30°, 150°, 390°, — 210°

\“+-. In fact, if 4 is a value of are sin =, so is (180° — A) and

80 i¢ any angle obtained from A or from (180° — A) by adding
or subtracting any multiple of 360°,

We thus say that each inverse trigonometric function, such a8
Yy = arcsin x, is a mulfiple-valued function, since, corresponding
to any value of 2 for which the function iz defined, there aré
many values of the angle y.

This property of multiple valuedness of the inverse funetion
ﬁag%sl out prominently in a study of the graphs of these function?
in .
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91. Graphs of the Inverse Functions. Since the two equations
z=siny and y= arcsing

are equivalent, their graphs are the rame,

In Fig. 56, page 57, we have given the graph of y = sin z.
If we interchange x and y, we obtain the graph of y = aresin z
ghown in Fig. 110,
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Similar treatment of the graphs in Figs. 57-61, pp. 58-60,
would give the graphs of the remaining inverse functions. The
graphs of arc tan z, arc cos « are shown in Figs. 111, 112,

As the graph of each of the inverse funections could be continued
for an unlimited distance both upward and downward, we have
& picture which shows that for any assigned value of z for which
ﬂ.le inverse funection is defined, say are sin (1/2), there are infi-
itely many values of the angle.
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But it should be noted especially that are sin x and are cos z
are defined only when « is taking values from — 1 to + 1 ip-
clusive, while are esc = and arc sec 2 are defined except when ¢ is
between — 1 and + 1.

92. Principal Values of Inverse Functions. We have observed
in §§ 90 and 91 that if

y = are sin 2, N\

then infinitely many values of y correspond to eaclf ‘agsigned
value of = between — 1 and + 1. Tor certain pu;ﬁo%es, one of
these values is selected and called the principal value.

We define the principal value * of an invdyse trigonometrie
funection to be its smallest numerical value, sé‘}}cting the positive
value when two equally small numerica{ ydlues are of opposite
signs, N
Thus the prineipal value of are sip\(— 1/2) is — 30° = — =6,
and of are see (— 2) is 120° = 243"

For the graphs of the pringipal values of arc sin z, arccosz,
and arctanz, see the heayiys type portions of grapbs in Figs.
110-112. From these héavy type graphs, it may be observed
that the principal valiies of arc sin z and arc tan z range from
- /2 to 72, while"those of arc cos z range from 0 to =

X\

N\

"o EXERCISES
Give eagh Principal value both in degrees and radians:
N
1. arc4in (1/2) 10, aresin (— ¥2/2) 19, arcsin 1
2oare sin (— 1/2) 11, arcsin 0 20, arcesc )
SN cos™ (—1/2) 12, arecos 0 21, aresec 2
LaGY & oarceos(— 1) 13, arc tan @ 22, aresec {(— %)
5. arceos (— V3/2) 14 tan (343) 23. arcsec (— 1)
6. are sin (— 1) 18, aretan (— 1/43) 24, arctan (— V3)
7. arcsin (V2/2) 16, arctan 25. are cos (— V2/2)
8. are fan (— 1) 17. nre cot (— V3/3)  26. cos™ (V3/2)
9. arccot (— 1) 18, are cot V3 27. arc esc (-~ 1)
Using Table IT, find the prineipal value in degrees and minutes:
28, arcgin 0.2588% 30, arctan (— 0‘3552)
29, arc cos 0.9559 31. arc cot 2.279

* Anthors of books on tri : : hat in their seleds
tion of principal valuos, gonometry and calculus differ somewhat 1
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32, Bkeich the graph of the principal values of each of the following:
Yy = are ect =z,
= Arcsec r, |
Y = AYe 0BG T.

93. Practice in Finding Values of Functions when Angles are
Given in the Notalion of Inverse Functions. The notation of
inverse functions is a language that can be mastered by practice
on examples, \

Examrre 1. Find tan arc sin (3/5), using the principal ¥alue
of are sin (3/5). O
SorLuTion. ILet aresin (3/5) = #; then ain g = 3/5":'«.

By the limitation to the principal value, 8, \
must be in the first or fourth quadrant, and
since the sine is not positive in the fougth
quadrant, we know that 8 is in the ﬁrsﬂguad—
rant. From Fig. 113, fan g = 3/& ence 4

tan are gin § = &, Fre. 113

"

Examrre 2. Find sinare eoa (— 343), using the principal
value of are cos (— 1+3).

Sorution, Note tha{m’c cos (— 343) = 150° = 5x/6 . Then

szx(&cos(—g\f_) sin——-%-

Examrrz 3.< Simplify arc tan i_2“_t_a,51:cT .
.,\’“' ~ tan®z

O\
SOL‘ﬁ\x’;aﬁ, T'rom § 52, 2tang

1—tan’z
Hence, we are to find are tan (tan 2zr) which
is obviously 2z.
Exaurry 4. Simplify cos (are gin ).
Vi-g% Sorurion. Let A = are sin 2z (Fig. 114).
Fre. 114 Then sin 4 = z, and
cosd = + VI —sin? A = & V1 — 2%
Thus, cos A = cos (arc sin z) = = V1 — 2%
Which sign should be taken before the radieal if we were limited
te the principal value of are sin 27

= tan 2z,
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Exampie 5. Simplify sin (are sin z + arc cos z), using only
l;1‘i1:u;§ipai values.

SorutioN. Let A = arcsinz, B = arc cos z; thensin 4 = o
~and cos B =z,

sin (are sin z - are cos z) = sin (A + B)
=gindcos B+ cosdsinB A
=g+ Nl ~ 2?2l — =1
oA
EXERCISES ¢ o\ Sy
~ Find the value of each of the expreseions, using the princigm'h‘value of the
angle: i

¢ :
1. tan aresin (V3/2) 10. tan 1[180"“,.> sin™t 5f13}
2, tan &re cos {— 1/2) 11. cos tahlt (— 4/3)
3. sinarctan (— 1) 12. simgee* (— 13/12)
4. tanzin~ {(— 1{2) 13,‘(1()&1'00’5‘1 {(— 12/5)
5. esearctan 1 14, kin [7/2 - cosL (3/6)]
6. sin are cos (— V3/2) . \15. sin [#/2 — siv™ {1/2)]
7. sin are tan {— 12/5) L2916, tan [#f2 — arc fan (v313)]
8. sec are cot (V3) B L\ 17, cot [270° - are tan (— 2/3)]
9. tan aresin (— ¥2/2) & 18. sin [x — sin (1/3)]
Simplify each of the exppesgions, using only principal values in Exercises
19, 22, 23, 25, 28, i.“>
19. sin (2 are sin J:\\ - 20. cos (2 are cos z)
21, tan (2 tan=* a:) : 22, cow (arc sin # - arc ¢os %)
23. cos (are sin v} arc cos ¢) 24. arcsin (2 sin z cos 2}
25. sin (axg’sivc — arc sin %) 26. tan {arc tan x - are tan )
27, tandPet™ = — cot™ y) 28. cos (sin 1z —sinty)
29-{‘11?‘(% are 0o z) 30. cos? (} arc cos )

..Qf}_.\[dentities Involving Inverse Functions. Identities in-
m:’Kplvmg inverse functions can be best studied from simple
\ ) examples. It will be found especially important to indicate the

?:lature of the restrietions on the variables and inverse functions
in these examples,

_ Examrre 1. Show that the relation

are tan ¢ + are cot x = /2

is satisfied by an infinite number of values of z. Diseuss the

restrictions on are tan z and arc eot z such that they will satisfy
the given relation,
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SoruTioN. From Fig. 115, we note that

A+B=90°=qx/2 p

Qr
1

1 arc tan z + are cot z = rf2, Fie. 115

The relation (1} is thus obviously satisfied if we restriot
arc tan  and arc cot x to any one of the infinite set of angles
from 0 to =/2. Moreover, it is likewise easily seen from’jthe
geometry of similar triangles that (1) is satisfied when (aré tan x
izin the interval — #/2 and 0, and arc cot 5 has the qorz;espondmg
value in the interval =/2 to .

While (1) is thus satisfied for these angles, ﬁ;\ls not satisfied
for arbitrarily selected values of arc tan z and are cot 2 that cor-
respond to an assigned z as may be seen\by taking 5 = — 1,
and certain corresponding values,_ef\ the inverse functions,
say are tanz = 7r/4 and arc cob z =S4

Examrie 2. Show that 3%

* .’,

- rt+y
arc tan r + a;rc tan y = arc tan ——— T =20 xy
SoLurron. Let aﬁa}an x= A, and arctany = B. That is,
(L™
an 4 =z, tan B = g.
Then p
A%
o0 (B = x‘“"
That is{ "
‘l& A+B=arctan$+y:
N 1 —zy
..o
N/ arctan:c+arctany=arctanlxjfy-

Examrrr 3. Show that sin~!z = tan—t ﬁx_xf when the

values of the inverse functions are prinecipal values.
Sorvrion. Let sin~lz = A;thatis, sin A = z. Then

sin A

tapA_cosA 41 x’
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where VI — 2% is used rather than — 1 — 2? since the angle 4
is restricted to a principal value. The identity is cstablished
because the tangent of the angle in the left member has heen
proved equs! to the tangent of the angle in the right member.

EXERCISES
" Verify each of the following statements. N\
1, costarcsing = 1 — 22, 4. cagaresinz = Ljz. A .
2, sectarefans = 1 + 2% 5, tan (Zarctanz) = &—'wﬂ)_
3. eotarctan z = 1/z. 6. cos(2arccosz):§z’!-l

By restricting the inverse functions to principal values, veri}y the following
siatementes.
7.0tz b cosTile = xf2. \’
8. sin (aresinz - aresin ) = aVL — 8 + y)Q\J 2=,
9, sinarccost = VI — %, K
10. are tan # = arc sin (z/V1 + z%). p\ v




CHAPTER XII

TRIGONOMETRIC EQUATIONS
95. Introduction. The equality

(1) 2sinz+1=0 \
is not satisfied by © = 0, nor by any other angle between{0%/4nd
360°, excepling the two angles 210° and 330°. 1t is therefore
not an identity (see § 34). N

An equality that is not an identity and that gdubains & trigo-
nometrie funetion of an unknown angle is caﬂeﬂ;} trigonometric
equation. 'Thus, the equality (1) is an example'of a trigonometric
equation. 4D

EXERCISES("

Which of the following equalities are triponometric equations?

Losinz +Z2eosz =1. ,‘3“ seciz 2 =0,

2, sin®z + cos*z = L. N7 4, 25sin40° — 7ztan 20° + 5 = Q.

96. Solution of a Trigghometric Equation. If a trigonometric
equationin r has s sglnﬁon z = A, solutions of the form 4 + 2nr
(nan integer) freqiently oceur on account of the periodicity (§ 40)
of the functiong For example, we get solutions of (1), § 95,
when we add(& multiple of 360°, Thus, since the period of
sin 2 is 36(}‘{,1 all the solutions of 2sin 2 4 1 = 0 may be written
in the form"

OV = 2100 + 23605, 2 = 330° + n-360°,
.Jlere = is zero or any integer, positive or negative. In what
N follows, # will be used with this mesning. In radian measure,
these solutions may be written in the forms

77/6 + 2n7, and 11x/6 + 2nm.

No attempt will be made to give general rules for solving
trigonometric equations. The illustrative examples give methods
that may often be employed.

ExampLe 1. Solve 2sinz — 1 = O
ieT
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SoruTioN. We find at once that sin z = % The angles
whose sine is 1 are 30° + n-360°, and 150° + %-360°. Inradian
measure, these angles are =/6 4+ 2nr, and 57/6 -+ 2nr,

ExamrLE 2. Solve tan xz — 0.3542 = (),

SorLutioN. We find at onee that tanz = 0.3542. From Tsble
I1, the acute angle z = 19°30’". Bince tan (180° + z) = tanz, the
period of tan z (§ 40) is 180°. The solutions may be writiien in
the form z = 19° 30’ 4+ »«180°. O

ExamrLE 3. In the equation A
seclz ~ secx — 2 =0,

find values of z between 0 and 27 radians,

SOLUTION. sec? ¥ — 8eC L — ’2:%'0.
Factoring, we have \
(sec z -+ 1)(sec:v = 2) = 0.
Then
' sec:c—l-l-—-(}, Yor secx = — 1;
secw — 2=y, or secxr =2,
Wheu secz = — 1, A ¢ = 180° = 7 radians,
When secz = 2, o = 60°, or 300°
\\ = x/3, or b5w/3 radians,

These are the mﬂy solutions between 0 and 360°. As before,
other soluf mns may be found by adding or subtracting any
muitlp}e\o 360°,

fPLE 4. Given 2cos?z +3cosz — 2 =0,
ﬁn& & in radiang,

SoLuTIoN, 2co8fz +3cosz —2= 0.
Factoring, we have

\ ‘;
(Zeosz — D(cosz +2) = 0.
Then

20082 ~1=40, or cosz = 1/2;
o8z +2=10, or cosz= — 2

There is no real angle whose cosine jg — 2, From cos& = B
we have z = /3 + 2n4, or 5m{3 + 2na. Test whether each of
the values satisfies the equation to be solved.
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EXERCISES

In each of the following equations find values of z in the range 0° to 360°
fexcluding 360°).

l.tanz +1=0. 3. tantz — 83 =0,

2. 4gin?z — 1 =0. . Atz —2=0,

Find values of # in the range 0° to 180° (including 180°).

5. sina — 04323 = 0. 7. cos z — 0.7660 = 0,

6. 2sinfz —sing —1 =0, 8 V3tanz +tanz = (. .\‘\
- Find both in degrees and in radians, the solutions of each of the foﬂomng
equations. . .‘

9. cot?z — ecot = 0. 10 2sm9z+sm$—1=0

97. Equations Solved by Use of Identities,) In solving a
trigonometric equation that containg more than one function of
the unknown z, sometimes one or ml:u'e\of the fundamental
identities, p. 48, will serve to reduce the" equatlon to a solvable
form that containg only one funetior of .

In solving trigonometric equationis, the student is urged to
check solutions by substltutlon in the given equation, See
Example 3, helow. N\

Examrrz 1. Solve the\equation 2 sin*z — 3 cosz = 0,

+L)
HoLuTIoN, '\\ )

y 28in?z — 3eosz = 0.
Bubstituting sin z = 1 — cos? z, we find

S 2(1 — cos?a) — 3cosz = 0,
that is,'§"
'. 2cosfz +3cosx —2=10

Gompare Example 4, § 96, and complete the solution, Check
\the solutions by substitution in given equation.

Examrre 2. In the equation tanz + 2 cotz = 6, find the
values of z between 0° and 360°.

SoruTioN. .
tanx 4 2 cot 2 = 6.

Substituting cot 2 = 1/tan z, we find

ta.n*z—ﬁtanx+2=0
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Solving this quadratic for tan z, we find

tan s = S =0 8= 3.447= 56458, or 0.3542

Trom Table II, arec tan 5.6458 = 79° 57" (acute angle),
arc tan 0.3542 = 19° 3¢’ (acute angle).

The solutions between 0° and 360° are 79° 57/, 259° 577, 19°.3¢"
199° 30, A

By substitution in the original equation, far z + 2 cob e 6,
it is found to be approzimately satisfied by each of thefour values
of z. We say approzimalely setisfied, since each Of the four
values is an approximation, RS 7

Examere 3. Solve 1 + sinz = cos 2 for values of ¢ in the
range 0° to 360° excluding 360°. AN
SovuTioN. Bubstituting cosz =3 1 — sin? x, we find
1+ sing = % VI — sinta.
Squaring both sides, we have. 3%
14 2sin x,,—!i’siﬁzx =1 — gin?z,
2sinz&n2sin’x = 0,
25in%(l + sin2) = 0.
Henee z = 0°, 180°, or 270°.
When we, 168t these solutions by substitution in the original
equation, wefind that 0° and 270° satiefy it, but 180° does nok.
Hence, #80° is not a solution of the equation to be solved. This

exemrple illustrates the importance of testing the validity of
resulis by substitution.
N

\m? ~’ExaMPLE 4. Find in radians the solutions of

2 cos 2z = 1 between 0 and 2.

SoLvTioN. We have cos 22 = 1. Hence

2 = 7_3r+ 2, %E + 2n.

Dividing by 2, we have

$=-g+n1r, 5—6{'—}—%#
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By making » = 0, and »n = 1, we obtain
x  Br Tr

x, o Ur
6 B 6 6

Examrie 5. Solve
gine = cos 2z — 1.

SoruTioN. Substituting (see § 52) N\
co82z = 1 ~ 2gin?y, ,:\:\‘
we find : O
sinz = — 2gin’a, AT
2s8in?z + sinz = Q. AN 2
o\
Fagctoring, we obtain AS)

sinz(2ginz + 1) = 0. AN
Hencee we have now to solve the two equﬁ@ﬂﬁis
snz =0, 2sindd1=0.
Both faetors give solutions, ,’lf‘l{‘e”éolutions of ginz = 0 are nx.
For solutions of 2 sin 2 4 1.%%0, see § 95..
Examrre 6. Solve m&&iﬁz 4 deosz =1 for value of z in_
the second quadrant.'\&,}

SoLwtron. Digiding through by V3% + 4* = 5, we have

NY 3. 4 1
Ve \ud Zging -} -cosr=17.
PN 5 5 5
Put 3]{@"5111 y. Then cosy = 4/5, so that the equation be-
comeasy
p Z"\." i
\\”' sin y sinz -+ eos y cosz = 7,
or
1
cos (z —y) = = 0.2

x — 3 = arc cos 0.2 = 78° 28’ (acute}.

But y = arc cos 4/5 = arc cos 0.8 = 36° 52’, approximately.
Henee

=y -+ 78° 28" = 86° 52’ 4 78° 28’ = 115° 20, approximately.
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Test this result by substitution in the original equation,
Solve Example 6 by substituting sin z = v 1 — cosz in the
given equation,

Fxamrre 7. Solve aresin (z — 2) = #/6 radians.

Sorumion. Changing to the direet function, we have

.o 1 ~
& — = -,
. 2 = gin 8™ 3 .
Hence ¢ = 23. R, \J)
EXERCISES AN\
Solve the following equations for angles from 0° to 360‘2’ sncluding 0° gnd
excluding 360° "‘\
1. deostz = 3. 2, sin s = cos?xr — 1.
3. cot*zr =14 csex, 4. .?gﬂés»z = Zsin®m
S. csc*r 4 cotzs — 3 = 0. 6. &sn = + cob x — 2 = 0.
Find solutions such that 0° = z = 180% a.{;d :express the answers in radians.
7. gin ¢ = 25int z, AN 8. cos22(1 + 2cos ) = 1.

Find solutions such that — 902 é 7 =00° and express tho answers fo
Exercises 10 and 11 in radians., 23
9 sine —2c083-F 150, 10. sinz + cosz = 0.
11. sin 2z sin 2 — sin 2¢'¢cs = = 0.
Find the solutidnéw{‘f\ﬂie following botk in degrees and in radians.
12. tante = 84 ) 14. 4cos?z + 4sine ~5=0.
13. sin 7 =, 2408 x. 15. sin 2z —cos2z +1 =0,

Find the\polutions for r and 8 (r >0, 0° =4 < 360°) of the following
syste%a\shmﬂtsmeous equations:

16.'r'= a cos 6, 18, rcosd = 3,

N reose =g, @>0. r = 4(1 + cosf).
\ 17. v = Gcos g, 19, rsin # = 3,
r= 3 reosf = 4.

2e088”

20. S?lve the equation 8 arc tan 2 = =/4.
21, Find graphically the approximate solution of the equations
y = 2z, ¥ =tanz
between @ and =/2.
22. Find the solutions of

¥ =ginz, y=coszcotx
between 0 and 2,
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CHAPTER XIII
RIGHT SPHERICAL TRIANGLES A

98. Geometrical Introduction. The following facts froin tha
geometry of the sphere will be needed.

(1) A plane section of a sphere is a cirele.

(2) A greai circle is the intersection of a spherbs mth a plane
through the center of the sphere.

(3) The poles of a great circle are the\lsomts in which the
sphere is cut by the line through the { ©
center of the sphere perpendieulat\\/
to the plane of the great circle. 3

(4) Two great circles dividet ‘the
sphere into four parts, each of‘wBLch
is called a Iune. Thus, ACBD& (Fig.
116) iz a lune,

(5) Any angle for ed‘by two great
circles is measured by the dihedral
angle between the p]anes of the great
circles forming\fHe sides of the lune.
Thus, COD1 ﬁ}CaSUTBS each of the two Fio. 116
equal &H&QS A and B of the lune.

(6) A spherical triangle is the por-
tion of & spherieal surface bounded by
three ares of great circles meeting in
three points. Thus, ABC (Fig. 117) is
a spherieal triangle. The angles of a
spherical triangle are usually denoted
by 4, B, C, the sides opposite by a, b,
¢, respectively, as in the case of a plane
triangle.

Fie. 117 (7) The sides of a spherical friangle

ag well as the angles will be measured

in degrees, Thus, the center O of the sphere is the apex of a
143

7%
 { "




™\ the surface of a sphere is ealled

i44 SPHERICAL TRIGONOMETRY

" grihedral angle O-ABC. The sides a, b, ¢ of the spherica}
triangle (Fig. 117), measured in degrees, are equal to the corre-
sponding face angles BOC, COA, AOB, of the tribedral angle,

(8) Although spherical triangles may easily be constructed
with one or more sides or angles greater than 180° we shall
congider only those with sides and angles each less than 180°

(9) The sum of the sides of a spherical triangle is less than 360°

(10} The sum of the angles of a spherical triangle is greater
than 180° and less than 540°, N

09. The Polar Triangle. By taking each of the vertices 6f the
spherieal triangle ABC as a pole and constructing a}g\r'eat cizcle,
we obtain a set of spheripal ‘triangles.

One of them, ALBC", (Fig. 118) has
the property thadd“and A’licon the
same side of gs\B'and B’ on the same
side of b; and{C*and C’ on the same side
of ¢. Thigvspherical triangle, A'B'C’,
is then ealled the polar friangle of ABC.

Tn'golid geometry, it is proved that if

Fia. 118 AB'C’ is the polar triangls of ABC,

. then ABC is the polar triangle of

A'B'C", and that each angle of a spherical triangle is the sup-

plement of the cpFresponding side of the polar triangle. Thus,
from Fig, 118, s:f&wite '

A=20° -o, B=180°—V, ( =180°—¢,
0. 280° - 4, b =180°— B, ¢ =180°-0C"

AL
100 RightSpherical Triangles.
_:The trisngle ABC, Fig. 119, on

" a right spherical triangle if one
angle, say C, is 90°, Through
any point A’ of OA, pass a plane
perpendicular to OA, intersect-
ing the faces of trihedral angle
O0-ABC in A'B', B'(", 4.
The plane angle ¢"A'B’ meas-
ures the angle A of the spherical ;
triangle. If the plane OCB is vertical, and the plane OCA %

Fi. 119
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horizontal (the figure ean aiways be g0 drawn) it follows that the
plane A’B'CY is vertical, and that the angles OC'B’, QA'B’,
0A'C’, and A'C’'D’ are right angles, Then

C'B!
. . ¢'B’  OF sing
. PArRE — _ .
sin A = sin C’4'B’ = TF —é’ﬁ’_sinc’
OB O\
A’ Ko N
A'C' O0AT  tanb N ¢
= ‘A'B = = = 1o \
cos A = cos C'A'B U4 {E, fan e\
04 LN\
OB "\
OB O N\tang
AT T & gb sin b
‘QG”

Cleared of fractions, thesc three formuIas become:

tan A = tan C’A’'B’ =

(1) sin @ = sin.¢ sin 4,

(2) tan b S\tan ¢ cos 4,

3) tan'c = sin b tan 4.
&

By drawing a plaste perpendicular to OB, and proceeding in the
same manner @§above, we find threc other formulas:

@ R sin b = sin ¢ sin B,
& &

&

fan a = tan c cos B,
J@" tan b = sin a tan B.

\It should be noticed that formulas (4), (5), (6) ean be obtained
from formulas (1), (2), (3) by interchanging simultancously the
angles A and B, and the corresponding sides e and . From these
six formulas four others may he deduced. Eliminate A from
(1), (2), (3) by dividing (1) by (2) and then substituting the
value of tan 4 thus obtained for tan 4 in (3). This gives, .
after simplification,

(7) ' cosc = cos acos b.
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Since cot A = 1/tan 4, it follows from (3}, (6), and (7) that
(8) ' cos ¢ = cot A cot B.

By using the values of cos A and sin B from (2), (4), and (7), it
follows that

()] cos 4 = cos a sin B.

By using the values of sin A and eos B from (1), (5), and (750t
follows that O\
(10) cosB = cos b sin A. e\

The ten formulas above have been derived from the triangle
ABC (Fig. 119), which has each part less than 9({ except the right
angle C, but by drawing other figures they(ihay be shown to
hold for any right triangle whose sides a&d‘ angles are each less
than 180°.

In the numerical solution (§ 102} of\rlght spherical friangles
by means of the formulas (1) (10), the following staicments
will be found useful.

I ¥e¢ < 90° aand b are ather both less or both greater than
90°. This follows readilyfrom (7) by use of the fact stated
above that each of the&ides ¢ and b is less than 180°.

I1, If ¢ > 90°, omé\)f the other sides is less and the other
greater than 90°. \\

III. A and a(are either both less or both greater than 90°, and
the same ig ;tme ‘of Band b. This follows from (3) and (8).

i01. '}wr’s Rules. The ten formulas (1) to (10) of §100
may\he ‘collected into two simple rules formulated by John
’*Is,ﬁmr, the inventor of fogarithms.

\In any right spherical triangle (Fig. 120), we call a and b,

\ ) ¢o, B
co. ¢
co. A a4
b i

Fra. 120 Fra. 121

and the complements of 4, ¢, and B (written co. 4, co. ¢, CO- B)
the five circular parts. The ﬁve parts are marked as shown iB
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Fig. 120, the right angle C being unmarked.  If we select any
one of the five parts, it has two adjacent parts and two opposite
parts (Fig. 121).

Napier’s rules are:

(1) The sine of any circular part equals the product of the
tangents of the adjacent parts—(the *“tan-adj.” rule}.

(2) The sine of any ecircular part equals the product of the
costnes of the oppestte parts—(the “cos-opp.” rule}, \

Exencise. Prove the correctness of Napier’s rules by appliying thbn}\ta
each of the five parts in turn, and then redueing the result to one of the formulas
(1) to (10), § 100. A\

For example, if a be taken as the middle part, » and co, B aré.the adjacent
parts, and ¢o. 4 and eo, ¢ are the opposite parts. Then quﬁer’s first rule
gives
sin @ = tan b tan (co. B) = {an b cgh B,
which is eguivalent to formula (6), § 100, Napign’@\l&t:ond rule gives

sin & = cos (co. A) cos {co. c),'é}qin Asine,

which ig formula (1), § 100. \“/

102, Solution of Right Spheri(;}gl: Triangles. Napier’s rules or
the formulas of § 100 are sufficient to solve a right spherieal
triangle with two parts given besides ¢ = 90°. We cannot,
however, assign the twd parts arbitrarily or we might violate
such conditions as g\g;}r (10}, §98. Indeed, after the solution
is carried out, spegialttention should be given also to conditions
L I, and III (§.J00).

(a) Solution\By wuse of Napier's rules. The solution of right
spherical trigngles by first using Napier’s rules to get the appro-
priate forfanlas is illustrated in the following examples.

ExamPie 1. Given o = 25° 12.8', B = 71°36/, find 4, b,
and; bsing Napier’s rules.

N

\ WOLUTION,

To find 4: To find e:
8in (co. A) = cos (co. B)cose, sin (co. B) = tan @ tan (co. ¢),
or ¢0s 4 = sin B cos g, or cot ¢ = cos Bftan a,
log sin B = 9.97721 — 10, log cos B = 9.49920 ~ 10,
log cos e = 9.95652 — 10, log tana = 9.67288 — 10,
log cos 4 = 9.93373 — 10, log cot ¢ ‘= 9.82632 — 10,

4 = 30°51.2°, ¢ = 56°9.8',
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To find b: . Partial Check:
sin @ = tan (co. BYtanb, sin (co. A) = tanbtan (co. ¢},
tand = sin ofcot B, cos A = tand cot ¢,

loggin ¢ = 9.62940 — 10, log tand = 10.10740,
log cot B = 9.52200 — 10, log cot ¢ == 9.82632 — 10,

log tanbh = 10.10740, log cos A = 9.93372 ~ 10.
b = 52°0.8. ~
Examrrts 2. (Ambiguous Case.) Given b = 26?\4'\ and
B = 36°, find ¢, 4, and a. AN
SOLUTION, “ '
To find c: g find A:
sinb = cos (co. B) cog (co0.¢), sin (co Biv= cos (co. A} cosb,
sin ¢ = sin bfsin B, x&tﬂ:A = cos Bfeos b,
logsin b = 9.64288 — 10, Jog tos B = 9.90796 — 10,
log sin B = 9.76922 — 10, (Nog cosh = 9.95341 — 10,

logsinc = 9.87366 — 10, .3V logsin A = 9.95455 — 10,
¢ =48°22.9'0r131°37.1. o8V A4 = 64°14.5'0r 115°45.5.

Tofind a: . ) Partial Check:
gin ¢ = tan (t:o{i?\) tand sin ¢ = cos (co. A) cos (co. ¢)
= oot Ban b, = gin A sin ¢,

logcob B = 10:13874 — 10,  logsin A = 0.95455 — 10,

logianb =¥9.68946 — 10,  logsinc = 9.87366 — 10,

logsin @)= 0.82820 — 10,  logsing = 9.82821 — 10.

ANG = 42°19.3 0r 137°40.7".

\Bince, in this case, each of the unknown parts is determined
& by the sine, and since we are restricting each part to be less than
' 180°, we are led to two values for each unknown part. But it
does not follow that these values can be taken in every possible
way. Indeed, the triangle has just two solutions. An applics-

tion of T, II, and III, § 100, limits the results to the followio
values:

c = 48°229, A

64° 145", o = 42°19.3)
or
¢ = 131°37.1, A’ = 115°45.5", o = 137°40.7"
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Nore. If a part is determined from the cogine, tangent, or ectangent,
there is only one value for this part.

EXERCISES
Bolve each of the following right spherical triangles, using Napier's rules;
1. A = 50° 0.8, B = T0° 57.3' 2.9 =75°53, 8 = 35°20.6°
3. ¢ =61° B = 123° 40,9’ 4. A = 30°57, B = 60° 26’

- {b) Solution without the use of Napier's rules. A right spherical
triangle with two parts given besides € = 90° can be solved(Dy
using the appropriate formulas selected from formulas (B to
(10}, § 100, without deriving them from Napier’s rules., ‘There
are ten cases but only six that are essentially differept.\ °

The following table indicates the given parts, thf&barts to be

found, the formulas of § 100 to be used in each ¢ase, and a corre-

sponding check formula. Y
.."\ o
Casg | GIVEN Parrs To ;FE)R;[ULAS CHrce
Panrs BE FOUND >
I @, b c, A, B . ::’ (7)1 (3): (6) (8)
T | o0 4,8 AN @, 0 (10)
bs c G., A! 'Bi ™~ ’ (7)r (2}! (4} * (9)
Ul | 4,8 & B (8), (10), (8) @)
¢
¥ {64 | sewB W% @), ® ®)
B |L\8b 4 (5), (4),* (8) . (3}
N/
v b, AN, ca B (2), (3), (1) (5)
gKQ%S b, A ®), ), © @
Vi ~%“B g ¢ A (6),* (4),* (10) * o))
™ a, 4 b’ €y B (3.)1* (U)* (9) * (4}
P - o N &

4% noted on page 148, there may bhe two possible solutions of
the triangle when part is determined from the sine. In the
above table, the formulas that are starred are those from which
a0 unknown part is determined from the sine. In other words,
it i8 in Cages II, IV, and V1 in which ambiguities arise. In each
of thege cagses, the situation may be further analyzed with re-
spect to the gizes of the given angles and sides in relation to 90°
With the result that there may be two sclutions, one solution, no'
solution, or an infinite number of solutions.
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Tixampie 1. Given & = 119° 15, B = 29° 27/, to find 4, b, ¢
by use of formulas selected from (1) to (10), § 100.

S0LUTION.

Use formula (3), cos A = cos a sin B,
log cos 119° 15" = 0.68897, — 10,*
log sin . 29° 27" = 9.60167 — 10,
log cos A = 9.38064, — 10,
A = 103° 54", Oy
Use formula (6), tan b = sin e tan B. _\ by
log sin 110° 15’ = 9.94076 —{0,
log tan 29° 27' = 9.75176~~ 10,
log tan b = 9.69282 — 10,

b= 26\\13 6.
NN
~an a.
Use formula (5), t&’ll'l‘.c vy - N

log tan 1198 15’ = 10.25179,,
Jog codl20° 27’ = 9.93091 — 10,

1o€“ta,n ¢ = 10.31188,,

.iw; — a ¢

\\.. ¢ = 115° 59.8".

Checking résults by the use of formula (2), we have
,\\ g tanh = tanccos 4,

\w\ log tane = 10.31188, — 10,
..’::\ log cos A = 9.38084, — 10,
A logtanb = 9.69252 — 10,

\\ ) which checks with the value found above by formula (6)-

Exaupis 2. Given b — 66° 46/, B = 74° 18/, find ¢, 6 41
the use of formulas selected from (1) to (10}, § 100

SovuTion. Use formulas (6), (4), and (10), written

. tan b . gin b eos B
sina =5, sine=om, sin A = ’
an sin B cos b
* The suhseript 7 is used to indieate that cos 119° 15" ia a pegative pumber o
that we really show log { — cos 119° 15%.

respectively-
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logtand = 10.36725% logsinb = 9.96327}log cos B = 9.43233
logtan B = 10.55116 |log gin B = 0.98349(log cos b = 9.50602
logsin @ = 9.81609 {logsine = 9.97978 logsin A = 9,.83631
a = 40° 54.17 a= 72°39 A= 43°18.8"
a: = 139° 5.0/ = 107°21° A = 136°41.2’
Of the eight possible combinations of two solutions for each
of the values g, ¢, 4, the admissible solutions under conditions. I\
I, and III, § 100, are determined =g follows, \
When ¢ = 72°39’, I admits only of ¢ — 40° 54.1', and DI
admits only of 4; = 43° 18.8’, O
When ¢ = 107° 21/, II admits only of a, = 139° 5.9%%and Ii1
admits only of 4, = 136° 41.2", D
Checking results by the use of formula (1), we 'h}ve

sina = sin ¢sin 4, O

; AW
logsin ¢ = 9.97978 -0,
log sin 4 = 9.8363100)10,
logsin ¢ = 9.81609— 10,

which checks with the above rgsyjfi tor log sin a.

EXERCISES

Bolve the following right Wricﬂ triangles by the use of formulas (1) to
{10}, § 100, and the table onlpige 149,

Lo =39°68, b = 52°30.6' 2. B=11°40, ¢ = 27°47"

3. 4 ~ 58°1¢', B &%9° 207 4.b = TI°2L7, B = 83° 56.7'

103. Quadrafital Triangles. A guadrantal triangle is a spher-
fcal tri&ng]e»\o;t;\é' of whose sides equals 90°. Since each side of a,
Spherieal ‘taiia‘ngle is the supplement of the corresponding angle
of its pglat triangle, the polar triangle of a quadrantal triangle
8 clearly a right spherical triangle. Hence, by solving this polar
irfangle, and taking the supplements of its computed parts, we
obtain the unknown parts of the original quadrantal triangle.

Exampre, Given a quadrantal triangle in which ¢ = 90°,
C=115°20", 4 = 490 10, solve the triangle,
Denoting the polar triangle, § 99, by 4’BC’ and its sides by
¢, ¥, ¢/, we have
C" = 90°, o = 137°50’, o = 64° 40,
* From each logarithm, 10 is to be subtracted.
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The solution of this right polar triangle gives:
B = 115°23.3,
Al =132° 2.2,
¥ = 125° 15.6'.

By taking the supplements of these values, we have the

solution.

' MISCELLANEOUS EXERCISES O\
Solve each of the following right gpherieal triangles. K4 ”\
1. b = 40°, ¢ = 63° 56 ra \

2. ¢ —103°40.%, b =62°20.8 AN
3. a4 = 54°30, B = 44° 50 "N
4 B =81°2447, o =34°342 O
5.0 = 52°08, b =2°128 \

6. A = 83° 56T, ¢ =T78°533

7. ¢ = 91°4%, B =195"¢ N

8. b =528, a =6315 R

0. A = 50°08, B =TOBLY N

0. A =58°16', B =60°200 \J

11, 4 = 35°20.6/, b =T75° 5.3

12. b = 25°47, B =355390 "

13, 4 = 30° 57, B = 69%26'

. o — 160°12.2,, A = 150°37
15. 4 = 36°44", b\~= 30° 32.4/

16. ¢ = 137° 50, .{ = G4° 40

Holve each of the\{})ﬂomng quadrantal triangles, ¢ being 90°
7. B 36” a = 49° 30

18. 4 '83?2‘0 &, B =77"143

19, @ =\00°, B o= 90°

20. /00 & 100°, A =100°

2%11’ 72°12.1/, B = 69°13.8'
’.\82 a =112°85, C =743
.~\‘4 ‘23, An astronomer observes that the angular distance of the sun froza the
#\.Jsouth point of the horizon is 75° and from the west point is 60°. Caloulaté
/  the altitude of the sun above the horizon.



CHAPTER XIV
OBLIQUE SPHERICAI, TRIANGLES
104. Law of Sines. In any spherical iriangle ABC,

sina _sind
sinb ~ sin B

¢
Tra. 122 g\ Fiq. 123

Proor. In the spherical trigngle ABC (Fig. 122, or Fig. 123)
draw the altitude CF = p, fosming the right spherieal triangles
AFC and BFC. Applyiqg formula (1), § 100, to each of these
triangles, we have in e{‘tﬁg,er figure

Sin . gin .
_:_'_\'P = fRMmA, ‘—;2 = gin B,
in b gin a

Dividing membeér by member, we obtain
oy &/

£ 3
(a .o\\” sxna=smA_
) ~\ sind sin B
Ny .
Ilyaﬁlmﬂar manner, we may write
(b) b _snZ,
gin ¢ gin ¢
{e) . sine i_m;.o
sing sind

These results are usually written in the more symmetrical form
(L) sing_sinb_sinc
SnA snB saC
153
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In this form, the law of sines for a spherical {riangle can be
stated as follows:

In any spherical iriangle the sines of the sides are proportional to
the sines of the opposite angles.

The law of sines may be used to compute a side when two angles
and the side opposiie one of them are given; or to compute an angla

when two sides and the angle opposite one of them are known.,\

105. Formulas for cos a,c¢os b,cos¢c. Inany sphen’cal'm'angk
A BC, 2 AN

. - '\
cos @ = cos b cos ¢ -} sin b sin ¢ cos 4. O\

Proor. From the right spherical triangle BFGfiﬁ‘Fig. 122, ot
Fig. 123, we have upon using (7), § 100, with-AF = z,

(a) cos ¢ = cos p cos (¢ — =) N
Similarly from the triangle AF(C we thiv"é
(b) cosb=cospcosx.’z:~'

Dividing (a) by (), membe;jﬁy}‘member, we find

cosa _ cos (c =)
© cos b JRCE )
From (8), § 5% enid from (2), § 10, the formula (c) may be
written in the form
¢ ‘c'bs. & .
(d) (Noos = C08 ¢ + sin ¢ tan 2.

W

Bl;t’}} the right spherical triangle AFC, we have from (2), § 100,

&) tanx = tan beos A,

" Replacing tan z in (d) by its value in () and multiplying both

sides of the equation by cos b, we have the relasion
{2) cos @ = cos b cos ¢ - sin b sin ¢ cos 4.

Sinee ¢ is any side of the spherical triangle ABC, we may write
also

(3) cos b = ¢os ¢ cos @ + sin ¢ sin @ cos B,

4) €08 ¢ = €08 @ ¢08 b -} sip @ gin b cos C.
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Formulas (2), (3), and {4) are known as the law of cosines for
spherieal friangles. They may be used to compute a side when
two sides and their included angle are given: or to compute the
three angles when the three sides are known. Tt ig evident that
these formulaa are not well adapted to logarithmie computation.

106. Formulas for cos 4, cos B, cos ¢, By considering the
polar triangle A’B’C’ of the triangle ABC, the law of cosines may,
be made to assume a different form which is suitable for calene
lating an angle when two angles and their included side are given,
or to compute the sides when the three angles are knowns™

Applying (2), § 105, to the polar triangle A’B'(", “{e,gsﬁre

S
cos @' = cos b cos ¢’ 4 sin b sin ¢ cos A{}

Replacing a’, ¥, ¢/, and A’ by 180° — A, 180%> B, 180° — C,
and 180° — a respectively (sec § 99) and ;es\@gcing, we obtain

{5) cos A = — cos B cos C + sin®'in C cos a.
In a similar manner, we may write “ .

(8) cos B = ~ cos € cosvzji;’:—ii sin C gin 4 cos b,
™M cos ¢ = — gos Aj.aé'é]é + sin 4 sin B cos ¢,

107. Half-Angle Formflas. Formulas convenient for com-
puting by logarithms ,tzﬁe\angles of & spherical triangle when the
three sides are given'mey be obtained from formulas (2), (3), and
(4), §105. Thug from § 53, we recall that

gi\ ‘ }1 —cosd
t\atng " NIt eosd’
and fmﬁhﬁ), § 105, we see that

cosa —cogshoose
ginbsin e

) eos A =
\.

) 3

Substituting for cos 4, we obtain

cos o —eosbeoge
sin & sin ¢

eosa — coRb cos ¢
sin b gin ¢

1—

A
tan-g— =

1+

fsin bsin e — cos ¢ + cos b cosc
~ \sinbsine + cose — cosbeose
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cos (b — ¢) — cos a
tan— '\[cos a—cos (b4 ¢ (see §§ 48, 51),

at+b—¢c . b—c—a

sin 5 gin 3
= e T T e (ee(24),355).
sin sin
_ 2 2
Finally, A
8) tané _  foin{s—bsin(s — ) <
sin s sin (s — a) A

where 2e = o + b + ¢ (see § 47). In a similar ;pa&:ﬁger, we have

B _ [sin(s — ¢} sin (s — @) .“’:\i
@ tan 2 BN s8I0 (5 — B) W\

o N\t
C _ [pin (s — a) sin (S.~D)
(10) tan 2 sin § sip (%7 ¢} ’
By setting & ,’ {l
B — sin (9 =\ a,) gin (s — b) gin (s — c)
A sin s

we may write formulzas (8}, (9}, and (10} in a form more col-
venient, for logaﬁthmlc eomputatlon They become
(11 ta)n’g —;-ﬂ—

'x,\ﬁ gin (s — a)

' B k
12\ 5___ &
( ) e e 3)

"\
~{13) tanC . F

{ 4

2 sin(s—oc)

108, Half-Side Formulas. Formulas for computing by loga-
rithms the sides of a spherical triangle when its angles are given
may be obtained by applying formulas (11), (12), and (13), § 1Y,
to the polar triangle A’B’C’ of ABC. Thus, for the polar triangle
A'B'C’, formula (11), § 107, becomes

r
@ tan_—__ K
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where 25" =a’ + b 4 ¢, and

B sin (s” — a’) sin (5" — ) sin (s — )
- sin s’

If we set 28 = A + B 4 (, and recall from § 99 that
a =180° — A, ¥ = 180° — B, ¢/ = 180° — C, A = 180° —
we find that

8 = 270° — §, & — b =90° — (8 — B)\\
§ — ¢ =90° — (§ — A), s —d=90° - (§ - G)

Finally, if we set K = 1/’ and make the appropnate Bubstz—
tutions and reductions in (a), we have

(14) . ta.n§ = K cos (8 — 4), \\“
where “\\'
~ cost S )
= Cos (8 — 4) cos (S B)eos (8§ — ()
Similarly, N

ad
3

(15) ta.ng = K cos (S.2B),
o\

(16)  tan E ~K chs'\(g — 0.

109. Napier's» Analogms In order to solve a spherical triangle
by logarithmgwhen we have given two sides and their included
angle, or w0 angles and their included side, we make use of a set
of formulas known as Napier's analogies. They may be derived
as fﬂuﬂ?fﬂ From (11) and (12), § 107, we have by division of

members,
N can
(a) ang _sin(s — 8)
B~ sin (s — a)
tan 5

Trom a simple theorem of proportion, we may write (a) in the
form
(b) tan (4/2) — tan (B/2) _sin(s —b) —sin(s —a) _

tan (4/2) +tan (B/2)  sin(s — ) +sin (s —a)




158 SPHERICAL TRIGONOMETRY

By simple reductions, using (2), § 10; (1), § 48; (7), § 51; (21)
and (22), § 55; and the fact that 2s = & + b + ¢, we may write
(b) in the form

sin A-B
a—0b 2 c
(17} tan 7 = A+Btan—2—-
sin
2 N
Similarly, A
sin B-C &
b—c¢ 2 o O
(18) tan 5 == B+Ctan§s” Y
sin A
2 K7,
o\
<in C — ANV
—a 2380 b
(19) tan % = A tan o-
2 sin‘gl——-:—;A 2
By multiplication, formulas, {11) and (12), § 107, yield the
relation ™

tan {4/2) tan (B.jQ) = gin (s — ¢)/sin s,
which may be wrltten\ﬁ} the form

\\ "A . B
sin=ginz-
(e) WO 22 gin(s—¢),
PR oS 4 E sin s
x:\'"; 2 cos 2
s"\‘. . .
By BE&’df a simple theorem of proportion, (¢) may be written in
Tihe:fnrm
NS
~O A B, . A_B
N Cos 5 085 T sin g sing __sin s+ sin (s — ¢)

4 B 4. B T Sns—sm (s — )
€08 5 €08 3 smzsmg

and then may be reduced to the form

O
(20) . tan 2 +b
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Similarly,

cosB=C
b+c 2 @
cos
2
oos &4
c+a 2 b ¢
(22) tan R tang- R
cos —5 +O\
..\'\

By applying formulas (17) to {22) in turn to the polar‘tnangle
A’B'C’ of the triangle ABC and by using the relatwns in § 99,

we find upon redustion that «\
. @& —Db ’
A — B 144} _‘2_' ’::\
(23) tan =5 = — +,b‘£°t§’
Y
Ny
51:1;
- 5 2 A
(24) ton > 3 [Ny *by
WO 2
}:\\} c—
sln
\ — A 2 B
25 : = i
(25) ,\tf'ﬁ 3 S-mﬂ-!'amtz’
x\ 2
NV
O a=b
o) & A TE T
N 2 cos & +b o2
Q” ?
' b—¢
o8 ——
B+ 2
2 —
(7) tan 3 b+cco1§2»
cos —
c—a
€05 —5—~
98 C+4 92 E
( ) tan B = g cot2
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110. Law of Species. Two angles {(or two sides} of a spherical
triangle arc said to be of the same species if they are both acute
or both obtuse; and of different species if one is acute and the -
other obtuse.

In the formula
s =B
a+b 2 c /
tan “I = ——ptan g [see(zo),?mgj
cos — O\
L

¢f2 and (A4 — B)/2 are each less than 90°, and [fa\+ 5)/2 and
(A -+ B)f2 are each less than 180° (see § 98), Z'It- now follows
that tan {¢/2) and cos (4 — B)/2 are ea.ch."[;?)sitive, and that
tan (@ + b)/2 and cos (4 -+ B)/2 are cithex beth positive or both
negative. That is to say, (a + b)/2 g,qei\(A + B)/2 are of the
same speeies. Hence the law of sppé:ie’s' of a spherical triangle
may be stated as follows: O\

One-half the sum of any tgoof's%des of a spherical iriangle and
one-half the sum of the oppgﬁ'té ‘angles are of the same species.

111. Solution of Oblique Spherical Triangles. In general if
any three of the sig{}arts of an oblique spherica] trisngle are
given, the rema‘i@iﬁg parts may be found. The process of
finding the unkhown parts is called the solution of the triangle.
Six cases axise; according as the given parts are:

0\
CaseNl Three sides.
Oadu I1.  Three angles.
2Case L. Twe angles and their included side.

() CasE IV. Two sides and their included angle.

Case V. Two sides and an angle opposite one of them.
Case VI. Two angles and a side opposite one of them.

A triangle, determined by the data in any one of the above

‘cases, may be solved by means of logarithms, using the law of

sines, tabgents of half-angles or sides, and Napier’s 3ﬂa}0gi,es'
To facilitate the solution of triangles, the following table, which
gives not only the formulas for solution but the formulas for
checking, may b6 consulted. The table is constructed for &
typical set of data under each cage.
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Case Given Solution Check
1 {abe |Q1), 12, (13) §107 (1) § 104
1L 14,8, ¢4, (15), (16) § 108 (1) § 104
I | 4,B,¢c | (I7), (20) §109; (1) §104 | §110; (28) or (26) § 109
IV |ab C ](23), (26) §109; (1) §104 | §110; (17) or (20} § 100
V. la b 4 | (1)§104;§110; (17) or (20),] (20) or (17}, {26) ot (28)
(23) or {26) & 109 § 109 N
VI A, B, a | (1) §104; §110; (17) or (20, (20) or (172 (26) or (23}
(23) or (26) § 109, §109, T

112. Comments on the Logarithmic Soiuﬁoi:- of Spherical
Triangles. Since the logarithmic work.heéessary to solve a
gpherical trisngle is similar to that empléyed for the solution of a
plane triangle, it seems unnecessarysbo’ work out in detail any
examples. The following comments; however, concerning each
case will be of assistance 1n mterpretmg and analyzing the
results.

In Case I, the work is carned out as in § 81, Since A/2, B/f2,
and C/f2 are each less than 90°, it is unnecessary to use the law
of species, § 110. 'Qie’procedure in Case I is the same as in
Case 1,

In Case IIT, the work is carried out in the same manner as in
§ 79, except thht we compute half the sum of two sides and half
thelr differefice and then find the sides. The remaining angle is
then cmgputed by use of the law of sines. Bince the sine of an
angle, aﬁd the sine of its supplement are equal, it is necessary to
Use e law of species (§ 110) to determine which angle is to be
("wpisined.  The procedure for Case IV is the same as for Case II1.
" If the given data in Case V are a, b, and A, we find from the
law of sines that

gina
From this relation, we obtain two, one, or no values of the
angle B according as log sin B is less than zero, equal to zero, or
greater than zero. See Examples 1, 2, and 3, § 77. Each value
of B so found, if it is to be retained, must obey the law of species,
§110. The solution may ther be completed by the formulas
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indicated in the table, The procedure in Case VI is identical
with that in Case V.,

EXERCISES
Bolve each of the following apherical triangles.
© l.a = 1009 b = 110°, e = 120°
Z.a =97°85, b =27°84, ¢ = 119°84.
3.0 =112°7, b =127°3¢, ¢ =T1°12. ~
4.0 =76°20.3, b =93°186, ¢ = 1277,
5. A = 150°, B = 131°, ¢ = 115° O\
6, A =044, B=—8°20, C = 76°30. 2N
7.A=97°10', B =T450, € = 05° 40, M
8. 4 = 108°45, B =140°50, C =136°25. (N
9. 4 =78, B = 41°, c =108 )
10, B = 70°, C =131°20, @ = 116%,"\\
. A =162, € =70°7, b = 822305
12.¢ =63°17, & =107°2%, ( =6&°80".
13. 6 =100°80°, ¢ =40°20, B =486° 40,
4. b = 132°46.7, ¢ = 50°50.1', ™= 56°28.4".
15. ¢ = 58°, b = 137°, (B¥= 131°
16. b =90°36°, ¢ =39°40',\ . B = 50°52".
7. ¢ =88°12, ¢ =141°20%, C =127°42"
18. 4 = 143°, B =T153" b = 40°,
19. B = 36°20°, € =48°80, b = 42°12"

20, A = 57° 52, C.&49° K0, ¢ = 162°30°.
21. By setting tan 3{=’\cot bicos 4, show that

%o0sa = cosbeosc -+ sinbsinceos A
reduces to ‘\.Q +

Py _cosh
\ ¢ msa-—sinesm(e+c).

22, U&e'\the formulas in Exercise 21 to ealenlate by logarithms the sidefl

of tl;{\gphemal triangle in which b = 63° 17/, ¢ = 107°28’, and 4 = 65° 50"

_\23.'By using the polar triangle, show that the formula in Esercise 21
\bgtmmes

P\ = tos Bsin (C — 6) _eotB
\3 OOSA"T_ when t.anﬁ—cosa

24, Given B = 84° 35/, ¢ = 117° 13, a — 64° 28", using logarithms eslev-
late A by the forraulas in Exercise 23, .
25. A spherical triangle 4 BC lies on a sphere of radius 10in. I A4 = 100°

B = 60°, and (' = 70°, find the length of each side of the triangle in inches
Use Table IT for reducing angles to radians, '

_ 26, A spherical triangle whose sides are 1300 ft., 1100 ft., and 1400 fect
lies on o sphere of radius 1000 6, Find its angles, Hinr. Use (6), page 125

113. Area of a Spherical Triangle. In elementary sofid
geometry it is shown that the areas of two spherical triangles
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lying on the same sphere have the same ratio as their spherical
excesses. Lhe spherical excess E of a spherical tna.ngle is defined
by the relation

(29) E=A+4 B+ (¢ - 180°.

A spherical triangle is said to be ¢rirectangular if each of its
angles is 90°. The spherieal excess of a trirectangular spherical _
triangle is 90 and its area is one-eighth of the area of the sphere
upon which it lies, that is, 7R%/2 where R is the radius of the
sphere. If & is the area of a spherical triangle of sphencal
exeess K, we have by using the theorem above

S:aR¥2 = F : 90° o
from whieh it follows that
(30) S = 7R:E/180°, ¢ o\

where E is measured in degrees. Formuka. (30) shows that the
spherical excess E expressed in radlans ‘becomes the area of the
spherical trisngle if it lies on & sphere of radius 1.

If the sides of a spherical tnhﬁgle are given, we may use a
theorem, not derived here, kubwn as L’Huilier's Tkeorem to
caloulate F, that is, \

(81) tan® - ——tén\t an > s;btansEc’

where 2s = ¢ B '—}- c.
O EXERCISES

1. Givedud = 72°3%, B — 58°¢’, C = 101°%, ind E in degrees; in
radiang, N\

2, Find the ares of the triangle in Exercise 1 if the triangle lies on &
S,Dlleré of radius 10 feet.
\ :3. Given 4 = 100°, B = 58°, (! = 62°, and K = 3, find the area 8.
4, Given 4 = 170°, B = 135°, (* = 115°, and R = 10, find the area S,
- Given g = 98°, b = 110°, ¢ = 115°, and B = 40, find the area S.
« Givena =b =¢ = 109°28.2" and B = 1, find the area S.
- Givena = 58° b = 137°, B = 131°, and R = 10, find the ares S.
. Given g = b = ¢ = 60°, and B = 6 in. Find the area 8.
- Ha=b=x/3and ¢ = /2, show that E = are cos 7/9.
. If & = b, and ¢ = 7/2, show that tan E = ain? a/(2 cos a).

—
(=2 =0~ A= N7 Y



CHAPTER XV

APPLICATIONS

114. Infroduction. Spherical trigonometry has many appli-
cations in navigation, astronomy, and geodesy. By eonsidering
the earth a sphere of radius 3958.6 miles, the shortest distance
between two points upon its surface may be found s well.as the
bearing of one point from the other. The shortest_distance,
hereafter written distance, is measured along thegshorter are of
the great eircle joining the points. D

The hearing of a point A from the point B“is\the angle (or it
supplement) which the great eircle throuah’A and B makes with
the meridian through B (see § 15). A7

115, Longitude and Latitude. In' tﬁe plane, the position of a
point is fixed by giving its distanees from two fixed lines, the
axes of reference. Simﬂa.rly,'fplié position of a point P on the
earth’s surface is fixed by gwm}; its distances measured along the
ares of two great circleg Trom two reference circles. The great
circles commonly used as reference circles are the equator and
the meridian thr Greenwich, England. The student will
recall that a mgrﬁia.n is & great circle passing through the north
and south polesof the earth.

In Fig. 124, the principal or zer0
meridian passing through Green-
wich is marked NGOS and the
equator EMOW. The position of
P is fixed if the arcs OM and MP
are given. The values of these
ares, usually expressed in degre®s
minutes, and tenths of & muwe
are called the longitude A and latt-
tude ¢ respectively of the point P

Tra, 194 The direction in which the lffn-

gitude is mensured from the point

0 1s indicated by attaching B or W to the number of degreos

in the longitude which may range from 0° {o 180°. Similatlys
164
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by attaching N or 8 to the number of degrees in the latitude
we indicatc that the point P lies in the northern or southern
hemisphere respectively. For example, the longitude and lati-
tude of Boston may be conveniently written as follows: Boston
(long. 71° 5" W, lat. 42° 21’ N),

116. The Terrestrial Triangle. Any two points A and B on
the earth’s surface whose longitudes and latitudes are knowd™\
form with the north pole N & spherieal triangle, called 2 terresma!
trigngle. Since two sides and the ineluded angle of the terrés\&ma.l
triangle are known, its remairing parts may be foundsby the
formulas under Case IV, § 111. N

Examrre. Find the distance in miles from Iowg. City (long
91° 32" W, lat. 41° 40’ N) to Liver- N
pool (long, 3° 4" W, lat. 53° 24’ N)
and the bearing of Liverpool from
Towa City.

Borurion. In Fig. 125, let A, ¢
B, and N denote the positions of\
Iowa City, Liverpool, and the nor!;h

pole respectively, ™ Fia. 125

o8

Arc AN =\90° — 41° 40’ = 48° 20/,
N =’ 90° — 53° 24/ = 36° 36/,
Angle =91°32" — 3°4' = 88° 28",

Using N’a;%or g analogIes, (23) and (26), and the Iaw of smea
we find by.lggarithms that

VA =a52r,  B=63,  d= 56056
. Smce 1’ of are on a great circle of the earth is one knof or
Suutical mile, it follows that 1/ of are — 6080 feet = 1.1515 miles.
Hence to find an ared of a great circle in miles, multiply the
arc d expressed in minutes by 1.1515, We find

d = 3934 miles.

The distance d may also be found by (3), §85. Since
4 = 45° 20, it follows that Liverpool bears N 45° 20’ E from
Iowa City (see Fig, 125). |
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EXERCISES

1. Find the distance from San Francisco (long. 122° 26’ W, lat. 37° 47" N)
4o New York (long. 73° 58’ W, lat. 40° 49 N) and the bearing of New York
from Ban Francisco.

2. Find the distance from New York (long. 73° 58’ W, lat. 40° 4% N} to
Creenwich (long. 0°, lat, 51° 28" XN},

3. Find the distance from Chicago (long. 87°37''W, lat. 41°50'N) te
Montevideo (long. 56° 18° W, lat, 34° 55'8), Hmvr, Use the law of cosines

4. Find the distance from San Francisco (long. 122° 26’ W, lat. 377 474N)
to Wellington, N. Z. (long. 174° 46" E, lat. 41° 17’ 8. A

5. Find the shortest time for an airplane making an sversge Spéed of
150 mi. per hour, to fly from Quebee (long. T1°13' W, lat, 467 48 N) to
Flagstafi (long, 111° 41’ W, lat. 35° 13’ N}, N

6. An airplane flies due west from Washington Qomg. 774 W, lat.
38° 55/ N) on the are of a great circle. If a uniform.gpesd of 175 miles per
hour i¢ maintained, find the longitude and latitude wf’/the airplane after 10
hours of continuous flying. O

I\

117. Astronomical Data. Due ge-thie daily rotation of the
earth upon its axis, the heavenly kodies scem to rotate from east
to west upon the surface ofsan immense sphere, called the
celestial sphere. Only one-half of the celestial sphere is vigible to
a person on the earth’s gurface. The celestial sphere is repre-
gented in Fig. 126 withythe earth, considered a point, as its eenter,
In order to use spker}cal trigonometry to solve certain problems
which arise in aStrofiomy, we need to know the meaning of cach
of the followinlg terms, all of which are represented in Fig. 126.

The hofon, the great circle N'E'S'W’, formed by the inter-
sectian'ainthe celesiinl sphere and the horizontal plane of the

obs%:sr.
The zenith Z and the nadir Z' are the points of intersection of

the’ celestial sphere and the vertical line passing through the
(Oobserver.

The celestial north pole N and the celestial south pole S are the
points of intersection of the earth’s axis and the celestial sphere.
The cclestial sphere apparently rotates about the axis NS 00¢
in 24 hours.

The celestial equator, the great circle B'RW'W, is the inter-
section of the celestial sphere and the plane containing the
earth’s cquator.

The celestiel meridians are great circles passing through the
celestial poles N and S. The meridian NPM is called the hou!
circle of the point P.
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118, The Astronomical Triangle. Let P be any point on the -
celestial sphere (Fig. 126), Draw its hour circle NPM and its
zenith circle ZPQ. The arc QP is
called the altifude of P. 'The are
MP is called the declination of P,
The declination is considered posi-
tive when P liss north of the ce-
Jestial equator and npegative when
P lies south of it. The are WZ
is called the lefitude of the zenith
and iz equal to the latitude of the
observer on the earth. The angle
PNZ is called the hour angle of the
paint P,

Bince the celestial sphere (apparently) rotates through 360° in
24 hours, one hour of time i equivaleni;;i{d 5° of are or hour
angle. Consequently we may express an hour angle of a heavenly
body in terms of hours, minutes, and tenths of a minute, and
determine the time required for Qbﬁé body to rotate into the
vertical or zenith meridian. W

The points P, N, and Z determine a spherical triangle, ealled
the estronomical triangle.(N\If sufficient data are given to deter-
(. mine any three of its parts, its re-
maining parts may be caleulated
(see § 111).

N ExamriiE. In the forenoon, an

observer at 49° 17/ North latitude

N finds the sun’s altitude to be 30°

\ and its declination 20°. Find the
g time of the observation.

N Sovwrion. In Tig. 127, let 8
Fra. 12
N4 o denote the position of the sun, N
the celestial north pole, and Z the zerith of the observer.
Then in the spherical triangle ZN'S, we have

Arc NZ = 90° — 49° 17" = 40° 43/,
Arc 8Z = 90° — are QS = 90° — 30° = 60°,
Are SN = 90° — are MS = 90° — 20° = 70°

By logarithms. a short calenlation, using (11), § 107, gives the
bour angle N of the sun to be 66° 52.4".
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Dividing N by 15, we express N in hours, minutes, and tenths
of a minute, that is,

N = 4 hours 27.5 minutes.

Therefore we conclude that the observation was made at 32.5
minutes after seven o’elock.

EXERCISES O

1. In north latitude 38° 44/, the altitude of « andromedae whose dcqﬁnatmn
is 28° 44/, was observed before midnight to be 55°. Find the tlmn; retfuired
until the star lies in the zenith meridian. %

2. In the afternnon s civil engineer, whose latitude is 358 20< N, observed
the altitude of the sun to be 20°. If the sun’s declmamgrwas — 10, fmd
the time of the observation. ~N

3. Find the time of sunset pt Iowa City (lat. 41" 20" N) when the sun’s
declination is — 20 15°.

4, Tind the altitude of & starat 3 oM. in 40"@ u}th latitude if its declination
is 17° 407,

5. Find the time of sunrise at & place (}at 12° 50’ N) on the date when
the sun’s declination is 15° 307, X
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1851 51 A5} 998 *021 [*045 [*068 [*091 [*114 |*188 |*161 | 2f 122 oy
187 27 18%‘207 231 | 254 | 2771 200| 323 | 346§ 370 | 393 7| 161|154
1881 M54 439 | g62| 485 508§ 531 | 554 577 | 600 | 623} 2| 18.4( 17,6
18%] «646 ) 669 | 602| 715] 723| 761 | 784 | 807 830 852f 9] 20.7|19.8
1901\ “875 § 808 | 921 | 944 | 967 | 959 [*012 [*035 [*058 {%08t

4191128103 [ 196 | 1401 171 | 104 217 | 240 262] 285 | 307 21

1921 330] 353 875 308 ] a21[ 443 406 488] 511 5339 1| 2.1

1931 556| s7s ) 601} ez | 646 | 868 691 | 713[ 735| 758 g %g

194] 780l s03| 8251 847 | 870 so2{ 914] 937| 959 981 -
195129003 | 026 | 048 | o7n] 092 115 187 | 150 | 181 203 £ 52

196) 2261 248 | 270 | 202 | 314] 336 | 358 [ 380 | 403] 425] 2| j5g

1971 447] 460t 401 513 ] 535 | 657 | 70| 601] 623 ) 64| 77147

1581 ee7] 638|710 732 | 754 [ 776 | 798| 820[ 842 | 563 8[16.8

1901  885] 907 | 920 951 | 973 | 994 |*016 [*038 [*060 [*081§ 9 18.9
20030103 § 125 | 146 165 | 190 | 211 | 233 | 255 | 276 | 208

N. D 1 o 8 4 B 1] 71819 Prop. Pis.




4 200 — Logarithms of Nambers - 250 [
Nl o {1{2]|3)4i16|86]7 |81 8]| PropPts
200 150 103 | 125 | 146 | 168] 190 | 211 | 233 | 255 | 276 208

S01| 320] 341 363 | 264 | 406 | 428 440 471 | 442 | 514

20z| 38| 5571 578| 600 | 621 | 643 | 664 ] 6857 TOT|[ 728 logo

208 750|771 | 7927 814 | 835 | 856 | 878 ] 896 | 020§ %42 | =.30102 90057
202 9631 94 |Fo06 [*027 %048 [*060 [F091 |*112 [*133 [*154

205 |31 175 | 197 | 218 230§ 260 | 281 | 302 323 3451 366

506 | 387 4081 420§ 450 | 471 | 492{ 513§ 5341 555 | 576 03 | a1
ao7|  B97|618| 639] 660 | 61| 7oz [ v23| a4 [ 765 | 785) (| 44| oy
oos| ®op| 827|848 | 869 890 911 | 9a1| 952 [ 973 [ 904 ] 5| T4l &
200132015 { 035 | 056 | 0771 098] 118 | 139 160] 1811 201| 5| 3 ﬁ:‘g:
310| 222 243 263 | 284 | 205 [ 325 346 | 366 | 3871 408] 4} 88, B4
iT| 28| 430 | Aen | 490 510 | 3311 65z | 57z | 8oa | 613 | o [&aShiNe
212 634 654| 675 | 605 715|736 756 | 7773 797 | $18| ek | 147
2131 sas| s58| 879 | 899} 919 940 960 | 950 [*0o01 (0214 2Vi7.a |16
214 |33 0411 062 | 082 102 | 122 143 | 183 ] 183 | 203 | 224115 119.8] 188
215 244| 264 | 284 | 304 | 325 | 345 | 365 | 385 | 403 {425

2161 445|265 456 | 506 526 | 546 566 | 556 § 606626

217| o416} 666 6sa | To6] 726 | 746 | 766 | 786808 ! 826

2181 48| 866 | s351 9051 925 | 045 | 965 3 9SAJE0OCE [*025

219 |34 044] 064 ] 084 | 104 ] 124 | 143 | 163 | 183) 203 | 223

20| 242|262 282 | 301 [ 321 | 341 | 861 880 400 [ 420

251 | 439 459 479 [ 48] 518 | 537 [\56D | 577 | 5964 616 20 {19
203| 635 655] 674 | 694 | 713 | 733{ W53 | 772 | 792 | 8L} 11 49l 19
2231 830|850 869 | 589 | 908 | 928 1947 | 967 986 |*005] S f | 35
294 |85 025)] 0ad | 064 ] 083 102{N22 | 141} 150 1801 199) 31 6.0} &7
225| 218|238 [ 2571 2761 2058315 | 334} 353 | 872 | 3921 4| 8.0] T8
2361 4117430} 440 | 268 | 488" 507 | 526 | 545 | 564 | 583 | &|100 9.2
a2r| 608 | 622 641 | esoTero | eos] 717 736} 755 | 7ra | S11E01135
2281 793|813 | 832|851} 8701 880 | 0081 927 [ 946 965 4| 150] 152
226| 984 003 [*02L [B040 |*ose [*078 [*007 [*116 [*135 1541 o | 1470 172
23036 173 102{ 27a.} 220 | 24| 267 286 | 305 824 [ 342

2311 361|280 |999] 4181 436 | 455 | 474 | 493 | 511 530

232| 540 568) 535 | 6051 624 | 642 | 661 | 680 | 6981 717

233| 7ac}g54] 773 7911 810 820 | 847 | 866 | £84 | 903

2341  922\'040| 059 | 977 { 996 *o14 [*033 [*051 [*070 {*083

235 37587 125 144 | 162] 181 | 199 | 218 236 | 254 | 2723

236 o 310 | 328 | 346 | 365 | 383 | 4011 420 | 438 | 457 18} 17
2% “ 4750 493 | 511 530} 548 566 | 5851 603 1 621 | 639 7
38| 638] 6761 604 | 7a2] 731| 749 767 | 7851 03| sa2| 1| 18] 2
239] 840|853 876 804 012 951 | 049 | 967 | 985 [*003 g gg 21
240 | 38021 039] 057\ 075 | 095 | 112 | 180 148 166 | 184} 4| 72 s.g
2411 202 220 2281 256 274 | 292 | 10| 325 | 346 | 364 2 ]gg 1‘3;2
242] 382|399 417 | 435 | 453 [ 471 | 489 ] 507 | 625§ 53 g 1ol
243] 561|578 596 | 614 632 ( 650 | 668{ 686 | 703 [ 721 £ |i74]136
244|739 ) 757l 7751 o2} 810] 8981 46| se3 ) 881 | 209} 9{16.2]163
245 017 | 934 | 952 | 970 | 987 [*005 [F023 [F041 [*05S *OT6

246330004 111 320§ 146 184 | 182 150 217 235] 252

2471  270] 2871 305 | 322§ 8401 358| 3751 393 | 410 428

245|445 103| 480 | 208 | 5151 533 | 550 | 568 | 585 | 602

249 620 | 637 | 6559 672 | 690 | 7OT| Y4 | Taz | 75| VT

250] 704|811} 820(846] 863|881 | sus|o15] 633|950 <
N.{ 0 1|z2t3l2]5|6 |7 ]|819]| PropPts




250 Loganthms of Numbers — 300

I] 5
N.l © 1 | 213 |14[6:16]7([8]|9] Prop. Pts.
25030 T4 | 8111 829 | 8461 863 | 881 | 598§ 015 | 933 | 950

951 967 | 98517002 [F019 {¥037 |*054 %071 [*088 [*106 [*123

azal40140% 1571 175 | 102 2091 226 | 243 | 261 | 27| 205

2531 312{ 220} 346 | 364| 381§ 298| 415 | 432 | 149 158

254§ 483 600 518 | 536 | 6521 569 | 586 | 603 | 620 637 18 4 17
2551 654] 6711 88| 705] 722 730 | 758 | 772 | 790 | 807

2567 824] 8417 858 875 802 909 | 926 | 943 | 960 | 878 é 184 17
257 993 [*010 {*027 [*044 [*061 *OTR [*005 *111 [*195 *145 | 3 2:2 2’%
a58| 41 162 | 179 | 1961 212| 229| 246 | 263 ) 2801 298| 313| 4| 72| 6=
259|  330) 347 363 | 380] 307 | 414 | 430 | 47| 464 [ 481 5] 00| %5
260| 497|514 | 531} b4 | 564 | 581 | 507 ) 614 51| 647 | 5[ 1981927},
261| o664 65| 607 ) Tia]| 731 | 747|761 | 780 | Ter | #14| 8| 14.4 136
262] @30] 847{ 883 ) 880) 508 | 0131 929) 046 0631 075 | 0} 18.2[N53
263] 996 [*012 {¥020 [*G45 {*062 [F078 085 [*111 [*¥127 [F14d
a64{42160] 1771 108 | 210§ 226 | 2¢3] 259 ) 275| 202 | s08]

2651 325} 341} 357 | 374 390 408§ 423§ 439| 455 | 472 |¢ ¢

266 488| 504 | 521 | 537 | 553 670§ 636 | 602 | 619 | AsFNS

267| 51| 667 | 684 00| 7161 T32| T40| 765 731 D m

263| 8131 830 8461 862 | 878 894} 011 | 927 | 943 [\058 | =log, e

260| 975 | 991 [¥008 [*024 [*040 {*056 |*072 |*088 |*104 ¥120 | ~10g , 2.718. -+
27043 136 152 | 169 185 201 | 217 [ 233 249.\265 981 | =.43420 44819
271 2071 313 | 320} 345] 361 | 377 333 4\079 425 | 441

272| 457|473 480 | 505 521 | 537 | 553|668 | 84§ 600

273| 618|632 6438 | 684 680 | 696 | 7i2 727 | 743 | 750

ara| 775|711 so7| 8231 838 | 854 | Wro | 886 902 917

275| 9331 040 965 | 981§ 996 [*012.[7028 {*044 [*059 |*075 18 | 16
27644091 107 122 | 138 ] 154 | 160 [ 185 | 201 | 217 282{ 1| 16| 1.5
217|  248] 284 ] 279 | 205] 311 3% | 342| 358 | 373 | 8sw| 2| 3.2| 3.0
278|  402] 420 435 | 461 | 467 P423 | 498 | 5143 529 545 3| 48[ 4.5
279| 560 5761 502 | 607 }623'] 633 | 654 | 669 { 685 ] 700 § 2-3 g-g
280 Tie| vs1| va7| ge2)w7s| 7en| so0) s24| 840 855 81 9.6 9.0
281|871 886 | 902 oI7 | 93z | 948 | 963 979 | 994 010 £| 1121108
282|45 025 040 056071 086 | 102 | 117} 133 148 163} 7| ;294 35°¢
283|  179{ 194 2097225 | 240 | 255 | 271 [ 286 | 301 | 317

284| 332 347 862 | 378 | 303 | 208 423 | 439 454 | 469

285| 4541 5000515 53] 545 | 561 576 | 5911 606 621

286 752 667 | 682{ 697 | T12) 728| 743 758 | 773

287] Yesbsos| s18| 8341 840 | 864 | 879 | 894 | 900§ 924

238 | 830" 954 | 969 | 984 fF000 [*015 [*030 {*045 [*060 [*075 14

289 | 48000 | 105 | 120 135 150) 165 1807 195 210 | 225§ ;4§ 4 4
290 | 240 255 270 285} 300 ] 315 330§ 346 | 354 | 374 g 212

201| 330|404 | 419 434 | 449 | 464 | 470} 294 609 523| 4| 5

2021 53| 553 ) Gos | bRa| 508 f 613 | 627 [ 642| 657 672| = ~g

2931 67| 702] 716 | 731|746 761 776 | 700 | 805 820 5| 514

204 835| s50| 864 | 879 | so4) 909 | 923| 938) 953} 967 7| 9.8

206 952 | 997 [*012 [*026 [*041 [*056 [*O70 |*085 {*100 [*114| 8| 11.2
206147129 | 144 159 | 173 | 38| 202 217| 232| 246 | 261 | 21128

2971 27c| 200 305 | 319 | 234 | 340 363 | 378 | 802 407

208) 4923|4361 451 | 465 480 494 500 | 524} 538 5563

298 567| 532| 606 | 611 | 825 F 640 | 654 | 660 683 | 698

300) 712|727 741 | 756 [ 770 [ 784 799 | 83| 528 | 842

Nt o |1 |2|s|4a[5{6]|7}|8]|%| Prop.Pts

/



300 — Logarithms of Numbers — 350

a

N.i O 112|345 |6]|]T7T 18|09 Prop. Pis.
300 | 47 712| 727 | 741 756 | 770 | 784 | 199 | 8131 828 | 842

301 B57| s7L) 885, 9004 914 | 929 943 | 958 072 | 9ze

302 | 45 001 015 | 026 044} 08| 073 087 1011 118 130

303|  144| 159) 1731 187§ 202 | 216 | 250 244 | 259 | 273

304 287]302] 816 330 344 | 350 | av3| 387 | 401] 16| log3

3058 430) 444 458 | 473 | 487 | 501] 515 530 | 544 | 558 | =-47712 12547
306] 572] 536 601 | 615] 620 | 643 657 671 | 686 | 700| Loz«

s07] 714] 7o8( Ta2| 758 770 | 785 ] 790 | 813 | 827 [ 841 “-4971498.75
308| a55| 969 | se3 | 897] 911 | 926 | 940} 054 | 968 | 982

300| 996 [*01C [*024 [*038 [*052 |*0686 [*080 |*094 [*108 |*123 .
31045136 | 150} 164§ 178|102 206 [ 220§ 234 | 248 262] £\
311| 2ve| 200] 304 31| 3321 346 | 360 374 | 388 402} ()15 | 14
12| d15) 4201 443 | 457| a71| 485 | 490} 613 | s2av{salf ML | |,
318| 54| 568 582 | boo | 6101 624 | 638] 651 ] 665 | arof\ 1| 164 14
314] 693 707|721 | 734} 748 | 762 | 7ve | 7o0{ s03{BiT] 3| 45] 42
315] 31| 845/ 859 8721 836 | 900| 914 | 027 géx 9551 4| 6.0] 5.8
316| o6u| 982 | 996 [*010 [ro24 |*0a7 [Fo51 [rosa T Feo2 | 5| 751 To
317} 50 1061 120| 133 | 147] 161} 174 ] 188 | 202215 | 229 3 28] 34
38| 243 256 270| 284] 207§ 311 325 %3?, 52| 885) 21700135
819| 379|303 406 420 433 | 447 46L ) #¥4} 488 | 601} 51 ;2% | 155
320 515|529 542 556 569 | 553 | 696§ 610 | 623 | 637

321 e51}eoa| 678 691f 705 [ 715( 7821 725 | 769 | 772

a22f 786700 | 813 826 840 553 866 | 880 5931 907

323} 920 934| 947 | 961 974 | 987 [0z [*014 [D28 041

324] 51 055{ 03| 081 095] 108:fs121 | 1351 148 162 175

325] 1887 202/ 215 | 228 242 255 | 268] 282} 295 308

aze| 322|335) 348| 362|875 | 388 | 402] 415 | 428 441

a27| 455] 468 | 481] 405 08| 521 534 | 5an| 561 574

328] s587{801|6laied7]| 640 654| 667 | 630} 693 | 706

328| 20| 733 | TaB\750| 772 | 786 | 700 | 812 825 | 838

330|851 s65 878 | 891|904 017 | 930 [ 943 | 057 | 970

331| 933 998|*009 [*022 [*035 {*048 [*061 [F075 [*088 [*101 13|12
332 52114 ba2¢] 1401 153| 166 179| 192 | 205] 218 | 231 3| 12
333|  244J2571 270 | 284f 207 310 323 | 338 349 [ 362 1| 33| o7
33¢f 8054388 | 401| 414 427| 440 453 | 4668 ] 479| 492] 3| 39| 88
335 | . 804 | 517 | 530 543] 556 | 569 | 582 595 ] 608| 621] 2| 52| 48
336K, J6341 647 | 660 | 6731 636 609 | 711| 724| 737 | 750 5| 0.5 6.0
3" 763|776 | 780 | a0z 515 | 527 840 855 | w00 | svaf 81 TH| T
338| 8021|9051 017 | 930 943 | 056 | 969 | 982 | 994 [*607 | {14574 | 06
53958020 033 | 046 | 058) 07t | 084 | 097} 110 | 122 | 1351 51117 | 108
1320|  1a8| 161} 173 | 186|190 | 212 | 222 | 257 | 250 | 263

341] " 275} 288 301 | 314|326 | 530 [ 352 [ 864 | 877 | 580

842  403f 4157 428 | 441| 453 | 466 | 470 | 201 | 504 | 517

343 529 542{ 555} 567 580 | 593 | 605§ 618 | 621 | 643

a241  656]668] 61t eos| To6| 710| 732 714 | 757 | 780

2451 782|704 807 F 20| 332 | 845 857 { 870 | s%2| 805

3461 908|920] 933 | 945 958 | 70| 983 | 595 [*0os [*020

347|564 033 | 045 [ 0581 70| os3§ 005 108 | 120 | 133 145

348|158 170| 183 195| 208{ 220 | 233 | 245 | 258 | 270

340|283 205 [ 307 3201 332 345 | 3571 370 | 352 | 304

B50| 407|419 482 2437 456| 460 [ 251 | 404 | 506 | 518 R
N.|] o }1 2131415 6 |7|8]|09]| PropPisj




1] 350 — Logarithms of Numbers — 400
N.0123456739Pmp.Pts.
360 | 54 407 ] 419 ) 432 | 444 456 | 469 | 481 404 { 506 | 518
361| 551|543 | 555 | 568 580 | 593 [ 605 | 617 | 630 | 64z
3521 654|667 | 6791 691 | 704} 716 | 728 | 741| 753 | 765
833 7771 7e0| 802 | 814 827 | 839 851 | 884 | 876 | 888
354| 9009131 925 037 040 v62| 074 9se | 093 I*011
355455023 | 035 | 047 060 072 08¢ [ 006 | 108) 121 | 133
366 1453 157] 160 ] 182 104 | 206 | 218 | 230 | 242 | 953
57| 267[ 2791 201 30371 315 3281 340) 352 | 284 | 278
3581 388 400 413} 425| 437 | 449 | 461 ] 473 485 | 07
3531 5004 522 | 534 [ b46 | 658} 570 | szz2 | 504 | 606 | 618 :
13601 630|642 | 654 | 668{ 678 691 | 703f 7151 727 | 739 A\
(3611 TE1)763) 775 7877991 811|823 | 835 | 847 | 859 b 3
362|871 883 80951 907 919 931 ] 043 | 955§ va7 [ 979} | ) 14| 12
363 F 991 [*003 *015 027 [*038 [*050 |*062 J*074 [*0%6 [*008 aPN2s| 2
‘364 |56 110] 1221 134 | 146] 153 [ 170 1s2] 194 | 205 | 2171 3 39] 3.6
a65] 2204241 253 | 265) 277 | 289 301 | 312 | 324 | 38644 | 5.2 4.8
386 - 348} 360) 3721 384 ) 306 | 407 | 410} 431 | 4434455 g ?‘S g-g
36T| 46714781 400f b02| 5141 526 ( 533 | s40) AB}B73| 7| 91| &4
368] 835] 507 608 | 620] 632} 644 | 6561 667 &7)9 61| s{104| 08
360) 703)1714| 726 | 738] 750 761 ) 773 | 785hyeT | 808 o117 108
370 820 832 844 855 =87 | 879 | so1 | gv21 914 926
371 940 | 961 | 072 | 984 | 806 [F00B\[*019 [*031 [*043
a7 57054 066§ 078 0891 101 [ 113 | 124 P 136 | 148 150
373| 1711183} 194 ) 206 | 217 | 220§ 241 | 252 | 264 | 276
3r4t 2871 2991 310{ 322 3341 345 %357 | 968 | 3s0[ 302
ST5| 4031 415 | 426 | 438 449 |dBT{ 473 | 484 ] 498 | 507
376| 519| 530) 642 553 56543576 | 588 | 600 | 611 623
ar7| 634|646} 657 | 669 Lesol eo2| 703 715 726 | 738
ar8y 749|761 772 | 7ef\705 | S0 [ 8121 830 | 841 | g52
379 864 | 875 | 87| 808Y 910 | 921 | 933 | 944 | 955 | 967
380| 978 990 [*0UL {012 [F024 (%035 |*047 [FO5R |*070 {081
381158 092 104 [ 915 127 [ 138 [ 149 161 | 172§ 182 | 195 11|10
382 206 218 @99 240 252 263 | 2714 ] 288 207 309) 1|1i1|10
333] 320 331p343 | 354 | 365 | 3771 388 309 [ 410 422 2|27 |20
384|433 448 458 467 2781 400 | 501 | 512 | 524 ) 25 i ig 3‘3
385 52640657 | 560 | ss0] 591 | 602 614 625 636 647 HES
386| 659J.670| 681} 652] 702§ 7151 726] 737 | 749 760 Bt bt
3871 ., 7821 794 | 05| 816 827[ s38] 850 861 ) 872| 7l7w |70
388 L £ 883 | 804 | 906 | 917 025 | 039 | 950} 961 | o7 081 B3i3.5(8.0
38%E3 695 14006 (*017 {*028 [*040 [*051 [*062 [*073 [*084 [*095] a[90 |0
B90159 106 § 115 | 129 | 140 | 151 | 262 | 173] 184 | 165 | 207
0291 2181220 | 240 | 251 | 202 | 278 | 284 [ 205 | 306 | 818
‘3921 329340 | 351 [ 362 | 373 | 384 [ 305 | 408] 417} 428
8931 430|450 461 | 472 283 | 204 | 508 | 517 | 528 [ 530
ggg ggo 561) 5721 583 | 504 gos %g gg; gig gég

016711 6521 693 | 7041 715 &
396§ 770) 70} vo1 | soz| 813 | 824 | 835] 846 | 857 | %68
3071 879|800 901 | 912] o0z [ 934 045 956 | 066 | 077
308 9881 890 (Y010 {*021 f*632 [*043 [*054 [*065 [*076 |*086
3991600071 108 | 110} 1300 141] 152 [ 163 173 | 184 185
40 206|217 | 228 | 230 | 249 | 260 | 271 | 252 | 293 | 304
Nl o Jal2{a]als|e6f7|8]9]| Prop.Pts.




8 400 — Logarithms of Numbers — 450 ul
Nl o |1 |a|3|4]5 |6 ]| 7! 8|9 ] PropPis
800 | 60 206 | 217 | 228 | 239 | 249 260 271 ) 282| 293 | 304
2011 3141 825 { 336 | 84T ] 368 36] 378 | 300} 401 | 413
202] a231433{ 44| 465 466 477| 457 | 498 509 | 520
a03]| 31| 541|552 543 | 574| 534| 595 | 606 | 617 | 627
a04| 63s|eso| 60| e70{ 681 | 892 703 | TI3| Y24} T35
io5|  7as| 736 | 767 778} 7Ra| 799 | B10| 821 8311 842
108l 853l ssal sra| 8851895 ) 006 | 917 ] 927 | V38| 049
a07]  9s9] ovo] 9811 991 [*oo2 [*013 [*023 [F034 [*045 *055 )
108 | 61068 | o77 | 087 | 093] 109} 119} 130 140] 1817 162 N\
ool 172l iss| 194] 204 ) 215} 225 | 236} 247 257 | 268
a0l 22| zs0] 300 | 310 | 3211 3311 342] 352) 363 ) 374 ) 131‘10
i1l 3sa| 305 [ 405 | 416 ] 426 | 437 | 448 4581 469 470 | (3] %12‘ ;g
413]  d90| soo| s11| 5911 32| s4z| 553) 663 | 6741 5844 Fn%3|30
413| 595§ 606 616 627 637 | 643| 858] 669 679 b a0 111k iho
a4l 7o0] 71| ma1 | 731 | 7az| sz | ve3| T73| TeafReal” 5125180
15| sos| 215 | 526 | 838 847 | 857 ses| s8] sas[wvo| 6|66 8.0
s8] oouls20] 90| o1 951 | 962 ora ) 982{ 893 003 ;‘; g'; gg
nrtezo14] 24| o34} 045 055] ces{ 076} osefNo97 | 07| 999 0.0
218] 118|123 138] 149 159] 170 180 m 201 | 211
ato| oorfaze]ziz| 252] 263} 273 | 2847204 | 304 815
90| 325|335 346 | 356] 366 | 377 |\a8R) 307 | 408 | 418
21| 423 | 439 420 | 459 | 4681 4301 490 [ 500 511 | 521
ool Bart s42] 552 | s6zf 572 5836031 603 ] 613 [ 624
423| 634]64a|655] 665 675|685 | 606 | 706 | V16| 726
sa| a7 var| o7 | ver| miafrss| ros) sos| sis] 20| 1AL
o5} 830t 810 as0 | 8708801 890 | 000] 9101 921 | 9331 _g EaT78 48l
6] 041951 e61| 97282 | 992 [*002 [ro12 [*022 [*088 ) T g
427| 63043 | 053 | 053 | 073|083 094 104] 114} 124 134
428l 144} 155) 165475 15| 195] 2051 215] 225 | 236
©9] 246|258 206 P27e| 286 | 206 | 306 | 317 | 327§ 337
4301 3471357 {aa7] 377 3871 a07] 407 | 417 428 488
431} 448 | 458)) 468 | a7} 488 ] 108} 508 ) 518} 23| 538
432 545 \558 508 | 6701 B39 | 5091 609] 619| 620 639 9
l433] es0f'eno{ceo| evofeso| aen| roo| 719 729 730
ass| 7av| 5ol 7e0 | 770l 780 | 00| s00| s10| s20| sso} 1192
43% \®a0t 350 { se0 | 870 8s0| s0n | eoa] 919 | 920} 939| 2 1-?
4,3\‘.. 049 959 | 969 | 975 | 938 | 998 [*008 [*018 [*028 [*038 g g'ﬁ
darleeoastozs| oes ) orsfoss| 00| 108] 118} 128| 137| 5|45
433 | 147] 1571 187 | 1r7] 187 97| 207 | 217 | 227§ 287] 6|54
a0} 246|256 266 | 276 | 286 | 206] 308 | 316 326 335] 7|63
2401 345|355]385] 375] 2861 295 | 404 | 414 [ 424 | 422 g ’g%
41| 444l 454] 464 | 473[ 453 203 | 503 | 513 | 523 | 582
aaz)  542] 552 562 | s7z| 682 | 691/ 01| 611 | 6211 631
43| 640 650] 680| 670 680 | 650 | 600 T00 | 719 V20
442| 7as) 48| 758} 66| 777| 787 | TOT| 80T | 816 826
455} 1836|546 856 ) 965§ 875 | 885 | 805 904 | 914 924
446| 933] 43| 053] 2631 972 | 982 | 992 [*002 [*011 [*021
447 65 081§ 040 050§ oeo | o70| o7e| 0so] oooj 108 118
443] 123 137 3147] 157) 167 76| 186 196] 205 215
440| 225|234 244} 254 283| 273 | 283 202 | 302 312

3
450 21| 331 | 3411 350 3601 360 | 379 | 3s9| 308 [ 408 Pt&—
N.|] o 1|2, 314!5|617]|81¢% Prop- - -2




1] 450 — Logarithns of Numbers — 500 9
N.| o §1:2|3t4l5|6]7|[8]9] PropPs.
450 | 65 321 | 331 | 341 3501 360 360 | 379 | 359! 298| 208

451] 418|427 | 437 | 447) 456 | 466 275] 455 4 495 | 504

453F 514|523 | 533 | 543 652 582 571 5811 591 | Geo

453} 6103 619 629} 639] 648{ 658] eo7| 677] 68| 6o9s

g54| 708715 725 | ¥34| 744 7a3] Tas| 2| 7s2| vor

a55| 801|811 820] 836 830 340 855 | 868 | 877 | 87

456| 806]906]916| 025 935] 044 | 9541 063 | 972 | 932

257| 992 P*001 [F011 |*020 [*030 %039 %049 [*058 |*0es Yo7y

258|66 037 | 006 | 108) 1157 124 134 ] 1431 153 | 182| 172

4a9| 1s1§ 191 200) 210] 219§ 220 | 238 247 | 257 | 268 N
460| 278) 295 205 304] 314 23| 332§ 342 | 351 [ 861
461 370§ 380 350} 395 408 417 4271 436 | 445 | 455 10 9
462] 464147414831 402l 5021 511| 521 | 530 539 | 549} 1,00
4631 538} 5671 577] 686 | 596] 605 | 614 f 624 ) 633 622| Li5gl7 %
4641 652] 661 671| 6s0] 6e9i aon| vos| 717| Tor| T35} #3801 2.7
4651 745} 755] 764 7731 785 | 702 501 | 811 820 | 820 | 414.0(3.6
4661 839§ 848 857 867 | 876 | 835 | 894 | 904 | 913 922‘.,% g-g §'§
4871 0327 041 | 050] 060f 969 | 978 9871 997 [*006 %15 7(70!63
468 ) 67 023 { 034 [ 043 052} 062 | 071 [ 680 089 | 099108 | g[8 |72
480 | 1371127 ) 136| 145] 154 [ 164 | 173] 182) 192 1"201| 9 |e0|81
4108 2100 219 | 228§ 237§ 247 | 266 | 265§ 2740254 | 203

471} 3802|311 az1| 3a0] 339 348 a57 [ 3¢t 376 | 385

4721 304|203 413 | 422 ] 431( 440 440 |\d52[ 288 | 477

478 486 | 495 504 | 514 523 | 532§ 541\ 550 | 560 | 560

474| 578|587 596 606 | 614 F 6244633 | 642| 651 | 660

4715|6691 6701 688 | 697 | 708 | 7150724 ] 733 | T42| Va2

76| 761] 770 | 779 788 | 797 | 806 [ 815 | 825 | 834 | 843

477| s52) 861 370] 70| e8] 997| 906t 9161 925 ( 934

478| 943 gs2los1] gvo] 97a ] 058 { 997 fro06 1*015 [*034

419 | 68 034 § 023 | 052 | 0611070 | 079 088 | 097 | 106 | 115

480} 124{133[ 142|481 60| 160( 178] 187 196] 205

4811 215 224 233 242] 251 260 | 269 } 275 | 287 | 206 8
482 3051 314 | 323332 ] 841 350| 859 | 368 377 388 1los
4831 3951 404 4131 4227 431 | 440| 4490 | 458 | 467] 476 5|18
4841  435| 404] 802 511} 62D | 520 | 538 | 547 656 | 565 i §"§
4851 574 | 583 592 | o01] 610| 610 | 628] 637] 646 655 H
486 14678 | 681 | 69G] 699 708} 717 726 | 735 744 by
487 76397621 7r1| yso| vs0| 797 | 806 ] 815] 824 833 7168
4581 842} 351 | 860 [ s69 | 878 | 836 | 895§ 004 | 913 922 Ri64
4801 2031 [ 920 949 | 958 966 | 975 934 | 093 [*002 {*0I1 olra
| 490 (60 020 | 028 | 037 [ 046) 055 | 084] 073 | 682] 080 009

40| Tos| 117} 126 135} 144 152] 161] 170] 179 188

492 197 205 214 ] 223§ 232 ] 241 249 258 267 276

453] 285|204 302 311) 320) 320 838] 346 355 364

404 273|321 300| 3e0f a0s] 217 425{ 434 w3 452

455 461 | 4691 475 | 487 496 504§ 513{ 522 531 | 539

W6 545|557 | bes | 57¢| 83| 592 | 601 | 600 618 827

1670 638 | 644 653 | 662] 671 ) 670 | 688 | 607 705 | Y14

481 723] 7321 740| 749 758 | 767 75| T8¢ 793 801

190} sio] s10| mo7| 36| 845 854 s62) 871{ 850 | 888

Y00} 837|906 | 914 | 923 { 032 | 940 949 | 958 | 968 | 975

Nl o |1 |2|s|2is[e]7]|81l 9] PropPia




10 500 — Logarithms of Numbers — 550 i

N. 0 i 2 3 4 b 6 7 8 9 Prop. Pts,

500 | a0 so7l 906 ] 914 | 0231 932 | 940 | 9451 958 | 966 | 975

0Ll o84 | 902 [*001 010 [*018 [*027 [*036 |*044 [*053 1*062

soel o070 070 | 085 coe | 105 | 114 122 ] 1511 1401 148

ozl 157| 185] 174 ] 183] 191 | 200 209 | 217 | 2261 234

504} 243|252 260| 269} 278 286 2951 303 | s12( 821F |

5051 320| 338| 346| 8551 364 372 | 3814 389 | 398 | 406 =698897 00043

o6l 415 a2a 432! 441 449] 458 | 4671 475[ 484 | 402 |

sor| o1l 500 518| 526 | 535 | 544 | 8562 | 561§ 560 | 578 N\

o8|l 5864 595 603 | 812 621 6201 638 | 46| 655 | 663

5001 e72] 650 éro| 697|708 714 | 723 % 731 | 7401 740 O\

510 757| 7661 774 7838 791 | 800 | 508 | 817 | 835 834]

S11| 512|851 550 | 868 | 876 | 585 | 503 | 002 | 910 | 919f M 2 | 8

s12]  oo7| 035| 044 | 952 | 981 | 969 | 978 | 986 | 995 [*0034N 1 | na !l os

513|71012] 020 020 | 037 | 046 | 054 | 068 | 071 | 07¢ | BE8] ?5| 18|16

si4] o] 105] 113| 122| 130 1304 17| 158 | 164 V72| 312.7)24

515| 1s1| 189] to8| 208 | 2145 2231 231 | 240 f 248\ 2s7] 4[3.6]8:2

516| 265§ 273 282} 200 209 307 | 315 332| 341 g é‘i i-g

517] 349| 357| 3667 374] 883 | 391 | 309 4g§*4lﬁ 495| 7le3|s8

18| 433|441 450 458 | 466 | 475 | 483 s00| 508 sl72le4

s19| 517|525 533 | 542 550 | 5350 567‘\575 584 592| eis1]72

B30| 600|609 | 617 | 625 634 | 622 | B56d 659 | 667 | 675

521§ o84f 692 | 7003 700{ 717} 728|734 | 742 750} 759

622] 767|775 | 74| 7921 800 809N 817§ 825 ] 834 842

523| 850|858 ss7| 875 583892 | 900] 908 | 917 [ 825

524| 033|041 050 o58| 9o6PoTs ] 983 | 991 | 990 |*o08

525172 016| 024 | 032 | 041 o029 | 057 | 066 | 074 | 082 ] 090

526] o0oo}107| 115| 128) 132| 140 148 | 1563 165] 173

s27| 181] 1891 108 .%ﬁ 214 | 222 2307 230 | 247 | 255

528 283|272 280(]"e83 | 296 | 304 | 313 | 321 | 320 337

5201 46| asdb@eal/s7o| 373} 387 | 305 | 4037 411} 419

530 428 438\ 444 | 452 460 469 | 477 ] 485 | 493§ 501

531| 5090|5184 626 | 534 | 542 | 550} 558 | 567 575 | 583 7

32| 59| 5091 607 616 6241 632 | 640 | 645 | 656 | 665 1los

535| o78Des1| 680 697| 705 ] 713 | 722 | 730 | 738 | 746 2|14

5311 ~764] 762 | 770 | 770] 797 | 703 | 908 | 811 | S19| S2v| 3|21

535\.,‘835 8431 852 | 860 | 868 | 876 | 484 | 892 | 900 [ o0& 4 %5

536N 916 | 9253 9331 941 | 945 | 957 | 965 | 973 [ 981 | 989 g s

4537 997 1*008 [*014 |*022 1*030 {*038 |*046 |*054 |*062 [*0TC 7|49

535 | 730757 0861 oa4 | 102 1114 1191 127 135] 143| 151 5|56

533} 159]| 167| 1757 183| 101 | 199} 207 | 215| 223 | 231 0|63

B0 239 247 | 265 | 263 272 280 288 | 2061 304 312

541| 3201 328| 338 3441 352 | 360 | 368 | 376 384 302

642 | 400| 408 416 | 424 | 432 | 440| 448 | 456 | 4647 472

G43| 480 488 | 406 | 504 512 | 520§ 528 | 536 544 552

g4} 580|681 576 584 | 5921 600 | a0z} 616 | 624 | 632

5451 640] 6481 656 | 664 | 672 | 679 | 687 6051 03| 711

546 719) 727 735 | 743} 751 | 759 | 707 ) 7Y5] 783} 701

5471 7001 807] 815| 8231 830 | 238 | 846 S54 | 862 870

5481 878] 88671 894 | 902 010} 918| 926| 933 | 941 | 949

549| 57| 965} 073 | os1| 989 | 997 I*005 {*0123 [*020 |*028

550 .
7} 0361 044 | 062 | o60] 068 | 076 | 0847 0927 099 | 107 [

Nl o {t|2V3la's5 |6 |7 |89 | PropPts_]




1 550 — Logarithms of Numbers — 600 11
N,0123456789Prop.Pts.
550 | 74 036§ 044 | 052 060 | 068 | 076 | 084 002 | 099 | 107
561| 115 1237 1314139 147 | 155| 162 170 [ 172 | 138
552 194 2021 210( 218] 225( 233 | 2471 240 2571 265
553] 273] 2801 238 298| 304 | 312 320 327( 335 [ 343
55¢| 8511350 387|374 832 | 300| 308| 406} <14 | 421
555| 429 4371 245 4531 461 | 468 | 476 | 484 492 500
8567 5077 615| 523 531 ) 538 | 547 | 554 562 570! &7s
557 5686|5031 601 609 | 61¥ | 624! 632{ 640 643/ 656
568| 663|671 679 | 6387 | 6951 702| 710| 715] 726 | 732
669) 741} 749 757 | 7641 772] T80 vas| 7ea | s03 | 811
B60| 819 827 834] 342 850 855 | 865 | 873 | €814 880
5611 896|904 912 920 ] 927 [ 9351 943§ 950 | 958 | 966 ®
562 974 | 981 | 939 | 997 F*005 [*012 [*020 |*028 f*035 Pogz y
563|75051f 059 | oc6 | 074 | 082 ose | 097 ] 105f 113 120 ™
sg41  128) 136] 143 | 151 159| 166 | 174§ 182/ 189 197] L7
65|  205| 213) 220 225 236 | 2431 251 | 250 286 274 <
bes| 282) 289 297 3051 312( 320} 228 | 335 343 | 259\

5671 358|366 | 374 281 380 ( 397 | 204 412 400 | 407
5681 435|442/ 450|458 | 485 | 473 | 481 | 488 [ 406 \5bd
668| 511| 510F 526 | 534 | 542 | 549 | 5571 565 | 572580
§T0| 487§ 505] 603 | 610] 618} 626 ] 633 63L/\648 | 656
8711 664|671 679 656 | 604 | 702 | oo | TR fveeL| 732 8|7
8721 740y 747 | 755 | 72| 770 | 778 | 788 | 793 800 | s08] tlos|oT
573| 815} 823 831 828 ] 846 | 8531 8enf\s6s| 876 [ 882 2[16]1.a
St so1| soof a0a otaf 21| 029 lexr| o4a| o521 0so| 3|24 ,f,é
575| 967|972 | 982 080 | 997 [*eos]*R12 [*020 {027 (*03E HIrAEy:
576176042 ] 050 | 057 | 065] 072 080} 087 065} 103 | 1107 35|33
5771 118 125] 133 140| 1484156 163 | 170 278] 185| 7|5.6140
578 193] 200{ 208) 215 2ag 230| 238 2451 253] 250] 8)6.4[56
579| 268 25| 283 290{.298| 305 | 313| 320 328 | 335 9[7.3|63
580| 3431 350| 358 3653731 380 388 | 205 403 | 410
6811 418| 4251 433 Dado| 448 | 455 | 462 | 470| 477 | 485
5821 402l s00| 507 0\515 | 522 | 6301 537 5451 552 | 559
583| 567|474 | 582} 589 597 | 604 | 612 619 6261 634
6841 641 6494%65s | 664 [ 671 ] 673 [ 685{ 603 | 701 | 708
8851 718| 72843730 T38| 745 | 752| 760 ves| 775 [ 782
586| 700] 797y 805 | 812 | 819 | 827 834 | 842 849 | 856
887|  86e{8T1| 7| ssef sozi oot | 008 016 [ 023 930
5881 63’1945 | 953 | 960 | 067 | 975 | 082} 989 | 997 [*ond
589 | 770121 019 | 026 | 034 041 048 | 056 | 063 | 070| 078
590 ] 3085|0031 100] 107 | 115 | 122 | 128 187 | 142 | 151

591 1591 166 173 | 18k 1881 105 202 210| 217 225
5921 232] 240) 247 | 254 | 262[ 260 276} 283 | 201 | 208
83 205] 213 [ 320 327 | 335 | 342| 340{ 357 364 | 371
504]  avo| 386 303) 401) 408 | 415 422 ] 430( 437 a4
595] 4521459 4667 472} any | 488 495] 503 | 510] 517
08| 5250 532 530§ 546 f 554{ 561 | 588 | 576 | 583 | 500
8971 bov| 605 | 612 619| 627 634 | 641 | 648 656 663
598] 670l 677 625 | eoz| suo| voa| 7T14] 721 | 7281 735
5990 743) 750 757 | 764 | 772 | 770 | 786 ve3( S0l S08
800) 815} 822 530 | 837 842 ) 851 | 850 | 866 | 873 | 880
Nj o |1Vefa3fafs|6]7]|8] 9| PropPis




12 600 — Logarithms of Numbers — 650 X
N1 o |tl2!3|]a|s5|6l7|8]5| PropPis
800 | 77 815 | 822 | 830 | 857 | 844§ 851 | 859 | 866 | 873 880
801 87 | 595 | oo2] 909| 916| 924 9311 938 | 94h| 952
Aeoz| 960l 967 974 | os1} 988 | 996 [*003 [*or0 [*017 [Fozs
603 | 78 032 | 039 | 046 | 053 § 061 | 068 | 075§ 082 | US| 097
goel 104|111 118 125| 1321 140} 147 | 154 161 168
gosl 178l 1831 1901 197 | 204 211 219 226 2331 240
soa] 247|251 | 2621 2601 276 | 283 | 200 207 | 305 | 312
sor]  a210) 306| 233 | 340| 547 | 355 382 | 369 | 276 383
poz| 200] 3pe| 205 | 112 419 | 426§ 42| 240 247 435 ~
609 462 | 469 4761 483 | 400| 497 ] H0al 512 | 519 5206
8101 533] 540 | 547 | 554 | 5611 569 | 576 | 583 | 500 | 567§ A\
it sial it ems o35 o33 | o0 | 627 | 654 | ool | eeal 4B |7
piz| 75|62 8se| eua | 704 | 711} 7is| 7251 732 | A} 1|08 |07
g13f 746 | 753) 760 | 767 | 74| 781 | 789} vos | soz | a0 211.6|14
14| 817|824 | 831 | a38| 845! 852 | 850 § see | sza{ s} 2124421
615] s8] 805! 902 | 909 | 16| 023 | 930 | 037! eedi ea1| ZLGIAEE
o8] 953 965 | 072 | 979 | ~se | 993 ["000 |*oQ7iMIL (021 | &|i5iin
s17| 70020 | 036 | 04zl 050} 057 | 064 | 071 ] wzeVoss | 02y 7{5.6|49
618l 090 106t 113 ] 120 1273 134| 141 8| 155 ) 162] B|64[58
gio] 169l 176|183 100] 197 | 204 ] 23ab\1s | 225 | 232] e¢l72]63
6201 230 | 246 | 258 | 260] 267 | 274 | 28%| 258 | 295 | 302
621| 309§ 316 | 24| 330 | 337 | 284,851 | 358 | 365 372
e22| 370l 386|302 | 100 207} 414 421§ 428 | 435! 442
6231 440) 456 | 2631 470 | 472p 281 | 401 | 495 | 505] 511
62¢| b1s| 5251 s32| 520} 546 a3l se0| 567 | 574 581
g25| 5ss| 505 02| soafbie | 623 630 | 637 | 644 | 650
826| 657|664 | 671 678 685 | 692 | 699 | 706 | 713 | 720
ea7l  727| Tast rari7a®| 751 7e1 | 7es | 775 | va2| 780
6281 706 | 803 | 810 817 | 824 | 831 | 837 844 | 851 | 838
620 | 8651 872|879 885 %03 | 00| 906 ] 913 | 920 927
830|034 | 94K 948 | 955 | 062 | 969 | 975 | 982 | 980 | 496
631 | 80 003 010 017 | 024 | 030 | 087 | 042 [ 051 0581 ves 6
632| " o724 ovo | 085 | 0021 006 | 106| 113} 120] 127 13¢| 108
633 | JJ4O[1a7| 1541 161} 168 | 175| 182 | 188 195 | 202}  2}12
634{, (209 | 216§ 223 220 236 | 2431 250 2571 264 271 3 ;i
635777 | 284 | 201 | 203 | 305 312 318 325 332 230 HEY
836" 348} 353 | 350 3as ) 373 | 380 | 387 | 308 | 00| 407| 2136
Jeert  a1alasil 4281 434) 41| 448 455 | 462 | 468] a75]  7]42
Je38| 482 4s0i 406 | 502 | 500 | 516| 523 | 530 py6] 543 548
69| 550 557 | 564 | 570 | 5771 584 | 591} 598 ] 604 | 611 954
610] 618} 625 | 632 638 ] 645 | 652 | 660 | 665 | 672 | 679
6411 686|693 | 699 | 706 | 713 | 720 | 726 [ 733 | 740 | 747
62| 754 | 7601 767 | 774 | 781 | 787 | 704 | 501 | S0% ] 814
643 8211 B281 835 | 841 | 848 ( 855 | 862 | 8681 875] K82
644| 80| 895| g02| 900 o16] 922| 9201 036 | 043 | 949
g45| 956] 963! 960 | 976 | 083 | 9001 aue [*003 [*010 |*017
646181023 ] 0301 037 | 0427 050 | 057 064 | 070 | O77 | 082
6471 000|007 | 104 111 | 117 124 131 | 137 144} 151
643] 158|164 | 171 178 184 | 191 | 198 | 204 | 211 | 218
640 | -22¢| 2311 288 | 245 251 253 | 265 | 271 | 278 285
860 291] 298| 2051311 318( 325 331 | B38| 345 | 381]
- 6
Nl o |a|2ls]a|5!6|7|8]|9| Prophe)




650 — Logarithms of Numbers — 700

1] 13
N.|] © L 213 | 4(5]|8]|7 (8] 9] Prop. Pis.
850 | 81291 2081 3057 511 318 325 351 338 | 3451 351

61| 2a%| 365 a71| 37%| 385 | 391 [ 3oR | 405 | 411 f 215

52| 425]431f 438 a45) 451 | 458 265 | 471 | 478 | 135

653) 401|498 | 505 | 511} 518 525 | 531 | 538 | 544 | 551

65 558 ) a64t 571 578 | 584 | 501 | ses| a0 ] 611/ a17

655| 624] 631 | 637 644 | 651 | 657 664 | 671} 677 ] 681

656] ooo| 67| 7o4| 710 717 | 723 | 730} 7| 743 TE0

sxr| 757|763 | Tro| vre ) 783} 700 | 796 | 803 | 809 | 816

658| 8523}820) 336 8az| s40f 856 | ue2] 860 | 275 8an

659| ssel805{ 0025 908 015 | 021 | 92ed 035 | 941 | 948 N
860| 9s54{ 61| 968 | 074 951 | 987 984 [*000 [*007 [014 ¢\
661182020) 027 | 033 | 040 f 08§ 052 | 0s0] 066 | 073 | 0T O
662| 086]0o2d ooof tos] 112 119 225 132 138] 145 )
663 151f 158 184 | 171 178 | 1841 1071 | 197 204 | 210
66| 217|223 | 230| 236 243 240} 256 | 263 264 | 2761, 7

6651 2821289} 2051 302 308 315 321 | 328 334 241\ &

e66] 347) 354} aso| 367 | 373} 380 | 387 ] 393 | 400 [ J0E

667| 413] 219| 426 | 432] 439 [ 445 | 452] 458 | 465 {4

a68| 4vs| 482 | 491 | 497 504 | 510 517{ 523 53\3\ 536

669 | 542|549 | 556 | 562d 560 | 575 | 5s2| 588 | A95.] 801

670| 607|614 620] 627 6a3{ 620] 646} 653( 650 | 666

671] 672|670 | 685 692 | 698 | 705 | 7LL [(718]| 724 | 730 7186
672f 7371743 750 | 756 | 763 | 760 | 77 782 | 7aef vo5| 1|or|oe
673| 802] 803 | Si14 | 821{ 827 | 834 840y 847 | 853 [ 860| 2[14|12
874] 866 872 | 879 | 8851 892 | S08405F 9111 918 | 924 2 g-é %-g
6751 930 037 943 | 950 | 056 ] 9681069 | 075 | 982} 988 | L[ 2%
676 995 |*001 |*008 [*014 [*020 [¥02% [*033 J*040 [*046 [*052[ 2| 0|20
877183059 | 065 | 072 o7s | ossy o091 | oor| 104 ] 110 117] 7vi4.9|42
6781 123| 129 136 142 %9 155 | 161 ] 168 174 ] 181) sleel4s
791 187|163 | 200 | 206213 | 219 225 | 232 ] 238 245 96554
680 =251 257 | 264 | a7nf 276 | 233 289 | 206 | 302 | 308

6311 315 321 | 32P\asz | 340 547 | 353 359 | 266 | 372

682] 378 385 | 3aMpa0s ] 404 | 410 417 4231 429 236

683  442| 1124.485 | 461 | 467 474 480 [ 487 [ 403 | 499

84| 506 | 5121518 | 525 | 531 ] 537 | 644 550 | 556 | 563

6851 569 | 5750 s%2 | 583 f 504 | 601 | 607 613 | 620 626

6361 6324 689 | 645 651 | 658 | 664 ] 670 | 677 | 683 | 659

687 |  e98) 702 | 708 715 721 27| T34 | 7407 T46| 753

8331 500 765{ 771 | 775 ] 784 | 790 797 | 803 | 809 | 816

689 h\\822F s25{ 535 81| 847 | s5a | seo| s66 | 872 879

1630, 8851801 S07| 004{ 910 | 916 925 | 920 | 935 | 942

6911 8481 05T ( o0 | 067 | 973 | 979 | 985 | 992 | 998 |[*004

E92184011| 017) 023 | 020} 0367 042 | 048] 055 | 061 | 087

693 073|080 oss| ooz | 098 105 231} 117 123] 120

6941 136 149 148 | 155] 161 167§ 173 [ 180 188 102

895|108 | 205 | 2171 | 217 223 | 230} 236 | 242 248 255

881 261|267 | 273 | 280} 288 | 292 | 208 305 | 411 | 317

%971  s23] 3301 386 342 ] 345] 554 | 361 | 267 373 370

G981 3se| 392l 208 | 404 | 10| 217 | 423 | 420 485] 442

009 | 448 454 160 | 466 | 472 | 479 | 485 401 | 497 § 504

_7_0_0_ 510 516 | 522 | 528 535 541 | 547 | 853 | 559} 566

LIE. 0 1 |2i3t4|l5i6]l7!8]|29 Prop. Pts.




700 — Logarithms of Numbers — 750

14 i
N.t O 1| 2713]4 B i6 7 81 5 Prop. Pie.
700 | 24 5104 5161 522 | 528 535 | 541 | 547 | 553 | 559 | 586

7orl - orok 578 | bea] se0f 697 [ 603} 809 | 6151 621 ) 628

sool gaa]640] 646 652 | 68| 605 [ 671 877 [ 6331 629

70s] 6os| 7oz| Tom| 714|720 720( 733 | 730 ) 745} 751

voe| 7574 7633 770| 76| 782 | 788 T94| 800 | SOT| 8131 Jog7
qo5] ®10]825( 831 | 8371 544 850 | 856 862 | 868 | 874 | = £4500 50400
7o6| ss0) 887t 893 200 | 505 | 911§ 917 | 0247 930 938

ror]  o4z] o4 os4| 960 9873 973 [ 979 ) 985 091 [ 497

voziss 003 009 | o1e| 022] 028 | 034 [ 0401 046 052 [ 058 A
roa|  oesfo7i)orr|oss]ose | 095y 101 107 114} 124

T0] 1267 132|138} 144] 150 186 ] 163 ] 169 | 175 ] 15 O\
711 1270 1ent 199 | 206] 211 217 224 | 230 26} 242 b s
7128 . 248 254 | 280 286 f 272 | 278 | 285 | 201 [ 267 | 80311 0.71 08
712]  a00{ 315] 321} 327|333 | 230 | 345 362 [ 338 64| 2|14|12
nal sl are| 3s2) 388] 304 | 00| 406 412 [ 4184825 3121118
7161 431] 437 443 | 440] 455 | 461 ) 467 ] 473 419. 485 | = 1375130
7ial  ao1l 497] 503|500 ] 516 | 522 | b28 | 534fsd0 | 36| 13515k
7T 55215581 a4 570] 5761 582 | 588 | 594 \600 1 606 74942
v18F 612§ 618] 625 ] 631 ] 637 | 643 | 649 \%155 661} oo | 856|438
710] 673ferol 6=5 ] 601 | 697 [ 7037 vOapTYs [ 721 | T27) 9 6.3 354
7o08 733l T20] 7451 7511 757 | 763 A8a 775 781 TBS

w1l 7044 s800| soa| 812 | 818 | s24'\880 | 836 | 842 ‘8ag |

oo ssalse0] ses] s72] svs| ssapEe0] sus | w02 | 008

723 o614 020 926 | 32| 935 Jndes | 650 | 056 | a2 | 668

7241 07419804 986 092 993,‘004 *)10 |*016 [*022 [*028

725186 034 | 040 046 | 052 058 084 | 070 | 076 | 052 [ D88

726} 0041 100| 208§ 11218 [ 1247 130 | 136 141 147

qorb 153|150 185 ]2 { 177 183 | 189] 195 201 [ 207

tos1 213|219 225 w31 ] 2371 243 | 249 | 255} 261 | 267

720 | 2r3] 279} asp) 201 207 3031 308 | 314 | 320} 326

7301 833 | 398 244 | 350] 356 | A62 | a6s| 374 380 | 386 5
731 | 202 |Ses| 404 410 415] 421 427 | 423 | 439 443

7328 4514467 | 462 | 460 | 475 421 | 4877 493 | 499 504 1105
733 51& 516 | 522 | 528 534 | 540 | 646 | 552 558 | 564 g 12
734 | 570 | 76| 581 | 587 503! 500 | 605 611 | 617 623 2100
7350 {B2a] 635 | 641 | 646] 652 | 868 | 664 | 6707 676 652 5125
7%3 »eas {604 | Toof To5) 71| F17] 728 V20| Tan} T4l 6|30
K 747 | 753 ) 750 | vee ] v70] 776 | 782} TR8 | 794 | 800 'é' i-g
733 s06| 813 817| 825 820 | 835 841 847§ 853 | 859 Iy
730| ssdfsT0l 876 882 885 so4 | 900 | on6 | 911 917 "
740 o923 | ozo{ 935 941 oar | 053 | vas| 964 | 970 976

741| 9%z | 985 | 904 | 999 {¥005 [F011 |F017 [*028 |F028 [*033

742 |87 040] 046 { 052 | 058 | 084 | 070 ] 0OV5] 081 0BT 093

743] 0dop105| 111] 118 122 128 | 134 | 40| 146 | 151

744 1571 163} 160} 175] 151§ 186 | 192 | 108 204 ] 210

T45 .«

45] 216|221 2271 233 230 245 | 251 | 256 | 262 | 268

746| 274} 280 286 | 201 207 | 3031 309 15| 320| 326

7474 332 338] 344] 349 355| 261 | 367 | 873 8v0} 384

743 300f 206] 402 | 405f 413 410 | 425 431 | 437§ 442

Ta9] 448§ 4541 460 466] 471 | 477 ) 483 | ar9 | 406 ) 500

750 506 612 | 515 | 523 | 520 | B35 [ B41 | 547 | 552 | 638 e

B

N| o |2 |a|a 5|6 |7 |8o] Prolid




1] 750 — Logarithms of Numbers — 800 15

'N,o123456739Pmp.Pts.

750 |87 506 ) 512 ) 518 523 | 520 | 535 541 | 547 | 652 | 5am

751|564 ) 570| 576 | 581 | 5571 593 | 599 | 604 | 610 | 616

752] 622 628 | 633| 639 646 | e51| 6561 62| 6er] a74

753)  670[685) 6011 697§ 703 | 708 714§ 720] Y28 | 731

54| 737) 745 | 749 | 754 ]| 760 | T | 7r2f 7rr | 7Ral ven

75| 795§ 8001 s06| 8120 %18 ) 823 | 529 [ 835 | 841 [ 846

756  B52§ 858 8621 860§ A75 | 831 | w87 | 802 | sk | o<

757y 910|915 621 | o2r ) 933 | 938{ 944 950 | 955 | om

758 F 067 3 6731 973 | 984 | 600 | 995 {*001 JFe07 [*013 [Fo1g

750188 024 | 030 | 0361 041 047 055 | 058 | 084 | o70) o7

760] os1]osv| ooz owsfioa] 110 116 121} 127 | 188 'Q
&,

o1 1387 144 1507 1560 161 | 167 173 ] 178 184] 100 "

762| 1957 201 | 207 | 213 218] 224 [ 230 235 | 241 | 227 \

763]  2p2{ 258 284 | 2rof 275 281 | 287 [ 202 208 | 304

7641 309) 315 321 | 326 832 | 33%| 345 340f s55f meof LY

o5l 3661 a2 ary{ ax3] 389 | 385 400 | 406} 412 417] .

766| 423)420| 434 440 446 451 ] 457 | 463 | 488] a72|E

67| 4807 485 | 401 | 497 | 5oz | 508 s13 | 510 | 525 Wsaold)

7681 5363 542 547 | 553 ) 550 | 564 | 570§ 5767 631 hGRT

Te9| 593|598 604 | 610] 615 | 621 | 627 | 632 | 638 643

T0) 646} 655 [ 660 666 | 672] 677 { 633 [ 689 Ji68e] 700

I 7051 711 717 | 722 | 7287 724 | 730 | 48 1750 [ 756 616

vez| w62 | 767 [ 773 779 784 | 700 | 795 f801Y 807 | 812{ 1]osfos

T3] 8180824 | 820 835 340 546 852 857 | 863} 868| 2[12|10

774} 8741 8507 885 | 891 807 { vo2| 968F 913 910 [ 925 i 1.5 %g

TI5| 9304 936 | 941 ) va7 | 953 958 o4 | 969 | 975 981 §‘3 ]

76| 86 992 | 997 [*003 [*009 [014 R020 025 [*031 [*037 g 29 g'o

Tr7180042| 048 | 053 | 059 ] 084070} o7e [ os1| os7i 02| (42|35

7781 09811049 100 115 120126 131 | 187) 143 148] 3)43|4p

7791 354 1591 165 170 | 376\ 182 187 | 193] 108] 204| 9[5474%5

80| 200%215| 231 226 285 237 | 243 | 243 254 | 260

781 265| 2711 276) 2527 287 293 208 304 | 310] 316

7821 2210326 339/\337] 343 548 354] 360[ 265 371

83| 376 | s8z| 3a7|.203 | s9s| a0e ] 400 415 | 421 | 428

781|432 4a7 Pads’l sas ] 454 | 459 485 ] 470 476] 41

7851 4871 492h403| 5041 500 515 520 636 | 531 | 537

86l baz| sagbas3| asa| 584 Bre | 575 581 586 | 592

87|  somf\eds | soo| s14] 620 625] 631 | 638 ] 642] 647

788 egwess 664 | 669 [ 875 680} 656 | 601] 607 702

78] 081 713] 719] To4 | 730 | 735 | 741 | 746 752] 757

7904763 § 765 | 772 | 779 785] 790 796 | 501 | 807 | 812

TeL 21| 823 |Ta20 | R34 [ 840 | 845 | 851 [ 856 862 | 867

23] 873)avs| sus3) sso| sua) 900 005 ) o121 ) o8 922

71 927) 033 ) o3% | 044 | 940{ 955 | 960] 966 | 971 977

7941 08z{ o0ss | 9oz | nog [*ooda [*009 [F015 020 *0ze 031

795190087 | 042 | 48| 053 | 059 | 064 | 069 | 075 | 080 | 086

7961 091] 007 1024 108) 113 | 119 124 ] 129] 135] 140

71 146 ] 151 157 162 168 | 1721 170 ] 184] 180} 105

7981 2000 206 | 211 | 217 292 227 233 ] 238 244 | 249

791 255 ) 260 | 266 | 271 | 276 ) 282 | 287 | 203 | 208 | 304

800| 305|314 330 525 | 331 | S50 | 342 | 347 | 362 | 858

N.0123456789Pr0p.1’£80




16 800 — Logarithms of Numbers — 850 [t
N.] o |1 )2 |3|l4215]|6{7 )| 8] 9| Progps
200 loo 00 | 314] 3201 3251 331 1{ 836 | 342 | 347 | 352 858

2oLl 3631 360 | 374 3804 385 | 300 [ 396 | 401 | 407 412

goz|  417|423] 428 4341 430 | 445 450 | 455 | 461 465

803 ar2|4v7) 482 488 | 403 | 400} 504 | 509 | 515) 520

ao41 o6l 531 | 538 | 542 | 547 | 553 | 5358 ( 563 | 560 | 574

ges| 580|585 590 | 596 601} 607 | 612{ 617 | 623 628

ao6| 634) 639 644 | 630} 655 660 | 666 ] 671 | 677 | 682

sor| 687l 693 608t 703 ] 709 | 714 | 720{ 725 | 730| 736

gog| a1 | 747|752 | 757 | 763 | Yes | T3 | TVO| 84| THO

go0f  7o3) so0| 806 | 811 815 | 822} 827 | 832 | 838 843 ~
BI0| 840|854 859 | 865 870 | 875 | 881 | 856 | 891 ; #o7 R

811| g0z o07! 013 918 9241 920 034 | 9401 945] va0| 2NN
gie] o56| 081} 066 072] 077 952 | 988 | vua | 008 %004 Ll

813 |91 000 | 014 | 020 | 025 030 | 036 | 641 | 046 | 032 | 03T |\,

s14] o8z o68| o3| 078] 0S4 | 089 F 0943 100| 105 | 240,

815| 118] 121 126 132 137 | 132 { 148§ 153 [ 1554 464

816| 168]| 174 180| 185 100| 196 | 201 | 206 | 2224217

8171 222 298| 233 238| 2431 249 | 254 | 250 265 270

s18f 27| 281| 286 | 201 207§ 302 | 307 | 312\ @18 | 323

819| 328) 332 339§ 344 ) 350 | 355 | 860|365 371 [ 376

331 | 357 392 | 397] 403 | 408 | 4137418 | 424 | 429

821 | 434|440 245 | a50| 455 | 461266 | 471 | 477 482 6|8
g2z| 4s7| 402| 208 | 503 | 505 | 514610 624 | B20[ B35| 1[06|06
823| 540|545 | 551 | 556 | 561 | BEGPBT2 | 677 | 582{ 587 3|1.2(L0
s2a} 503 fs08| 60| 6001 614 ]0610 | 624 | 630! 635 | 6401 23|18 3
g25| 45| 4651|656 661] a6, [672 | 677 | 6821 687 693 | 51575195
g26| 698|703 709 | T1a| P9 724 | 730§ 735 | 70| T45| 3|38i30
g27| 751l 756 761 | 7ealrre| 777 | 782 | a7 | 703t Tos| 742|348
s28] 2031208 814 |m10( 82| 820 834 ] 840 | 845( 850| 84840
8201 =55 861] S6at 871 | 876 | 552 | 8e7 | 89z ! sov| 03] ¢le4lsd
830| oosl|ow3|g1n| 924} 020 934} 939 944 | 950| 955

831 960} 9654971 | 976§ 981 | 986 | 991 | 497 [*002 [*007

832 o2 012 ] Dis 023 | 028] 033 | 0381 044] 0do | 054 059

833| 065]%070] 075} 0801 085 | 091 096 | 101 | 106 111

a3a| Irbiaes| 127 132| 137 143 f 148 153 | 1583 163

835 . 1601 174 179 | 184] 180 | 195 | 200] 205 | 210 215

836 |/ \221 226 ( 221 | 236 | 241 | 247 | 252§ 257 | 262 | 267

&g > o973 | 2v8| 283 | 288 ] 203 | 268 | 3041 300 | 814| 319

{58 324 | 330 335] 340] 345} 350 | 355 3611} 3661 371

830| 3ve| 3510387 302] 807 402 | 407 | 412 | 418| 423
»[ 840 | 428 433 | 43S 443 | 449 | 454 | 450 ] 464 | 469 | 474

841| 480 485| 400 495| 500( 505 | 611 ) 516 | 521 | 526

842 531536 542 | 647 | 652§ 557 | 662 | 567 | 672 578

843| 583 | 588) 593 | 598| 6031 600 | 614 | 619§ 624§ 629

ga4| 634]| 630 645] 650] 655 | 660 | 665 | 670 | 675 681

8451 a6 6or| 606 701] 708 | 711§ 716} 722 | T27 | ¥33

8461 737| 742|747 | 752 758 | 763 | 768 | 773 | 778|783

B4T| 788} 703|799 804] 09| 814 | 810 824 | 820 | 834

848 | 840|845} 8501 855 | 860 | 865 [ 870§ S75 | 881} 886

840 891| 8961 001 | 006 | o1z | 916 | 021 ] 927 | 632 937

BOO{ 04271947} 052|957 02| 067] 073 | 078 { 9831 088) e
Nl o |1]2|s|&i5 |67 |8 o PPl



1] 850 — Logarithms of Numbers — 900 17
N.f o (1|28 |4!5 6[7|[8(5]| Prop.Pen.
86002942 | 947! 9521 957 J 962 | 967 | 973 ) 078 | vs3 | 98a

851 993 | 998 /*003 *008 [*013 |*018 [*024 [*020 032 [*039

852193044 [ 0491 054 ) 059 | 064 | 089 | 075§ 080 | 085 | 09p

s53| 095|100 205] 110] 115§ 220 125 131 | 136] 141

g5¢| 148) 1511 156| 161 166| 271 176 | 181 | 1861 192

8351 197(202) 207 212 | 217 | 222 | 207 | 239 | 2371 242

856| 247| 252[ 258 | 263 ) 265 273 | 278 | 253 | 283 203

8570 208)303) 308 | 13| 318} 323 | 308 | 234! 339 344

853 3401354 359 364 | 360 3va ] 379 | 384 359 | 304

859 209| 404| 4097 414 | 420 | 425 | 430 435 240 | 245 A
860 450| 455{ 460 465 ] 4701 475 | 230 | 485 | 490 295 ,\’ e’
8611 5001 505|510 515 5201 526 | 551§ 586 | 641 | 646 88
8621 Lot | 856 | 561[ 566 | 571 | 6761 581 | 536 591 | 596 1ib.60.5
8631 601} 606 611|616 621 626 [ 631 636 | 641] 848] |12 [1.0
goe| es1yes6 661l 66l 61| 676 | sz | esy | eozi eord3[13 2
865 F02[707| 712| 77| 722} 727 | 782 | 737 | 742 | 7atd. HE
866). 7sz| Yo7 | vez| 7T | ur2| 777 | 782t 787 voz{ yop sl3sl%0
807 802|807 | 8125 817 | 822 | sov| ssz ] ssr| saalsur| 7liz|ss
868| 852|857 | 62| 867 ) 8721 877 | 882 887 % sg7] 8l48|40
869 | ©02]907 | 912! 917 922 927 | 932 | 0374'032 vaz{ ¢|s54fss
BI0) 952] 957 962 067 [ ov2 | 977 | o8z [egn[ 602 | ve7

871194002 | 007 012 | 017 | 022 027 [ 032§ 037 | 042 | 027

g121 052 057[ 0624 067 | 072} 077 | 0a2 |Moss [ 001 oos

8731 101106 | 111 116 ] 321 126 | J80{ 138 | 141 [ 148

87¢| 151|156 161| 186 171 | 1760f8a81 | 286 | 101 198

8761  201) 2061 211 | 216 | 221 | 2264 231 | 236 [ 240 245

876 2507 255 | 260 265 | 270{.275 | 280 ] 285 | 260 | 205

8771 a00{ 305| 310] 315 220 325 330 [ 335 | 340| 345

878| 349 | 354 | 359 | 364 |ge0 ] 374 | 379 | 282 f 389} 302

879| 300] 4041 <09 | 414\d10} 424 | 429 | 433 | 438[ 443

BBO| 448 453 458 %463 [ 468 | 473 | 2751 483 | 488 [ 493 p
881 4931503} 507 512 [ 517 | 622 | 527 [ 632 | 637 | b4z

8821 847 | 552[ b5 562 ] 5671 571 | 576 | 631 | 586 [ 501 1/04
8831 5G] 6016061 611} 616] 621 ) 626 630 | 635 | 640 2 o.g
Ssar 645 ) esdlbss | 660 | 665 | 670| 675 | esof ess( ese| 3112
885 o4 69 704|709 7141 719 | 724 | 720 | 734 | 738 HEe
886 7$:\ 743 | 753 | 758§ 763 | 708 | 773 [ Tvs | 783 787 6lad
8871 792 797 | s0z| so7| s12| 817 822 | 827 sz sze 71238
888| \Bal | 846{ 851 | 856 | 261 | 866 | 871 | 876 | 880/ 885 8 3.§
839 §.°890 1 895 | 900 905 |-910) 915 | 919] 924 | 20| 932 RAEE
8001 939 | 944 | 949 | 954 | 950 903 | 96a | 973 | 678 | 983

8911 983|993 993 *002 [F007 [F012 [F0I7 {022 |*027 (*032

892195036 1 041 | 046 | 051 ) 0561 o061 ] oes | 071 | 075 | 080

82) 0851 000] 095) 100} 205[ 100 114 [ 110 | 124/ 129

894|  134| 139| 143} 148 153 158 | 163 ] 168 173} 177

Bos| 182|187 192 107 | 202 207 | 211 | 218 221 [ 226

896|231 226 | 240| 245 | 25014 255 | 260 265 | 270| 274

vl 29| 234 280 | 204 209 [ 3031 s08| 313 [ 318 328

5981 32813391 337/ 349 | 547 | 352 | 267 ) 8611 366 371

981 3761331 3861 306 | 305 | 00 | 305] 410 415 118

00| 494|420 (434 | 430 | 44k | 445 | 455 | 455 | 463 | 463

N1 o V11232 |5 6|7 8|8 PropPis




18 900 — Logarithms of Numbers — 950
N o 1128|465 |67 |89 | Prop P,
900 1 05 424 ) 429 ) 434 | 439} 444 | 4487 4563 | 458 | 463 | 468
aor |~ 472t 477 | 482 | 487 4u2| 497§ 601 | 506 | 5111 516
a0z | - 521] 5251 530 535§ 540 545] 550 ] 654§ 560} Bo4
a03| 6ol 5741 578 | 583 ] Bes| 593 | 598| 602 607 | 612
oos| 617) 622! 606 61| 636} 641 | 6461 650 655| 660
oos| 665} 670 674 679 | 684} 689 | G4 | 608 | 703 | 708
oos| 713|781 722| F2v| ¥32] 73T | 742| 746 751| 756
ao7|  7e1{ 786|770} 775| 780 | 785 789k V94| 709 S04
g0s| 08| 813 818] 823 | 825 | 832 | 837 | 842 | 847 852 N\
a06| 56| 881| 868|871 875 | 880 | S35 ] 890 | 895 | 899
810 90| 900 914 | 918 | 923 | 928 | 933 | 938 | o4z war] O\
o11| 952 | 957 | 961 966| 071 | 976} 950 | 9851 0901 995 [N
o12] 690 [*004 |*p0g j*014 [*019 [*023 [*028 |*033 [*038 [*042 [\
013 |06 047 ] 052 | 0571 081 f 066 | 071 | Ove | 080 | 085} DAOY
ota| 005|000 104| 100] 114 118] 123} 128 133 p2e7
915| 142) 147|352 156 181 166 | 171] 175 1804185
916y 100] 194 | 109 204 | 209 | 213 | 218 2234227 | 232
o17|  237| 242] 246 251§ 256 | 261 265 | 2TON2TE | 280
o18] 984|280 204 208§ 303} 308] 313 &(137 3221 327
919) 3321 536| 341§ 3461 350 355 | 260/DAR5 | 369 374
9201 570 | 384 | 988 303 | 408 | 402 | AQR[412| 417 | 421 .
921 | 426] 431 | 435 | 440 | 445 | 450°\464 | 459 | 464 | 468 5
p22| 473|478 483 | 487 | 402} 4onboi | 508 511} 515) 1105104
9231 620 525§ 530} 534 539 |wis| 548| 553 | 558 | 5621 210 og
oos| se71572| 577 | 551 | ssey ot | 595 | eo0] o5 | 00| 235113
o25| 614|610 624 | 628} 633 | 633 | 642) 647 [ 652 [ 6568| x153]|20
9261 61| 666 870 | 675650 | 65| 889] 604 | 699 | TO3| §i3p[24
aor| 708 73] Trrimz] 7ev| w31 | 736 ] 741 | 7as) 750 713.5(28
9281 755] 759 | Te4] 769] 774} 778 783 | 788§ 7921 TO7 §|4.0 3%
o20| so2] os | 8¥1\'s16| s20] 825 | 530} 8341 639 | 84| 91453
930 | sac} 8539 8531 se2] 867] 872 &76] 831 | 886 | 880
931| 805200 904 900 014 ] 918 923 | ses| 932 937
033| 04249461 951 ] 956 960 | 965 | 970| ara !t 979 984
933| o34 003 | 997 |*00z [Feo {*011 |[*O1s Y021 [*025 {*030
934 97«325 039 044 | 040] 053 | 058 | 083 ] 067 | 0721 077
9354 (081} 0sal 090 095 ) 100 | 104f 106 | 114 118] 123
935 ) 1281132 137 142] 146 | 151 155 260 | 165) 169
@ 174] 179 183 188 | 192 197 202 | 206 211/ 218
19381 220|225 230 | 234 | 239 243 248 253 | 257 | 262
939 | 2871271} 276| 280 285 200 | 294 299 3044 308
940} 313|517 322 327 [ 331 336} 340 | 345 350 364
p41| 350{ 384 368 | a7a] 377} 382 ] 387 | 291 | 398 | 400
942 |  405{ 410 414 | 419 | 424 { 428 | 433 | 437 | 442 | 447
943 451|456} 460 4651 470] 474] 479 | 483 | 438 | 403
o44| 497|502 | so6| 11 18] B20| 525 520 534 | 539
0451 ba31 54| 552 | 657 | K62 | £66 | 571L] 5751 680| 586
46| 539|594 | 598 | eo3 | 607 | 612 | 6171 621 | 626] 630
9471 636]| 640| 84| 649 653 658{ ee3 | oY | 672 T8
942] 681} ess| 690| eos] ave] 7o4 | 708 | 713 | 717 732
949) 72737311 T36| Y40 | Y4B | Yas | 74| 70| ve£ | VOB
950 TP2| 77T 782 | 786( TO1 | T95 | 500 | 504 | K09 813
N o | 1|2 |2 |¢|s|6|7 |8 0| prentE




1] 950 — Logarithms of Numbers — 1000 19

N[ 0O 1 12|34 |5|6]7i8'!l6yo Prop. Pts.

950 97 772 | 77| V82| 786 | 791 795 S00§ 804 | 09| R1z

951 8181 %231 827 830 836 | 841 845 [ 850 865 | 859

952] &54) 868| 873 ) 877V 882 885 su1 | 806 | 900 | 005

953] 000| 914 918 923 928 | 032 037 941 046 { o50

954]  955) 959 | 064 | 968| 973 | ovs | 9821 ea7| vo1 | vog

o55193 000 005 | 000 | 014] 019 023 | 028 032 | 037 041

956] 046F 050} 055] 0591 084 068 | 073 ) 078 | 082 | o537

o957 o091 096|100} 105} 106} 114} 118 123 127] 132

958 137 1417 146! 150} 155 159} 164 | 185 | 173] 177

956 182] 186] 191§ 195 200 | 204! 200 | 214{ 218 203

9B0] 227 232 | 236 | 241 | 245 250] 254} 259 263 [ 263 N
£ N\

961 2v2q 277 281] 286} 200 2051 2991 304 | 308 313 "

g62) 318 522 327[ 331 836 340} 345 340 352} 358 \

9631 Bu3| 367 | 872| aveq 381 385 | 300 [ 304 399 403 .

064F  408[ 412 ) 417 | 421 | 428 430| 435 | 430 | 444 | 4a8] &

9851 452] 4567 | 4621 466] 471[ 475 | 480 | 484 480] 403}

086l 495 5c2| 507|511 516 520 | 525 | 629 | 534 by N

967 543 ) 547 | 552 | 5561 561 | 5651 570 574 | 5704 638

068) 583} 592¢ 597 | 601 605] 6101 614 | 619 623{ 628

968) 6321 637 641 | 646 650| 655 650 | 664 a6g P73

870 677 682 6861 691 | 605} 00| 704 | 7004 743 | 717 .

STH 7221 7o | 731|735 740 744 | 740 KNG Tes{ T 5

972} 767! 771 | 776 | 780 | 784 | 789 | 793408 | 802} 807} 1]05|04

973| 811 516 | 820 | 5251 820 | 834 | s3s P4z | 847[ 851} 3!1.0(08

974|856 860, 865 | s69) 874 | s7s {683 ] ser| 02| seef 3115|142

751 9001 905 | 900 | 914 | 918] 92343027 £ 932 | 936 ] 941 Tioploy

9708 v45| 949 | 954 [ 058 | 963§ 967y 972 | 976 | 981 985! 213015y

9771 980} 904 | 998 [*003 [*007 1013 [*016 Po21 {*025 Po2o] 7|3.5(28

978199034 1 038 ] 043 | 047 | 052 056 | 061§ 065 | 06O | OT4[ 8|4.0(3.2

979 078 083 | 087 002 |4006| 100| 205 | 108 114[ 118 ©[4.5(36

980| 1251 127 1311136140 | 145 | 140 | 154 | 158 [ 162

981 167|171 | 1761 380 { 155] 189 193] 108| 202 207

9821 211| 216 | 220 224 | 2201 233 238 | 242 [ 247 | 251

983 255 | 260 | @paf 269 | 273 | 277 | 282 | 286 | 201 | 205

984] 300} 2044803 | 313] 317| 322 | 226 330| 335 | 230

985] 844 ) 34n'352 | 357} 361 | 366 | 370 374 | 379 | 383

D88 38810020 396 401 405! 210 414 | 410 ] 423{ 427

87 4%»436 441 445| 449 | 454 | 468 | 483 | 467 471

988 MG 480 | 484} 489 | 4p3 | 408 | 5oz | 506 | 51| 515

989, \520 | 524 | 528 533 | 537 | 542 | 545 | 550| 555 550

9301 564 | 568 | 5721 677 | 651 | 585 | 560 § 594 | 699 [ 603

99 607|612 618 621§ 625 620 | 634 f 638 642] 647

%2l 6511 036 | 60| 664 | 660} 6731 677 | 682( 686 691

Y03  e95| e0o ] 704 | vou} v12] 717l To1 | 726 | VA0 | 734

994 7391 7431 747 | 7a2| 766 T60] 765 | 760 | 74| 778

oeal  7s2| 7874 701 Y95 | s00| 8041 ses | 813 | 817 | 822

996] 826 | s30{ s35| 230 | %43 | 45| 852 | 856 | 861 | 865

97 srofarg! ars| sss| ssy| so1f s96] 000 | 904| 909

9081 913|917 922 | 928§ 630 935 | 939 | 944 | 948| 952

9901 957 061|065 970 ) o7 | v7s| 983 | 987 ve1 | 996

1000} 00 000 | 002 | cou | 013 | 017 | 022 | 0261 030 | 035 | 039

N. 0 1 2 2 4 5.1 8 7819 Prop. Pis.




20 Important Constants
Logarrmams oF IMroRTANT CONSTANTS
# = HUMBER YAaLUR OF B Loou s
T 3.14159265 040714087
1 0.31830989 950285013
7t 9.86960440 039425975
F ‘ 177245385 0.24R57404
¢ = Naperian Base® 2.71828183 0,43426448
M =logwe 043420448 063773431
1+M= nga 16 2,30258509 036221559
180 + 7 = degrees in 1 radian 57,2057795 1.7581326
1 + 130 = radians I in 1° 0,01745329 B.2418%787
x -+ 10800 = radians in 1/ 0.0002908882 B.ABITI612
« = 648000 = radiansin 17 0.0000:04348136511095 4 BELET48T
gin 1" 0.000004848136811076 “NING3EOTAST
tan 1” 0.0000045848136811133 . NA.6BISTART
centimeters in 1 ft. 30450 N 1.4840158
feat in 1 cm. 0.032808 3.5150842
incheain 1 m. 39,87 {cxact legal v,a.lue} 1,5051654
pounds in 1 ke, 2.20462 0.3433540
lalograms in 1 1h. 0.433503 \ 8.4566660
g (average value) 32,16 ft./sec. [Secy 1.5078
= G381 e, f3ee. /see. 2.99166090
weight of 1 en. ft. of water 62.425 1b/{max. density) 1,7953556
weight of 1 cu. ft. of air 0.0807 ib.{at 32° 1) B.907
e in. in 1 (T, 2) gallon 23] (exuct legal value) 2.3636120
ft. 1b. per sec. in 1 H. P. 550 (e*ﬁact legal value) 2.7403627
kg m.persec.in 1L H. P, 760404 1.8810445
watts in 1 H. P. 45957 28727135
SeveRan NuMBERS VERY ACCURATEDLY
<
=" 3 14150 26535 89793 23846 26433 83280
B 571598 15284 50045 23530 02874 71353
¢NM = 043420 44819 03231 82765 11280 18017
£ 1 N M = 230258 50020 04045 68401 79914 B4684
W oy = 049714 08725 94133 85435 12682 83201
loge M = 9.637768 43113 00536 78912
QO
3 Cerramy CoNvENTENT VALUES FoR 7 = 1 10 1 =10
N
" 1fa & & nt 1/t Loaut®
et
1 | Looeooo | 1.00000 L.00000 1 1.0000000 | O 000000
2 1 0500000 | 1.41421 | 1.25902 2 | 0.5000000 | ©. 30113%?3‘5;2
3 1 0.538333 | 173205 | 144225 6 | 01666067  0ATILEGs
4 1 0.250000 | 2.00000 L.58740 24 0.0416667 n 60397 0004
§ | 0.200000 | 223607 | 1.7099% 120 | clooi3333 1 08980 0s
& | 0.166667 | 2.44040 | 1.81712 720 | 00013889 | O 77203304
T | 0.142857 | 2.864575 1.81203 5040 0. 0001984 843039937
8 | 0.125000 | 282843 | 200000 | 40320 | 0.0000248 | .99 550
9 | 0111111 300000 { 2.08008 362880 0.0000[)28 0.9 0000009“
10 | 0100000 | 3116228 | 2.15443 | 3628800 | 0.0000003 | 10
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THE VALUES OF TRIGONOMET\ﬁc

FUNCTIONS \@
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R DECIMAL PLACES



Tabie I1 — Four Place Trigonometric Functiong

22 i
Radians|Degreed] Sin Tan Cin* Cos
0000 §0°00 | 0000 00060 1.0000 | 90°00" | 15708
1029 - 10 | .co20 0028 | 34377 | 1.0000 50 | 15679
0058 a0 | .oos8 o058 | 17189 | Looon 10 | 1z
08R7 20 | ‘oos7 0087 | 114.59 | 1.0000 30 | 162
o116 a0 | oue 0116 | 85.940 9999 20 | 1.550
0145 50 | .0145 0125 | 68.750 6999 10 | 13563
0175 | 1°00¢ 1 0175 0175 | 57.200 5998 | 89°00 | Lasm
0304 10 § 0204 0204 | 46.104 0908 50 | 15504
0933 20 | 0233 o233 | 42.064 0907 40 |15
0262 a0 | 0262 0282 | aRss 0997 30 1 Uhiss
0291 40 | w0201 02o1 | 308 096 20¢ N
0320 50 | .0320 0320 | 3t.243 0095 T0, 4 538
0349 | 27007 | .0340 .0349 28,636 Buad | B8RO | 1538
0378 10 | 0378 0378 | 206.132 9003 LN 50 | 15330
0407 20 | loao7 0407 | 21.512 aeoa ™ 40 | i
0438 30 | 0436 0437 | 22004 -9090N a0 | 1307
0465 40 | odes 0466 | 21470 i 20 | 1.5943
0495 50 § 0494 0485 | 20,206 {0488 10 | 15213
0522 | sce0r | .o0523 o524 | 10.081 ose | 870007 | 15184
0853 10 | 0552 0653 | 1807389985 50 { 15133
0552 an | o581 osgz | 17169 9083 4 { U5z
011 a0 | oe10 0612 | 1o.ds0 -968t 30 | L5007
0840 40 { 0640 | .0641 |.38%0s 8950 20 | 15068
0669 50 | .0669 0670 [ Mz TS 16 | 1503
0698 | 42000 | .osus | .0800 4 MM4.301 o976 | 86°00° | 15010
0797 10 | ove7 07290 * 13737 8974 50 | 14981
0756 a0 | o756 1 lozss™! s 0971 40 | 1.493
0735 a0 | ‘oves | wedr | 1270e 9969 30 | 14023
D814 40 | 0814 8316 12,251 967 20 { 1.4593
0844 50 | .0843 [“No0sa6 | 11.826 0064 10 | 14864
0873 | 5°00¢ § .0872 0875 | 11.430 982 § 862007 | 1.483
0902 i0 | -paoL 9901 | 1l.059 9930 50 | 1.4808
0931 20 | ~0929 0934 10.712 G057 40 | 14777
-0980 20 | 0958 0963 10.385 3054 30 | 14748
0959 40, | Moo87 1 092 | 10.078 L9851 20 | 14710
1018 s 1018 1022 | 0.7ER2 9945 10 | 1.4690
1047 FABRO0 1 1045 | 05t | 95141 0045 | 840007 | L4661
1076 [¢NTo | ro7a | 100 1 972553 9043 50 { 1.4633
1105, 20 1103 1110 | 9.0008 9939 40 { L4603
-1134, 4 a0 1152 1139 | 87769 0936 30 | 14573
21640 40 1161 1160 | %.5555 0932 20 | L.454
| 183 50 1150 1198 | 5.3450 94929 10 1451;
31222 | 0] 1219 1228 | 8.1443 ou25 | 832007 | 1448
981 1w f 1248 | 1257 | 7.0530 0922 50 1«“2@
1286 20 1 126 | a2sr | 77704 [ oors 40 f 14280
4300 | 30 | 1305 | 317 | vis0ss | leuid 30 f 1430
1338 40 | 1334 | 1346 | 74287 | G911 20 f 1450
1367 50 1363 | 1376 | 7.2687 8007 L I "
1396 | 8200 § 1302 | L1405 | 7.1154 4003 | 82000 | 143
1425 101 42t | (435 | gloskz | 9899 50 | 1428
1454 20 | 1449 1 1465 | 6:8269 | om04 40§ L
1484 20 | 1478 | 1495 | s.6012 | 0800 30 | 1405
1513 40 | 3507 | 1521 | 6.5608 1530 20 | e
1542 50 | sz 1564 | 6.4348 0881 10 1-;11.3?
1571 | ocoor | . : - sper |1
1564 1584 6.3138 4377 8l
Cos Ctn Tan Sin  |Degrees|Radiat®
1

*In Tables IT and ITI, ctn is used for cotangent.



A

1] Four Place Trigonometric Functions 23
Radians|Degreest Sin Tan Ctn Cos
1571 | 9°007 | .1564 1584 6.313% JO877 | 81000/ | 1.4137
1600 10 1593 1814 | s.1970 0872 50 L4108
1629 20 .1622 844 | 60844 0885 10 | 1.4079
1658 30 1650 673 5.9758 0863 30 | 14050
1657 40 1679 1703 5.8708 9858 20 | 1.4021
1716 50 1708 1733 5.7694 0853 10 | 13992
JA745 {110°007 | 1736 1783 5.8713 9848 | 80°00 | 1.3063
T 10 1765 A703 55764 D843 50 | 1.3934
1504 20 L1794 L1823 5.4345 .5538 40 | 1.3904
1833 a0 .1822 1853 5.3955 0833 30 | 1.3875
1562 40 .1851 1883 5.3003 DE27 20 | 1.3846\
1801 50 L1880 1914 5.2257 0822 10 | 1.287%.b
1920 110607 | 1008 1944 5.1446 9816 | 79000 | 18788
1940 1 1937 L1974 5.0658 0811 50 | 133759
.1974 20 1965 2004 | 4.0894 9305 4043153730
2007 30 .1904 2035 | 4.9152 D799 2o | 15701
2036 40 2028 2065 | 4.8430 0793 200 7| 1.3672
2065 50 2051 2095 | 477290 9787 L.\ 10 | 1.3843
2004 {19°00° | 2079 2126 | 4.7046 0750 \IB 00’ | 1.3614
2123 10 2108 2156 | 4.6382 9775 50 | 1.3584
2153 20 2136 2186 | 4.5736 9769 40 | 1.3555
2182 30 2164 2217 45107 | L0783 30 { L3526
2211 A0 .2193 2247 4.4494 ,\3757 20 { 1.3497
2240 50 2281 2278 | 43307 ).9750 10 | 1.3468
2269 | 13°00° | 2350 2209 | 43318 )" 974s | 700 | Lasso
.2298 10 2278 2330 423477 9737 50 1 1.3410
2327 20 2306 2370 | 42193 9730 4¢ | 1.3381
2356 30 2334 2401 [o 41853 0724 30 | 1.3352
\2385 40 .2363 2432 (N41126 77 20 | 1.3323
2414 50 .2391 24620 4.0611 9710 10 | 1.2284
24438 | 14200 | 2419 2493 4.0108 b703 | 760007 | 1.3285
2473 10 2447 @524 | 39617 8696 50 | 1.3235
2502 20 2476 2555 3.9136 0650 40 | 1.3206
2531 30 2504 2 |- 2586 2.8667 2681 30 | 15177
2560 40 2oUBN 2617 3.3208 9674 20 | 1.3148
2580 50 2660 2648 | 3.7760 9867 10 | 1.21319
2618 { 159007 | 2584 2679 3.7321 o650 | 76000 | 1.3080
2647 10 .2616 2711 3.6891 DB52 50 | 1.3081
2676 20{]) 2644 2742 3.6470 0p24 40 | 1.3032
2705 s 2672 2773 3.6059 A28 30 | 1.3008
2734 740 2700 2805 | 2.5656 9628 20 | 1.2074
2763 §“50 2728 2836 | B.5261 9621 10 | 1.2545
2793, 4 162007 | 275 2867 3.4874 913 | 700 | 12015
282838 10 2;’52 L2809 | 3.4495 0605 50 | 1.2888
2851, 20 2812 .2921 3.4124 9596 4 { 1.2857
w2 30 2840 2062 3.3750 9588 30 | 1.2828
32909 40 2568 2994 3.3402 9580 20 1 1.2769
033 50 | L2896 3026 3.3052 9572 10 | 1.2770
22967 | 17007 | 2024 ansT | seroo |o.0s63 | 73007 | 1.2741
2006 10 2052 3080 3.2371 9555 50 | 1.2712
3025 20 2079 3121 3.2041 0546 40 § 1.2683
3054 30 | 3007 | 2153 | 341716 | 9537 30 | 1.2604
-3083 40 2035 .3185 5.1597 9528 20 | 12625
3113 50 3062 3217 3.1084 2520 10 | 1.2595
S142 | 18700/ 3090 3249 3.0777 o511 | 72000 | 1.2566
Cos Cin Tan 8in [Degrees{Radians




24 Four Place Trigonometric Functions m
lRadiams Degrees| Sin Tan Cin Cos
3142 | 18°00° | 3000 | 3240 ) sot7r | Lesu | 72000 | 1568
a1 10 | 3118 | 3281 | 3.0475 9502 50 | 13537
3200 20 { .3145 | 3314 | 3.0178 | .od02 40 | 1.2508
3229 30 | .3173 3346 | 2.9887 0483 30 | Tatrg
3268 a0 | 3201 3378 | 2.9600 9474 20 { 1.2450
3287 50 | 3228 | 3411 | 29319 9465 1¢ | 121
3316 | 19°000 | .3256 3443 | 2.9042 9435 | T1°00° | Lo
3345 10 | .3283 2476 | 2.8770 | 0446 50 | 1.2363
5374 20 | .3311 3508 | 28502 9436 40 | 1.2534
.3403 a0 | 3338 | 3sa1 | 28230 9426 30 1.%3{3%
3432 40 | 3365 3574 | 2.7980 | 0417 20 | 19975
2462 50 | .3303 3607 | 2.7725 9407 10 2246
a401 200000 | .3420 3640 | 2.7475 9397 | 70200¢ 12217
3520 10 | 3448 | 3873 | 2.7228 OBKT \50 | Laiss
.3540 20 | 3475 3706 | 2.60%5 0377 40 | ratm
3578 30 | .3502 3730 | 2.6746 0367 ™ 30 | 12130
3607 40 | .3520 | 3772 | 2.4s11 93567 20 | 12101
3646 50 | .3557 { .3805 | 2.6270 9346 10 | 1207
3085 | 212007 § .3584 | .3839 | 2.6051 a3s6 | 69°007 | 1.2043
3694 10 1 3611 3872 | 25826 g325 50 | 1.2014
3723 20 | 3838 | 3006 | 25605 9315 40 | 1.1985
3752 30 | 3685 | 3039 | 25338\ 9304 30 | 1.1956
3782 40 | 3892 | 3073 | 2.Ai7a 9203 20 | 1.19%
811 s0 | 3719 | 4008 | 2A960 9253 10 | 11807
A840 [ 220007 | 3748 | 4040 [(MA%5 9172 | 68°00° | 11888
.3869 10 | 2773 | 4074 | M45d5 09261 50 | 1189
3598 20 | 3800 | 4108% *2.4342 5250 40 | L1810
.3927 30 | .3%97 A48 | 24142 9239 30 | 1.1781
3956 40 1 43854 @178 2.3043 9298 20 | L1752
.8085 50 | .3881 | %4210 { 2.3750 9216 10 | L1723
4014 | 28°007 | 30074 4245 | 2.3550 9205 | 87°00 | 11684
AD43 16 | 3034 N 4279 | 23369 0194 50 | L1686
4072 20 | .3081 4314 2.3183 0182 40 | L1636
A102 30 | 2087 | 4348 | 2208 | 9171 30 | 1.1606
4131 40 \\&014 .4383 2.9817 9159 20 | L1577
4160 56, | V4041 4417 2.2687 L9147 10 | 11548
AL8Y 1 2430001 4067 | 4452 | 22460 | 9135 | 66°007 | 11619
A218 |4 {107 | 4094 4487 | 2.2286 9124 50 [ 1.1490
A7 LeNMg | 390 | 4522 | 22113 0112 40 | 11461
4276, 30 4147 AB5T 2.1943 9100 30 | 1.1432
430647 40 | 4173 | 4592 | 21775 | L0088 20 | 11408
“1{3’? 4 50 | 4200 | 4628 | z1606 | 0075 10 { 1137
& 26°00' | 4226 | 4663 | 2.1445 | 9063 |86°00 { L13%
J\ 302 10§ (4253 | ge08 | 21283 | 601 50 1-13ég
A422 20 A279 A734 21123 9038 4G 1.1257
4451 30 | 4305 | 4770 { 2.0985 | .9026 30 § L1230
-ﬁgg 40 | .4331 A806 2.0809 L013 20 % }199
. 50 4358 4841 2.0655 9001 10 7
4538 | 26°00 | 4384 | .as77 | 20503 | .s9s3 | 64°00 {1
4567 10 | 4410 | lam3 | 20353 | 8075 50 | 111
4596 20 | 4436 | 4950 | 20204 | 8962 40 | 100
4625 80 y 4462 | 4986 | 2.0057 | 8940 30§ 1205t
4654 40 | 4488 | 502z | 19912 | 2936 20 { 105
4683 50 | 4514 5059 | 1.976% | .s023 10 1-0996
4712 loyeoer | so | 1.
4540 .5005 1.9626 .so1n | B3 o]
Cos Cin Tan Sin  |Degrees|Radian®




117 Four Place Trigonometric Functions 25

Radians |[Degrees{ Sin Tan Ctn Cos
gﬁ a7 ?g’ 1;:;%2 5095 1.9626 8910 [ 63°00¢ | 1.0006
4741 10 4360 .2132 1.0486 .8507 50 | 1.0886
417l 20 4592 5169 1.9347 L8884 10 | 1.0837
4529 P | dais | 2308 | Toore | i 20| 10908
1858 50 | 4669 | 5280 | 1.8940 | 8843 s 10850

(< r .
w120 | s | ok | 1E B ey 1o
ig;z gg .zg%g L5302 1.8546 L8802 40 }_8?23
o =0 ATt 5430 1.8418 JBTER awn |1 0734
g o 4 -5467 1.8291 8774 20 | 1.07g5"
057 | e ;0 4823 5505 1.8165 8760 10 | LogTe P
.5 r | 4848 L5543 1.8040 | .8746 | 61°
i IEIEIE B 1E IRt
5149 20 | dom | 3858 | i7ems | Stor agn| aooss
5178 40 4950 5696 1.7556 B680 ¢ gg }gégg
5207 50 A975 5735 1.7487 8676 N0 | 10501
N \

gggg 30 (1)8* 5000 5774 | 17321 86600\ \'60° 00" | 1.0472
.5294 » 5025 .0812 1.7205 L6460 \ 50 1.0443
S0 20 5050 5851 1.7090 8&%16 40 | 1.0414
5523 30 5075 5850 1.6977 | ,86 30 | 1.0385
5352 10 5100 5930 1.6864, L NEG0L 20 | 1.0358
‘5411 aronn 5125 5960 1.6758 ¥ ).8587 10 | 1.0327
. 5150 5009 1.6643 ) .8572 | 59°00 | 1.02
"5,'1”‘;3 éa 5175 65048 1.5534 L8557 50 |1 02%
2409 0 5200 BORE 18496 8542 40 | 1.0239
e a0 .:3?:5 BI28 »1.6319 3526 a0 10210
sear 40 .525() 8168 NI1.6212 .8511 20 { 1.0181
il 50 3275 62080 1.6107 .8496 16 | o152
5 200’ | .3209 B840 1.6003 8480 | 68°00° | Loz
-ggi% 10 3324 8230 1.5900 8465 50 110092
S 20 5348 ~~)ﬁ330 1.5798 8450 40 | 1.0065
8072 30 83784 N/ 8371 1.5697 8434 30 | 1.0036
i1 40 5398 6412 1.5597 .B418 20 f 10007
. 50 9422 6453 1.5497 L8403 10 | 9977
g;gg 33°00’ | 55446 6404 1.5399 8387 | BT°00r | 9948
2789 10 5471 L6536 1.5301 8371 50 | 9919
oo 20\~ > 5495 6577 1.5204 8355 40 | .0890
847 80 .5519 L6610 1.5108 .8339 an | .oae1
“Tone 40 5544 6661 1.5013 8323 20 | 9832
-5 5 B0 5568 8703 1.4919 8307 10 9303
-5323 1.34° 007 | 5802 6745 1.4826 5290 | BBCOOF | o774
2908 10 5616 8787 1.4733 8274 50 9745
¥ 20 5840 L6830 14641 .8258 40 | 9716

N 30 5664 6873 1.4550 8241 30 | o887
%00 40 5688 6916 1.4460 .8225 20 9857
's 50 5712 695 1.4370 .8208 10 | .0628
ﬁ%gg 36°00* | 5736 002 | 14281 s192 | 85°00° | 9509
e 10 5760 7046 1.4103 2175 50 | .9570
S1os 20 5783 7089 1.4106 8158 49 | 9541
o208 30 5807 7133 1.4019 8141 30 512
6254 40 SRAL ki 1.3934 8124 20 JO4R3
.a 5O 5Es4 7231 1.3848 8107 10 8454
-B283 | 362007 | .5378 7265 1.3764 %000 | 54°00¢ | 0425

Cos Cin Tan Sin  |Degrees|Radians




i 96 Four Place Trigonometric Functions mm
l;dixns Degreesf Sin Tan Cin Cos
6283 | 36°00° | .5878 7265 | 1.3764 8000 | 542007 | o403
5312 10 | .su01 7310 | 1.3680 .B073 50 | 939
6341 29 | 5925 7355 1 13597 8056 40 | ‘ase7
6370 30 | .5048 7400 | 1.3314 LR039 30 | 933
6400 40 | .5972 7445 | 1.3433 L8021 20 | ‘0u0s
6429 50 1 5905 7490 | 1.3351 R004 i0 | ezm0
f458 | 37007 | 6018 7536 1.49270 Ta%6 | 53°00¢ | L9250
6487 10 | 6041 w581 | 1.3190 7085 50 | g
G516 a0 | .6065 Jq627 | 13111 7951 40 [..90%
5545 a0 | .6088 7673 | 1.3052 7931 30 | ‘qles
6574 a0 | glil 4720 | 1.2052 7916 20,4, 8134
6503 50 1 6134 J766 | 1.2876 7398 18\PNo105
6632 | 38200 | .6157 7813 | 12709 7580 | 52700* | .0078
6661 10 | .6180 7860 | 1.2723 7865 N0 | 8047
5690 20 | 6202 7907 | 1.2647 %44 NS T 40 | o0i8
6720 30 | 6225 7954 | 1,2572 FETON 30 | 8988
740 40 | .68 8002 | 1.2497 TROR; 20 | 5950
6778 50 1 .6ar1 8050 | 1.2423 FIH0 10 | 8930
.B307 | 39°00° | 6203 8098 | 12349 JPTL | B1e0D’ | .g001
5836 w | 6316 B14e | 1.2278 53 50 | .8872
6585 20 | .6338 8105 | 1.2203N) 7735 40 | 8843
5EO4 30 | .6361 8243 1.2@1‘ 716 30 | .8814
6623 40 6353 8202 | 12089 7698 20 { 8783
L6952 50 | .6406 8342 3151988 679 10 | 8756
8981 | do000¢ | 6498 8391 I\ah1o18 7660 | BoCOD | .87ar
J010 10 | 5450 Raan N o 1,1847 7642 50 | 3698
7039 a0 | 6472 840131 11778 7623 40 | .8c68
7069 30 | .6404 Bodi | 1.1708 7604 30 | .863%
7088 40 | .6R17 8591 | 1.1640 7583 20  .8610
127 50 ] .6539 NI B642 | 11571 | .7566 16 | 858l
JIs6 | 4000 | .ener” 8503 1.1504 7547 | 490007 | .BESZ
7185 10 .esg 8744 | 1.1436 528 50 | .s522
7214 20 ,.ggg 8706 | 1.1369 7509 40 | 8404
7243 30 { {826 8847 | 1.1303 7490 3G | 8465
7272 a0 [\esas 58809 | 1.1237 770 a0 | 8430
301 | . GBN] 6670 | 8952 | B.I1TL | 7451 19 | 8407
7350 00| .6601 8004 § 11106 7431 | 482000 | 8278
7359 I A0 | 8713 B057 § 11041 7412 50 | 8348
75389 »ag | 6734 9110 | 1.0977 7352 40 | 8219
q41800 30 | 6756 0163 | 10913 | 7373 30 | 8200
%7\ 4t | 8777 0217 { 1,0850 L7353 20 82621’
& 6 50 t 6799 9271 1 1.07%6 7333 10 p 82
JANTS05 1 43°00 | 6820 9325 | 1.0724 Jgale § 4700 .szgg
-1534 10 | g8 9380 | 10661 | oo 50 | BiH
N BREE 20 | 6862 | 9435 | L0599 § 7274 40 | Bl
7592 30 | .g884 2400 | 1os3s | 7eb4 3¢ | A1l
7621 40 | 6905 | 9545 | Loarr | 7284 20 | B08
7650 50 { 6926 | 960l | 1.0416 { 7214 10 Sﬂig
I670 | 447007 § 6047 9657 | 10355 | 7103 | 4ec00 | S0
7709 | 10 | eoer | loris | 10205 | 73 50 | 7990
7738 20 | 6988 | 9770 { 1.0235 | 7152 40 1 en
Ti87 30 | 7000 | .gme7 [ 10176 | .7133 30 | wops
7796 40| auas | l9ssa | 1on7 | 12 20 { T84
7825 50 | 7050 | leoa2 | 100858 | 70b2 10 -7854
7854 1 45°00° ] 7 c0l | 7
071 | L0000 | 10000 | 7071 |45 Ik
ians
Cos | Cim Tan Sin  [Degrees|Radist




TABLE I &
A
)
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98" 0° — Logarithms of Trigonometric Functiong (It

F =
- L 8in d LTan | cd L Ctn L Cosg
1] 6.46 27 o | .00 000
L1846 8T8 | 5105 § 830 373 | 5010s | 13-53 6271 10.00.000 s
[0 6.76 476 | 30103 1 35 03 5oy 2
| 5:5s Gan | tre0e | 8:65 s [ 17608 | 1aas oo | 2000 000§ 58
315049851 194041 S-DL U8 | 10404 | 15:05 9151 10.00 000§ 57
5| 710970| 7 10070| 2| 1203 720 b 1000 00n] o
ol i 3en] 7018 | T3S R | 7o1s| 1253780 110.00000 f 55
7| 750885 9¢| T 5088] o004 | 1320 T15 1 10 00 bas | ox
1|730882) oo T-a08B2( SC00| 12.69 1181 10.00 000 | 53
o|741757] Blis 12,63 318 | 10.00 004 | 52
7.41797| 8115 Sy 23
§ I il It Kl e 12.58 203 | 10.00 000 | 51
1175051z | 430|750 21| 4139 12.53 627 [ 10.00 000 50 Q.
12| 754201 | 3179 Ti5a 201} 8779 12.45 70 10100 000 [ 49
|14] 780985 ) 221Sf7ig0085) 8219 242233 110,00 000147 2\
16| 7.63 982 2007 | o0 acn | 2996 12.39 014 | 10.00000 | 46 | 2N\
|1e{7ee78a} 2302 766 705 280 et Brastard v Iy
17{ 760217 | 2683|7015 | 2633 (1530 255 10.00 000 [ 44
18771900 2483|771 0po| 2432 15-2358- 9.99 999,143
161774248 | 2348|774 945 | 234815755 1001 930 aa0dn2
20776275 | 227 776476 | 2255|1555 coa | wanob |40
Rl o TR aw B8] SR8
3 .8061‘2 1 780 615 2020 12‘1938 D U0 § 39
7.82 545 1930| 7ia0 k45| 1981475777 r5, NGH 900 | 38
24[7.81503 | 1845 | 754 304 | 1348 1217 440 00 999 | 3T
25]7.86 166 7.86 167 1773 1a; 5 6A6Y 9.99 093 | 86
5 B9 5UG 1570 7.80 5101 183%f 1oNa 1 9.93 9001 34
28f79t0ss| 1270791 oap 1570 1210490 | ©.99390 | 33
02612 14_4 7.03613 | 18284507 111 9.9%909 132
g? 7.04 084 T2 7.04 086 14173 1; _387 00950958131
1| 75 508 124 755 250 [ 21 12.05 9141 9.9 098 30
e Ered ot 1o | 706 889 1NI3T0 | 15763 ] ] b
33| o8 223 | 1958 7.0 955 1530 | 1203 111 | 999 908 128
: 995201 1297 | 7oa 7wy | 1207 120 75| 9.99998 )27
gg 800779 139 29802 120 n.gg;?s 9.09 993 | 26
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27 §0.61 6891 27 | a85 770 | 3% | 10.54 230 [elss5 020 g 33 51185 3.0
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20| 9.67 633 -~ 9.73 175 3 10,26 825 9.944§8 - %ﬂg 6l26.1121.6
o1 |87 856 28| 0,73 205 89110.2679519.94451 |7 %
22{0.67680; 22 lg.73 235 o0 | 10287651 9.94 445 | 37 S
23 [ 9.67 703 23 1 9.73 265 oo | 1026735 [ 9.04 4331 37
24 9.67 726 gi 9.73295 | 39 | 10,26 705 9.94{134 7|3 g é'g é’é
0447 8| s
g g:g; ;?g 23 8:3% 3?,2 30 %ggggﬁ 3‘.34417 ALY R s.g
27| 0.67 796 | 2% | 0.73 386 gg 10.26 6144 304410 7 gg 5 }ég }é’z
28| 9.67 820 | 2% 1073 418 o 1026584 [9.04 404 | 2 2l g 138|132
2019.67 843 | 22 [ 9.73 446 | 39 | 10.26.554 | 9.94 207 |7 a 7]16.1|154
9.87 866 9.73 476 10.26:524 | 9.94 390 417,
gtll 607 00| 2¢ | 7% 805 ol |30:26493 [ 0,94 883 | 7 29 9]20.7]1108
32|9.67 913 | 23 | 973 537 30 1026463 | 9.04876 |7 | 2
3319.67 036 23 | 0.73 567 20 | T0.26433 | 9.04 360 | 71 27 S
34| 9.67 959 §§ 9.73 5972 10.26 403 | 9.94 862 | 7 | 26 ol1al 12
35149.67 982 9.73 327330 10.26373 [9.04355 | |25 2130 is
36| 9.68 006 | 2% 9.7:%57 o 11026343 19.94340 | S 1 2¢ 312133
879680201 2% |o78 687 | 20 1026313 | 9.923a2 T [ 23 HERES
38 |9.68 052 28 Po.73717 20| 10.26283 | 994335 [T 122 b e
39| 9.68 075 gg 9,73 747 | 20| 10.26 253 | 9.94 328 { 7 2{1) helbe
. 21973717 10.26 223 1 9.94 321 alsales
e B oI T | a0 | 102033 0048201 1 20 HEs{EY
Al | 9.68 12X 2 ?
42| 9.68 144123 | 073 837 o | 1026163 | 9.0a307 | 7 [ 18
48 | 9.63167 | 22 | 9.53 867 o | 1026383 | 9.94 300 7117
44 9»%.190 23 |o73807| 501 10.26 103 | 0194293 |7 ig From the fop:
45 {0eR 213 9.73 927 10,26 073 | 9.94 286 . o+,
4019.68 237 | 22 1973 957 gg 10.26 043 | 9.94 279 g 14| For28 ﬁoriﬁm
faryoe3260) 2019.73 087 391056013 | 9.04273 7| 13 | rend as printed:
(J28 (968283 | 221974 017 | 301 1095983 [ 9.94266 | 7 | 12| {150+ or 2080, read
1:2|268305| 571 9.74 047 30| 1025653 | 9.8a 250 | T | 11 o function.
B0la6ss28} .. | 9.74077( . [10.25923 |9.94 252 |10
5110.683513 5o £0.74107] 2011025893 j9.04245 7] 79
5210.68 874 | 22 §0.74 1371 80| 10.25.863 | 9.04 238 21 81 rom the botiom:
581968307 . 1974366 | 22 | 10.95834 | 0.04 231 | T 7 or o op1o*
5219.68420) o0 [9.74196 | 301 10.259049.94224 | 7| 6} Forél or 241,
8519.68443| o boma2oa| . |10.25774 | 9.04 217 71 5| read as printed; :d
5519.08 4604 ;3 19.74 256 | 33 | 1025744 0.94210 } 7§ 4510 or 331°4, 10
57|9.68489} 22 | 5174 256 10257141 0.942083 7} 3} 0L S
sgio68sial oo 10.743161 30 [ 1095684 | 0.94 196 7| 2}ee-
8919.68534 | 02 19.74.345 | 29 | 10.25 655 | 9.04 180 12
80 | 0.68 557 .74 875 10.25 625 | 9.94 182 0 =
LCos |d]| LCtn {ed| T.Tan | 1 8in lal ’ Prop. 213
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111 29° — Logari i : .
] . garithms of Trigonometric Funetions 57
'] LSir | d 4 LTan led| LCtn | L Cos |d Prop. Pis.
019.68 557 0.74 375 | . |10.25 -
119.68 580 28 [0.74 405 | 30 10.%3232 g'gﬁ% 7|%
2]9.68 6031 25 19.74 435 20 110.25565 | 904168 | 7 28
3[9.68625 | 22 10.74465 | 30 | 1025535 [ 0.94 161 |7 2
¢|0.68648| 231 9.74 404 gg 10.25506 § 994154 | 7 5%
glossery| o |orasos| 2| 1025 476{ 004 147] 7 | 55
62886941 22 |9.74 554 | 50 110,25 4461994 140 | 7 { 54 30 1 29
? ggg%g 23 | 274583 30| 1025417 | 0041337 155| 2 8.0 58
. 10:25387 | 994126 |7 Of 87
919.68762 | 25 1 0.74 6431 3 | 10.25 357 soitio|7[57| #[120)i1s
10{9.68784 | = o7ae7at 0 05307 o0annn|? so| B1130[ 143
1119.68807 | 23 19.74 7021 22 1 10,25 298 | 904 105 | 7 [ 49 S13801174
1219.68820 [ 2% 19.74 733 | 20 10,25 908 | 9.04 008 | 7| 48 1201502
13)9.68 8521 22 | 0.74 762 30 [10.25 238 | 9.9¢ 000 | 3| 47 3| 20|22
1; 9.88 8751 22 [9.74 791 | 20 | 1025209 } 9:04083 | 7 1 48 212101268
15| 0.6% 897 | 22 | 9.74 821 10.25 179 7 >
1619.08920 | 28 1 9.74 851 | 30 [ 1025 12| 0adora 7 ﬁ Yy or
1719.68942 [ 22 §9.74 880 1 20 | 10,25 120 | 9.940682 7 { 43 2322
1819.68965| 220 10.74 0101 301 10.25000| 9.9405517{aa| 2ha6f 44
ég 3223?7 22 |72 939 gg 10.25061 [ 0.94048| 7141 (2176.9] 6.6
0 9.74 969 10.25 031 | 9.9 4| 92| 3.8
211869032 [ 22 | 974 998 | 22 | 1025 002 ood0as|7|20) V8 1151110
2219.62055 [ 28 975 028 | 201 1024072 | 004007 |7 [sRf™ §j1381132
2319.69077 | 22 l9.75 058 | 30 1 10.24 042 [ 904020 [Tha7| 3|181}15¢
2419.60100| 23 o5 087 29 | 1024018 ok onz (Shse| | 157|178
2519.69122¢ 1075117 10.24 833 | 9.04 0081 *] 35 212071108
2619.60 144 | 22 9.75 146 29 (1004 854 | 0.0553871 7 134
g? 9.091671 2% £0.75 176 20| 10,24 524 | 9939917 [ 23
819.60 189 22 10.76 205 | 22 [ 10.24 795 9.93984 | 7| 32 8|7
2919.69212 22 19.75 235 'gg 10.24 7651903077 | 7| 31 2l1.6(14
3010680 234 22 | 975 264 10,24 786 |'9.03 970 | . | 30 32421
gé 9.69 256 | 22 19,75 204 30 | 10.24706 | 9.93963 | 7 [ 29 4132128
9.69279( 23 lo.75 328 ( 2 | 1q, 24677 | 993955 | &| 28 540135
gi 9.69301 | 2% 19.75 353 | 30 130.24 647 } 0.03 048 ez 6(4.8]4.2
5.69323) 22 | 9.75 382 2959004 618 | 9.53 541 ; 26 715649
3510.608151  o75411 2 Mo2esso|vo30se | f26f 8|8L(56
38 (500 308 25 975 4 3 1024550 [ 903927 [7f2a| 8172163
g? 9.69390 | 22 9.7547\0 29 110,24 530 9.93920( 7| 23
89.69 412 22 1 9.75 50 30 | 10.24 500 ) 9.93912 | 8] a2
3910.69434 | 221975529 [ 29 | 10,24 471993905 ) 7 | 21
ﬁl 980 456 23_;g.'rs 558 10.24 442 | 9.03 898 | . | 20
11069479 | ZNG75 583 30| 1n.04412| 03801 7] 19
v 339401 é 975 617 g 1024353 | 005884 | 7118} From the top:
43 19.69 5231 €2 1 9.75 647 1024355 |9.03 876 | 8§17 ot "
9.80%645 5 22 1075 676 | 29 | 1024324 [ 003 860 | T} 16 For29°F or 208°4,
ig 9. 2 | 975705 10.24205 | 9.93 362 | 7 | 15 | read as printed; for
oo g-gﬁ HE 0.75 735 o 10.24 265 1 9.98 855 ! 14 119°+ or289°+, read
Z | 9. 10.24236 | 903847 5|1 i
481909 625 | 22 | 0.7 703 | 201 1024207 [ 9.08840 7| 12 co-function.
s 9.69 655 22 | 9.75 822 gg 10.24178|9.93833 ; 11 .
B (9.60677| ° |9.75 852 10.24 148 [ .03 806 | 7| 10] From the bottom:
) g-gg gg% 2 |o.75881 gg 1024119 9.93 818 g 9| ForB0o+or240°4,
53| 960 7231 22 [ 5:78 920 | 20 11034 001 | 0.0 04 |7| 7 |Teod =o printed: for
pr1o69765 | 22075 969 | £1 1 10.24 031 |9.95797 7| &[150° or330%% read
9,69 787 975998 1024002 fo.03789| - 5[ co-function.
5619.69 800 | 22 [ 578 027! 20 | 10123978 993782 4
gg 3.69831 221976036 | 2 10.23044 | 9.93775 s
fo|a:89853| 22 | 9.76 086 | 30| 10.2391419.93 708 il 2
i 875 | 22 976 115 | 20 | 10.23885[9.93760| /| 1
|50 | 5.69 o7 0.78 144 10.22 856 [ 9.93 753 )]
LCos |d| LCtn |cd| LTan | LSin dl’ Prop. Pte.
1=
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oo

58 0° — Logarithms of Trigonometric Funections [T
" LSin |[d| LTan led; LCtn | L Cos |d Prop, Pts,
0]90.69897 | . [9.76 144 10.23 856 1 9.93 753 |, 180
119699019 | 22 19.76 173 2 1023827 1993748 |7 50
219.69941 | 22 976202 | 20 | 10.2379819.93 738 | 51 58 20 | 29
8|9.69963| 22 10.76 231 [ 29 13023769 19.93731 | T157) o 66| 5g
419.60084 2 19762611 20 | 1023730 [ 0.98724 | T|36| i 5| a7
5]19.70008 | 5 | .76 200 1023710 s0am17 | E65]  2|126t11s
61970028 | 22 19.76319 | 22 10.23 651 | 9.93700 [S}54| 5|1500}145
7{9.70050 | 22 1676 348 g 1023 652 | 9.93702 (7| 53] alisciira
819270072 22 [9.76 377 1023623 | 9.93695 |7 |52{ 7|210]203
919.70003 | 21 19.76 208 g 10.23594 [9.03687 | 5151  §|2e0(232
10]9.70 115 976435 . |10.25565|0.93e80 | 50| 912701261
11{6.70 137 gg 9.76 464 | 29 10.23 536 [9.93673 | 7 | 49
12{9.70 159 | 2219.76 403 | 28 | 10.23 507 | 9.93 665 [ 2 | 48
131970180 | 2L | 976 522 | 2 1 10.23 478 | 9.93 658 | 7 | 47 8 22
14]9.70 202 | 22 10.76 551 g 10.23 449 | 9.93 850 g ag| 2| s6d 4
15 9.70 224 9.76 530 10.23420 | 9.93643 | la5| 3| 844 66
16190.70245 [ 21 19,76 609 1 20 13023 891 [ 9.3 636 | 7 | 42| 41112} 88
171970 267 9.76639{ 30 | 1023 861 | 003628 | Sfaz| SPL0 110
181970288 | 2L 19,76 6681 22 11023 332 | 9.93 621 | 7142 | /)| 1681132
1919.70810 | 2210.76 697 | 22 | 10.23303 | 9.93 614 | 7§41} (T [ 186154
201970333 22 4076725 { > | 10.23 275 | 9.03 608 | 2pa0 > & 525|173
219,70 353 g; 2,76 7541 22 | 10,23 246 | 9.93 599 | \\2d - |
22(0.70375 1 23 19.76 783 | 20 | 10.23 217 | 9.93 591 | 0a8
2319.70 396 | 21 [9.78 812 2 | 10,23 158 | 9.93 584} 57 %118
2410704181 7 19.76 841 | 2 | 10.23159 [9.93 5777 1368] o] Yoi1g
251970439 | - 1976870 10.23 130 | 03589 | - | 35 50 6324
26 1 9.70 461 zf 276899 22 110,23 101 | 08é62 | 7{ 22 1| s4|33
2719.70482 2L lovs 928 29 {1023 0721993554 | 3| 33 5(105|40
28| 0.70 504 ;f 976957 | 2 [ 10.23 0431 903547 1 7| 32 612648
201970525 | 22 1976988 | 22 1 10.23 614 9.93 539 | 3| 31 7114758
30970547 ' |9.77 015 102898519.93532 | |30 8116.8)86.4
311970568 | 22 | 9.77 044 { 20 | 10099056 19,92 525 | 7 | 20 9189172
32| 9.70 590 3"1*‘ 2.77073 | 2 [qp22 027 | 29351715 | 28
331970011 | 22 |9.77 101 | 28 10,22 800 | 0.93 5101 7 | a7
33;. 9.70 632 22 19,77 130 g 10.2287019:93502 | 2| 26 7

9.70 654 9.77 15945 1 10.22 841 | 9.93 495 2114

38970675 gg 9.77 18842 | 1022512 | 9.93 487 | 8 225 3|2t
8710.70897 | 221077217 | 2 110,22 783 | 9.93480{ 7 | 23 4128
3810.70718 | 2 {977 246 | W | 1022754 | 0.03 472 | 8| 22 5|35
ig 970739 | 2 1877 274 28| 1022726 {9.93465 ’g 21 g ig

0,70 761 | 3 8.77 303 10.22 897 | 9.93 457 .

414070782 | g} 077333 | 2 | 1095 o] o-oason |7 |20 8l28
421070 803I21 {977 361 | 29 | 1022 630§ 0.03 442 | 8 13 9les
43 [ 0.70 8244 21 1 9.77 390 g‘g 10.22 610§ 003435 7] 17
441070836 | 79 [9.77418 | 28 | 1092 82§ 9.03 427 | 8] 16 .
45| g7aser | o 19.774a7| 2 | 1022553 f0.9340 | T 15| From the top:
it M 9.7 478 i 10.2252¢ 093412 | 14| For30° orZi0°",
479 X 224951 9, inted;
ssor061 | 22 | 077 833 | 38 | 1053 07| 5:08 367 | 3| 15 | oad so printed: for
#519.70 952 21 9.7 562 | 22 | 10.22.438 { 093390 | 7 § 17 | 120°* o7 800°, read
50 [9.70 973 .77 591 10 8110 | oo-function.
51|9.700041 2t | 977 619 | 28 miggggg 3,323?% 7 13
5219.71015 | 2 |9.77848] 2 [ 1022352 | 993367 {8 =
8319.710361 = 19.77 6771 22 11022323 10033601 7| 7| From the bottom:
54971058 | 22 {977 706 gg 1022204 19933521 8| 6] por5a0+or239°
851071070 | 1977734 | 25 | 1099966 | 9.93 344 | | 5 uted; for
56971 100 077763 [ 22 11025937 | o.p3 3a7 | 7| 3| read as printed;
579,71 121 | 210,77 701 | 28 11092900 | .03 220 | 8| 3| 149°+ or 329°% read
5810.7¢ 142 | 211977820 | 22 11952180 | 9:03 822 7 | 2| co-function.
591971163 (o) 1077845 | 22 110,22 151 | 09/93314 | 8] 1
6049.71184 | " [9.778771 ® {1092 123 0082077 | 0 —_

LCos | d} LCt {cd] L Tan | L |dl ’ Prop. Pis.
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111] 31° — Logarithras of Trigonometri
T} LSin | d metric Fumeti
LTan (cd} LCin ] i ons 30
009.71 184 9.77 877 £ Cos |d o
14971205 | 21 9. g9 1022 123 [ 9.9, p. Pis,
THOT1208 | 21 | 3720981 29 |19:2200 93307 | o160
AR Err e 2 | 1023008503200 159
§|o7i 568 | 2 {577 868 2 %8222037 gssmly 2
21 ], 2 ¥
slorasg) ) 078020 26 | 10PB 0S| 208276 8|56
R byie 2 (1051 001 | o e aea 18| &
Tre Tl 55t 21 IR 07T 26 | 1021951 19.05261 1 54 %)
1971852 o | 5o 198 29 | 1051 aos | S:o3 23 slp3] 2| 58| 56
10071 503 1 29 9.78135 | 22 §10.21 865 903246 | [ | 52 3| 87| 54
10[971503 ) ,, | 278163 |, [10.21837 I U b
o7t 3s] 2 | 575 2% 2 110.21808 a3z lr|%t & 5|18
ﬁ%%imyg%%%ﬁ%gﬁ%?
y . o 5 . A
s5lari g05 12 lor 77| 28 [ 1021723 | 9.93200 |7 ol o262
%g 0.71 519 | &1 9'?3322 28 13-2169& 9.03192 | % ig A\
9.71539 | 20 fa7 28 [20.21 686 [ 993184 |8
TIRTI 000 | 21 1078308 | og | 1021 637 et br "
1oferisel ) 2t 9'78391 % [10.21 609 | 9. 17718144 3L «
21 lg7g 419 | 28 60905216018 | 42| 24,
21 10,2 42 4,
971603 0 | 978488 | o7 2151189316017 (41} JLR7 59
ES PR A ET Bt 4 28 | 10.21 524 et b s A
23lo7iee1t 2l o7 1021495 | 9 8 213109
a4 .78 533 28 931381888 61261120
2% 3'71 ES5 gé 978 562 | 28 iggiigg 9,93 131 ;\9,7 71147140
s 9.%;05 o1 | 978500 28 10- 9.931231 2436 616881160
menre o |inielw ot lesgh ) T
slotrisl| 2o | 38 BaT 29 | 1021353 [ 0.92 300 | £ %
2071707 | 20 1978675 ) 30 | 102152608, 200 [g|32
T2 704 | 29 J8.93002 0132 8
30(0. at ] 10,21 2 8 7
3|071 893 20 | O7ETE2 o mzwg ’3'33084 7{3L]  2}16)14
2 9.71 850 | 21 g.{vg;gg 28 | 1021240 9'933%5 8 % HEAES
971870 20 fa7 28 | 1029211 | 9.93 061 (& -2 ]2
34071 501 2L 973817 | 28 | 1091 153 ] 0. 115128 5|40(35
9.78 845 | 284 9.930853 [ 2§27 6148
20 3 1021 : 6]as|42
Rle 311 978874 240,01 150 0.3046 | Trzs| 3124158
37|01 o551 20 g‘;gggéjgg 10 21032 g'ggggg g ﬁ g % 3‘3
38{0'71 073 2 | o 10.21070 ) 0.9 8 :
zaiog 0.78.05% | 2¢ =+ .93 (22 23
Flian i e 2 i
4149; J@.70 015 ; 8
LR RG] = SRR
e e el e ] s
iwwaﬁmmmﬂmmmmpemwmm
SSII8T | o5 | 010 185 | ) 1020844 | 9.92.960 | |13 read as printed; for
pis pue R P E B 1020815 | 9.92 957 5 14 | 1AL or 301, rend
Slo121rr| 59 (970 261] 3| 1020750 202844 |51 13 | co-funotion.
80102 915 | 20 |ove 202 28 1020731 st kb .
51]0; 9.79 20
Bazzme) s lamer o bt gt 10 T
53{0.73 279 | 20 970854 20 e bt H I B +or288°%,
Hioraas) o 3821 28| loanels|oazser || 7 road as printed; for
5| 7% 520 2 loroas] in.zosgo 992889 ¢ 6 148°+ or 3257, read
4 9:73 33}1;3 23 oo das ] 28 lg.ggggi 8.92881 v g | co-fometion.
S lag2360| o |978 405 o 10.2053419.92 578 18] 3
59 9.724(3} 20 3’7{3523 2 10,20 477 3333‘3& 8 3
60 [9.72 421 | %° 9-792;1 28 |10.20449 9.02850 8] 1
LGos Ta | 1 C 9 10.20 421 | 9.02 842 0
tn {cd] L Tan | LSin {di ' Pro_p__i'r
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.60 o .
32° w— Logarithms of Tri
'] L8in | d gonometiric Functi
L Tar |ed| L ctions I
(I) 9,72 421 9,79 570 Ctn | L Cos |d 7 (111
AT o1 hhion e | 0RO | 0055 8|8 B
3l9.72482 [ 2L | o 9635 102050380285t 5| 29
4972502 20 79 663 | 23 10203.-2 528261 %] 58
9.76 691§ 28 203371602818 ) 8|5 29 | 98
5lo7asa| 23 | 10.2030919.92 s|e7
6o, 9.79 719 82810256 2] 58| .
Slorsem lomns o \ay sgsam o ) 4
g}9.72 582 | 20 6 10°20 224 55|54 e 1.2
1aTa 552 20 573 S35 pg | 10-20 2241 9.92 787 g1 53 136110
9.79 832 | 28|10, 196{9.92770| 8] &: 6174 18
1forzese| 22 110,20 168 9. szl 7la 8
11{9. ; 9.70 860 9277118151 0.5]19.6
plomes st o ol serre ) 1500123
13[9.72 w2 916 : 3755 1252
18157206881 50 [ 979 044 2s | 10-20 054 095747 | 8| 43 \
161972 703 | 2° g.79 072 | 28 10'29336 9.0273g| %47 o7 g
16197 23| oo {9.80 000 28 f gl ao2731{%] 46 /21
72743 | 281 g 10.20 000 8 2| 5.4(N\3
171872763 20 | 550 028 2811019972 o212 15|43 3| g 6%
972 7%3 | 201970 08 10,19 944 | o, 28|t 4108 s
B ET R 28 110.1¢ 992707 | 3| 23] Sya33 4
oEn 08| 28 1019916 5.92 b9 8 1351105
20 | o.72 823 [ 2° 2% | 10-19 888 ; 15[ ~ 8162
. 0.62601 (8 ’ 212,86
91 $9.72 813 | 20 9.80 140 a1 b 1897 1
22 9_7%2% a0 ] g0 168 | 78 }g-igs,ﬁﬂ 0.926za | 5o 8| 216 ié'g
gi 9.72 g8y | 20 g-gg %gg g; 1619 ggg g_ggg:a g 29 9243|180
9. 1 : ) i e 87 )
o5 9;3302 23 0.0 251 | 28 ig%g;'ir 9.02 65 \“f; g?
D32 022 50 320210 110197 o[ 29285LFy | 36 20 | 19
b Bt Pl ol 28 | 1019 721 | BQ2040 as| 2| &0| 38
BoTz 082 20 | 250383 2 | 1519 695 | 9,02 627 sf3tl 4} 801 78
30| 9.73 022 | *° 9.80 391 [ 28 10'19233’ Shoois|8]sa| 2j100) 98
b Bt BT e B 1019851 Soserrislsr] 681200114
321073061 | 20 9.80 447 | 28 LD{{.3’531 9.02603 | 2|30 71140133
331973 081 | 20 9,80 474 | 27 [q0° 9658 | 9.02 595 5|30 $!l16.0|18.2
54| ora 201 | 20 ] 859 292 28 Miia 20| an2seT HE 9[180/17.1
851073121 bR I 0|25 10,19 470 L2579 57
.7 . . 9.02571}8
36973140 | 19 9.80 568 \33 101 26 g (877
37| 973 160 | 20 9.8 )38 | 1o° 9242|0256 25| 2
38 9.8 o |10.19414 1902555 5] 1.8 [16114
ssl s 50| 2 on bz | = | 1013858 sbrit o5 438150 0
0] 0732191+ o s £69 10,19 3: oo53e|8l22| 545|403
. 3 28 193231019.92530| & 4,5|4.018.5
11| 9.73 a5 a9 80 891 10 02530 | 2|21 6154|484
13| ors 2% e 0-50 722 o | 19-19 303  9.92 522 s120) 7|63|56 2
151953 33 he [ 520 753 25 [ 10292751 9.02514 s|29] 8|72!o4 a2
44 | 573%00K | 2 9.80781; 28 19247 9.92508/ 2 2104158
Bl ROl 2Ll 1 3 plsirles
AN 101 9-80 836 . 924901 8] 16
$STI53T | o | g0 804 | 57 10.10 164 | 9.92 452 8| 1g| From the top:
1o ra 30T a0 | 930802 3 | 1019128 19.92473 al12 P
o973 3061 12 9.80 0141 %7 | 10, 9108992465 5113 For 32°F or 212°%,
50| 073 410 | 2 9.80 947 | 28 10-%3081 06107 |8} 15 |Tead as printed; for
it gazaiel o fosars | o0 et b H B 122°+ or 302°", read
a7z 455 20 | o 003 | 28 | 10, .92 - : '
53 | a7s 404 2 lostos0 | 27 1018 997 ottt et funotion.
54)|0.73 404 20 g-gigss 23 lo'lggzg 8.82425 s| g
65 ICE b 56 ; 924162
56 gggg%g g F2-81113 27 10<18914 502408 | 8 g From the bottom:
57[072 baz| 12 9.81 141 | 28 18-18887 g0z2400! 3| 5 For 57°+ or237°%,
58| 9.73 572 28 9.81 169 | 28 10‘18859 g.02302] 8 read s printed; for
59}9.7 1o | 2-31 196 | 7 18831 | 9.92 g| 4|1a7° '
3 501 10 384 - | 147°* o Joyet
9.8 3% | 10.18 804 : 2 r , read
gofar 20 1234 ] 28 | 1 g.02376| 8 .
.73 611 9.81 252 [ 2* 18776 | 9.02367 | ¥ ‘;‘ co-function.
1Cos | d| LGt 10.18 748 | 0.92359 [ * 0
n ledl LT :
7° — Logari an | LSin |df ’ —1
garithms of Trigon - - Prop. Pis. |
ometric Functions )




I 33° — Logari i .
I] garithms of Trigonometric Functions 81
‘| LSin jd| LTan jed! LCin | L C
0[9.73 611 9.51 252 10.18 74% | 9,92 In Trop: Pis
1[0:736301 12 19.81 270 | 27 | 1018721 [ 9.03 301 | & 2
21973650 { 20 19.81507 | 25 10,13605 | 9.92.343 | 3 | o
8973 6691 201 9.81335 | 28110718 665 | 0102 335 [ 8 g’? Bz
41073639 70 1981362 [ 27 | 10.18638 (0192326 9| 56| 2| 56| 54
5[9.73 708 | 17 19.81 360 10.18610 [9.02315 15|55 | 3| 551, 5L
6(9.73 727 ) 30 [9.81418| 28 16718582 | 9192510 | 8| 2 HE A B
7|9.73 747 | 20 981445 | 27 [ 10718555 [o/00 300 | 8| 23|  5[1a0}188
8lo73766 | 19 19.81473 | 28 1107133507 [apanea (9| 2a] §[158|162
91073785 | 1519.81 500 | 27 110,18 500 | 0.2 285 | 8| 51 g i
101 9.73 805 9.81 528 1018472 [9.02 277 | ® 8l552 23
11{9.73 824 ig 9.81 556 | 28 | 10,18 444 g'gzggg 8 ig Zoalans
12} 073 813 0.81 583 | 27 | 1018417l o 9
139.73 363 | 20 1o'g1 611 [ 28 1018380 | 9-03 209 | § b 20 1 15,0
14[9.73882 1 12 [ 0.51 638 g; 10.18362 | 9.92244 15T45] 2| 4.0 3,5} ™
16/9.73 901 { - [ 0.51 666 10.18334 [ 002235 2 {a5] 3! 80|67
1619736921 [ <2 19.81693 | 27 11018307 | D92 527 |8]ad| 4| 80| 7.6
1719.75 940 [ 121 9.81 721 | 28 (1018270 {9.92 019 |8 | 43| 5| 300V, 9.5
1810.73050 | 17 [0.81 748 | 27 | 10118252 | 9.02 211 | 8| 42{ G{320 114
1949.73 978 | 101981776 | 28 [10,18224 } 0l02202{ % a1 | & (340133
(973907 | 1° |0.51803 1 77 | 10,15 107 | .02 104 || P2 160 152
321{ g.gig%; 2 gg% ggé §§ 10,18 160 | 9.2 186 | 8] spp\ P 1 1801171
74 035 . 10.18142{ 9, 2
2319.74 055 ig 9.81 856 | 28 [ 10.18114 3_3%%23} 3~§3§ 18
2419.74 074 [ 1% | 9.81 013 g; 10.18 087 | 9.92 16| 3 38 2
2610740031 9.1 941 10.18059 | 9.9205a | |35 § g'g 25
3? S-Ei %;3 20 3-3{382 27 10.18 032 | 9:92 (et Siaa| 4 73 gg
: . 1018004 { 0.92.73 0 4.
38|074 151 19 19:82023 27 | 1037 977 9.3%%5? 9|33 o] o8|5s
919.74170 | 12 10,82 051 g? 10.17 ¢a9f002 119 | ¥ 31 71128183
gn 9rd 1801 1 19.82 073 1017929 092111 [ lao|  8]124(72
11072208 | 18 1982 106 28 | 10.12594 | 9.62 102| 2 f 20 2]16.2 8.1
32(074227 | Tv 1082133 | 27 | 10,7 867 {9.92 004 8] 28
33 9.74 246 | 0 10.82 361 | 28 140.17 839 | 9.92086 {27
119.74 265 [ 19 19352 188 3;\ 117812 092077 |2 {26 8
:‘E‘g 742841 10.82215 K78 10.17 785 | 9.92 060 “l25 2148
801974803 17 19.82 244 N2 | 10,17 757 | 0.92 0601 01 24 3124
T19-Tas22 ) 111 9.82 200 27 | 1017730 19.92052 | 5| 23 HEF
S(orsa1] ] |0.89008 | 28| 10.1770219.92044 1 3|22 5(4.0
9.74360 | 9 15.82.325 g; 10,17 675]9.92035 8| 21 6148
Wlozesre] Mo 5se 10.17 648 | 9.02 027 | ® }20 718
Slres0s| 1982880 | 28 | 1017620 9.92018 |8 (19 5193
074 417 484G 35 407 | 27 [ 10717503 [9.92010 | 3| 18 ol72
B[37a4361\ 101 0.82 455 | 28| 1017565 9.92002 5| 17
p 9‘;4'%.. 1o 982462 | 27| 1017538 {0.01003 2 168 o .
4 3.744? 1o 1982489 1017511 | 9.01985 | 3|15 O e o
R e R o e e
1T 57| 1o [2-8208 27 f10u7 456 991968 | 51131 road.as printed; for
|48 19,74 5 . 10.17 429 | 9610959 | 2] 12
g 9.74.540 | 1%19.82 509 | 28 | 1017401 [ 0.91 951 | 8| 12 123°* or 303%, read
Wlarases| *loszeas| 2 | 10,1774 |0.01 942 )7 |10] co-funetion.
i 3'%587 10 |0:82653 g" 10,17 347 |0.01654[3] 9
Blor 606 | 30 [9.82 681 | 28| 10.1731010.91 925 S 3| From the botiom:
231574825 | 18 |0.82708 | 27 | 10227 202 [ 9.91917 81 7| From the bottom:
o 9%244 1s |282735 g';' 10.17 265 | 9.91 908 g 6| ForB6™+or236°T,
.74 662 9.82 762 10.17238 | 991000 - | 5| read as printed: for
gg g.;wm ig 9.52790 ) 28 | 1017210 | 001801 [ 2] 4 i@waorpsr;;*;ead
s |oie7o0] 10 19.82817 1 27 110,17 183 | 9.91 883 8] 3 S
so|o7ariol 1% 108284z | 2711017156 | 9.01874 |51 2 co-fometion.
ol 7871 g }9.82871| 27 110,17 120 19.91886 |} 1
180 10.74 756 0.82 899 10.17 101 | 8.91 B57 0
LCoa | a| LCin |ed| LTen | LSin (d| !  Prop Piz.
56° ~ Logarithms of Trigonomeiric Functions



62 34° — Logarithms of Trigonometric Functions [m
"] LSin {d| LTan |ed| LCtn | L Cos |d Prop. Pts.
. 9.82 899 10.17 101 }9.91 857 | _ | 60
-? 3?33?2 19 1582 926 | 27 | 10.17 074 [ 991840 | 2] 50
a2to7a704 | 12 |02 053 27 [10.17 047 9.91 840 g 58 ag ¢ o7
3forasiz| B {omzoan| 27 | 1007020091832 |23]1571 of 561 54
4jo74831| 391083 008| 27| 10.16 092 | 9.01823 o156t 3l 2uj 8%
5|oresso | |o.83 035 10.16965 {9.91 815! 155| 4i112}108
6974868 |18 foe3 062 27 (1016038 | 091806 | D54} 51401135
rlories7| 19 [osz 080 | 27 11016611 10.01798 2§53 6163|162
glors 006|192 | o83 117 | 28 110.16 883 [ 9.91 789 g 52 7196|189
01974024118 |o83 144 [ 27 11016 856 |9.91 781 | (| 51| 8| 224 (218
10{ora0a3t ® osa1n | Z [10.06 820 901772 [ | Go|  ol252248
[afirie et 7 e reme et 312
. - . io
13|o7a 000 | 19 fos3 262 | 27 [10.16 748 | 001746 | D1 47 26 1 18\
14]9.75 017 }g 9.83 230 gg 10.16720}9.91 738 g 46 % g‘g‘:g:g’
45 4 .
107300 1o |03 500 | ar 11030888 G 750 o[ 4] & |aoiay z6
TIoTa o 1s (058 55k | 27 | 1010 830 001 703 |2 | 45| 8fusie| 11
11878000 | 10 |583 2855 | 27 | 10,16 8ss [ 0.01 695 [ 3| 41 [« @ 1521 138
191975110 f 50 4 9. o7 |10 o|4L)€ gla0'8] 152
120|9.75 128 0.83 2221 1 1016553 |0.01 688 | 140%™ 5] 254 (17
21 | 9.75 147 }g 9.83 470 | 28 10,16 530 gg;ggg 4 3;3
mioriios ool | 7 honemlanastahel
{24 |9.75202 | 18 1083 551 77 | 10.16 449 9.916514 8 gg ol s8lis
S5 aa s | 083008 | 27 | 1000505 | Gbieas|3|za| 3] 3|58
2710.75 258 g 0.83 632 | 27 | 10.16 368 | 9igre25 | 4 83 51 00|45
2819.75276 | 12 19,83 650 | 27 | 10.16 341901 617 | | 32 &l 108l5.4
201075204 | 1% 19.83 696 27 | 10.16 334{ 901608 | | 31 718663
20{075513| 2 losania 1016287 10.01 500 | 130|  8/14.4|72
31{9.75 331 ;g 9.83 740 g’; 10.1626019.91 591 | & 29 ol16.2]81
3219753501 12 | 9.83 768 | 22 | 1016 232 g.g%g@ 3 é?
H g'gg BT oe i 2 No1a 398 oor 365 5126 8
835|075 408 | 1 | 0:83 saa ™ L 10,16 151 | 0.01 656 | 2 | 25 2|18
36 | 275 423 | 18 | 0.83876427 110,16 124 } 091 547 1 8] 24 3|24
a7lo7 441} 18 | os3 2731018007 | 001 538{ 91 23 4132
38] 076459 | 1% {082 030 | 27 |10.16 070 | 9,01 530 S{ 22 5)4.0
30§9.75 478 }g 9'83'957 g 10.16043 | 991521 | | 21 ? 22
40| 075 496 | 5 folsg o8 10,16 018 | 9.91 512 | - | 20 ed
15 27 8 R
i st 551 0an ] 27 1012 0ea 501 305 | o] 12 9172
azto.7 551 18 19.84065 | 27 110.15935 | 0.91486 | 7 | 17
4d 97%@ ig 9.84 093 g‘; 1015608 19.91477 |2]16] . .
45| 95587 9,84 119 10.15581{9.91469 [ |15 o
48 3'.75605 ig 0.54 146 g; 1035 854 19.51 460 g 14|  For34e+or 214>,
A710.75 624 | 1210841731 27 | 10,15 827 19,91 4511 51 13} 1end as printed; for
T R s T s b P
. L. L1 .
18 7 8 co-funetion.
BRIt P e
E2{075714 9.8¢207 | %7 | 10.15608 | 001407 2] 8 .
5319775733 | 19 10.80 334 | 27 | 10115666 | 9.01308 |8 7| From the bottom:
54]9.75751 | 1%9.84 361 2?', 10.15 639 { 9,81 380 g 6| For 55O or 285°%,
B6[0.75769 1 o |9.84388| 10,5612 9.901381 | { b rend as printed; for
Bl Bl B e st ) s
5819.75823 | 13 19.844691 77 1015531 | 9.91354 3| &} co-function.’
591975841 | 12 19.84 496 | 27 | 10.15 504 | 9.91345 |51 1
60 | 9.75 859 9.84 523 10.15 477§ 0.93 238 0
LCos | d| LCtn icd| LTan | LSin {d] * Prop. 2is,
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1]
/1 L, 8in |d| LTan |¢d| ECtn | ECos [d Prop. Pis.
0[975859 1 ;1984523 | | 10.1547710.91336 | |60
1075877 1219.84550 | 7711015450 |9.91328 | 815y
219.75895 | 12 10.34576 | 07| 10.15 424 19.91319 | 2] 58 27 | 26
31975913 | (51984603 ) 27 131@397 991310| 3157|  a| 54| 52
41975931 | (2 [9.84630 | 27110.15370 [0.01301 | 2156} 3| 31| 7%
B19.75949 | 1084657 | 711015343 19.91292 | [|550 4|1033|104
810.77967 | {7]9.84084 | 271 10.15216 | 9.91283 | 2454) 5113.5[13.0
7{9.75085 | 1010.84711 | 2111015280 | 001274 | 53] 6]162| 158
81976003 | 17| 9.84738 | T 110.15262 [9.01286 | B1s2| 7]189 (182
plo.76021 | ;5 19.84764 | 2711016236 [9.91257 | 21451| 8|21.8(2038
101976030 |, [9.84791 - 11015209 [9.91248| {50 912431224
111976057 | 13 9.84818 | 27 1 10.15182 [ 9.91239 | 3|49
12{0.76075 | 18 jo:84825 | 2711015155 991230 9148 18117 -1
13]976003 | 12 10.84872 1 27 11015128 |0.01 221 | S}47 <
14|0.76 111 | 13 19.84899 | 27| 10.15101 | 9.91212| 2}46 g g.g g.i
161976120 [ 7 }9.84925 | o7 |10.1507519.91203 | (14| 94 95) g
18fo76146 | 1T 1o.84052( 2711015048 |9.91104 | B144| 2} OF ~35
I710.76164 | 12 19.829791 27 (1015021 | 9.01185] 2143| 21 ot B2
181976 182 | 1210.85006 | 2711014994 10.91176 1 Jh42l  Spigd| 0
1519.76 200 | 1% 10.35033 | 77 [ 10.34067 | 9.92 167§ 141 (AR 159
(9762181 19.850591 - |10.14941 1991158 1400 \0]16.2|15.3
21|9.76236 | 1510.85086 1 27| 10.14914 | 9.01 149 F1391
2219.76253 { 17 19.85 1131 27 [ 10.14887 | 9.91 141§ g
231976271 | 121 9.85 140 27| 10.14880 [ 9.91 132} S4 109
24[9.76 280 | 1919.85166 } 20 | 20.14834 [ 9.91123 ‘g 26 2|2.0l18
2519.76 307 9.85193 1 . [ 10.14 807 {9.91 1144 /1 35 3|3.0|27
2609.76324 | 17108539901 27 | 10.1478019.91105| (34 1(4.0|36
a7|o76342 | 13 19.85247 1 7% (1014753 | 991095 | J138]  5|5.0|4b
2819.76 360 | 1519.95273 | 23| 10.14 727 |0.99087 | 33 616054
29]9.76378 | 1249.85300 | 27 [ 10.14706,[9.91078 | o131 7 7.3 ?ﬁ
3019.76395 | | [9.85327 | ., | 10.1407349.91069 130 g g'o 2
311u.764123 | 181085354 | 27 1014646 [ 9.91 060 5129 0 8.
32|9.764311 181985380 | 201 10,1462019.91061 | o 28
331076448 | 171085407 | 27 110,14 593{9.01 0421 £ 2 8
341 9.76 456 }g 9.85 434 2&'~}0.14566_991033 10 ol is
3Bio7aese | 219.55400 (210.14540 1 9.9 023\ |20 3|24
3619.76501 | 17 10.85 4874 %7 10.14513 991014 o[22 HEY
37(9.76 519 | 1519.85 514 27 110,14 48 91005 | o]22 5lao
3819.76537 | 124 9.85%64D | 20} 10.14460 9.3098? g}22 glis
301976554 | 11 19 85567 | 27 | 10.14433 0 050 7158
010,76 572 (985504 |, 110.1440619.50078 | 120 gled
4119.76 590 | 1UA0'85 620 | 7° 110.1438010.90969 | ¢ 1 ol7e
43 9.76607:'1% 9.85647 | 57 110.14.353 99092(1} o} 1
4319.76 625 .%7 9.85674 | 21 §10.14 326 9.80951 | o 1
ﬁ 9.76 642} 17 19.85700 | 22 10.143gg ggggg o1 yg| From the sop:
9.70.600 9.85 727 10,142 9 + or215°F,
161976 677 | 17 | 07s5754 | 27 110,314 246 |9.00824 ) 14 fgrw o tor
4g 976605 [ 18 | 9.55 780 2611014220 /9.90915 | o} 131 read an printed; o
4310.76 712 | 17 16.85807 | 2711014193 990335- 10| 7 { 125°* or 305°, re
919.76730 | 18 19.85834 | 27110.14 166 1 9.90 9| 10| co-function.
B0t 0.76 747 9.85860 | ;- | 10.14 140 gauggg 8|y
51£0.76 765 | 18 1 9 95887 5o 11024113 9.98859 8| 5
520 9.76 782 1; 9.85913 | 22 10.14 087 9.9 ool &| 7| From the bottom:
5319.768001 15 9 85040 | 27 10,14 060 aooseit ol 6} morsaerorases,
% 0.76 817 }g 9.85967 | 57| 10.14033 330842 of ¢ g:;sprimd.for
9.76 835 9.85993 10.14007 o] 4fre* ar -
S6fo768s2 1 17 | .86 020 | 27 | 10.13 950 | 9.90 852 "s| #}14a0t oraos>r, read
S719.768701 18 | 985046 | 231 10.13954 [9.00828 | of © N, tunction.
155 0 raser | 17 1o.se073 ! 22 1 10.18 927 19908 2| o) |
8319.7690¢ | 17 §6.86 100 { T | 10.13900 19 ol o
601 9.75 029 5,86 126 10.33 874 9.99'{96 - Tron P
LCos | d! LCin |cal L Tan | LSin |d

54° — Logarithms of Trigonometric Functions



N

64 ge
""‘Logarit];m
S »
‘] LSin of Trigonometri .
d | LTan |cd ric Functio
0}9.76922 LCn | LC ns [t
1| o.76939 | L7 3'26_126 o7 1 10,1387 os_| d m H
g 3'76957 12 9.8333 28 10.13 84? 3‘90793 &0 rop. Pis.
3| 976074 17 |986179 | 571 10.13821 907871 O] 59
0,78091 17 986232 ! 1013794 3-90 w7 | 10 58
23.770{]9 18 0.86 2 a7 1013768 9'88;68 g 57 27 | 28
o e 17| 950259 | 95| 1033741 2907801 o1 58 2| 54| 52
8|07 0431 17 9.8631§ 27| 1013715 9 0750 55 3] 8.1 7.8
9 9'77091 181525335 | 28 10,13 688 AT ol 23 :[108 104
10 77078 | 1 10.86365 | 27 TR s |5 s 13.0
11 9.77 095 0.5 27| 10.13635 | 2.9 792| 2|52 16.2 | 15.6
n 3’77112 17| 986392 5 110.13 608 90713 2151 ; 18.9 | 18.3
12917180 2 980418 | 07 10.13 582 290704 ] B B e o
dlEri ladie 2o de o|B| PG
: 9. 135 .
%g g77181 | Y 926493 z 10_13233 990670 9 ig 8
A B B bt 101 90667 | 7| 46 H’(\
17| 9.77 216 | 17 9.86 551 | 27 .12 476 | 9.00 10 ol s.8N3
18] a.77 a.86577 1 26 10.13 449 857 45| 3.3 INCE
19 9',;, 233 17 9-866{)7 26 10,13 423 .90 648 9 44 4 i:,"& b.1
aole 7250 17 985633 251 10.13397 so06as| 9|a3| 8 ,’,9.2 88
mlorrass| lossoss| 2| 10133 saosas] o 15] 29103 o3
0 5 d 1 . ¢ £ 4 + .
AL e T R i 51|
249773361 17 9.86736 | 27 10.13291 i}:gogoz g 39 9)16.2]153
25| 077353 ¥ DB0T80 1 25 [10-13204 590 284 ‘op3s
% | og oma | 17 | oS5 789 281 10.13238 | 9.90 574 Mo 37
orlarrasy| 7 a9.86815 | 26 101321119 ’K 9 a6 16 [ i0
2572387 | 15| 356842 7 | 10-13185 90585 || 139 21 32|20
e Epe: 8| §'56 308 R bt Ao 103 2] 18|3
977422 7 86855 | 26 31581090 HEY 839
301 ooy aaa| 17 | S50 Boe 26 | 10-13 132 o000 22 4| 64|40
ooy aog | 17 | 056921 35 | 10.13 1864990 5 T13132| 8050
s1]oa74s| 17 19.86947 | 23 101507 550008 | 2|30 61 9.6/60
BT i Sl rsomns| S| £\ 15208
35 3.27507 i 087 027 o520 Das | B.0040 T 9.0
S 9'7;22% o7 0.87 055 %; ;0.12973 gggigg 13 @7
3rharr 9.8 e | 10.12 . 26
O e o e R sl
aolg 5 8T 12 % 9.90462) 9 2118
77502 | 1T |a) 1321 26 o4 | 0004521 24 3|2
4019, w287 158 ap | 10.12868 90452 191 23 T
Al ofs: 87 10 | 27 | o282 sa0sss| o2 558
42| 677 64 9.8 101281516 o1 .
BIER ' 5:57 228 P TRELd bt er 120 g|53
497 660 17 387 20 2011012762 ?.90415 al1n : 6.3
a5 | gl 1; 937293 5 | 1912738 5‘90405 0] 15 H g%
16 pai7 9.87 o7 {10.12710 5004894 9ti7 '
A 9'7;;11 b oot | 261012683 100386 |10 [ 16
48] o7 74 1719.87 360 | 28 1012 geo | 220577 9fig| From thetop:
301 577 7o | 17| 957 396 o7 | 1012631 aooaes ol1a] F o
5007777 17 087499 | 28 13,12 604 9‘33358 10713 or 36°+ or 216°1,
51| 077 705 | 17 | 93T 418 26 | 10-12578 S90g40) 0] 12 Togors printed; for
521077812 17 | 8:57475 a7 | 1012552 | 9.90 330 of I or 306°+, read
977820 | 17 87501 | 26 12525 | nop 3201 10| co-funetion.
54|977848 | 17 087RoT 26 10.12 499 9‘90320 ol™g
55! 077589 | 1P 0.87 55a | 27 %3%473 gigogéi lg 3
e
58 9:779?2 1; 987632 97 10_12392 3-90282 iy 5 For 537+ or 233",
So|oITols) 7| 987esn | 20 112504990073 | 5] & read as printed; for
601077 945 | 10 9.87 685 | 26 {8-12341 g'goégi ol 3 1435+ or 323°, read
1 Cos 987711} 2 10.]2315 0.00 244 | 10 % cofuneticn.
dl LCtn lcad I;T289 0,90 235 b 0
53° — Logari an | LSin |d] ’
garith
ms of Tl‘igonom etri Prop- Pis-
ic Functions
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1] 37° — Logarithms of Trigonometri
- - .
TSin |d] L Tan lcd| L Ctn ¢ Fanctions 85
ofoursas| . [987711| (10 L Cos | d o
M|a7and o |35rii | = | IG1RES | 830388 el e
2| oront| 17|97y 4| 28| 10.12236 { 9.9 a2
& |9-87 790 00216 9
i|amsous i | g7 817 | 7 1012216 f 9.90206 | ) &
6 3‘3203” 7 |2-87843 11012 950197 5| 568
o35 0as | 18 o7 sos H 310 a0l 13 55 27
slersoso| 17 £.87 895 10121 178 a4 %
s[o.73050 | 17 §9-87 022 2 10130781 s o0ics w|z3| 2| 54| 52
10fors11s| 12 o5y o7 29| 1012052 390181022 i|108| 03
: 87974 51 0.8| 10
sliiens v lomems |l osei i) i 19
L . 2 ) b . 5.6
1505 13| 19 9:58058 | 50 1011075 60120 0kas) 31313 a0’y C
: 883079 - 11 6[208
tH B 7 |os8105 1 2 1011621 1090101 g h olmsled
17 9::{'8%3 17 3'32%31 b 1‘3:1%223 g'ggggé 5|5 \*
1018280 16 | 952158 | 26 | 1011 oie Y 10|34
24 85184 | 20 990072 [10]42 17 |21
Bt L0028 sl 3
(073780 |, fos8sms | | 1011764 2003 | 0|4t h 3 21| 42
27| 0.78313 | 17 555 2% 20 110.11738 5:00034 9 %’0 5| 851 80
23| 078325 | 18| o 36 | 10.11711 9.9 w33 810 0
ARt byt o | 1011 o | 600 004 A K 10.2) 9.6
0.88341 | 26 35 [ 9.90 0144 1013 7i11.9] 11
27 e'éggég 17 0.88393 20 mﬂ 23% 3‘%3’39‘5 13 35 slsafd
selersain| 17 083420 | 27 | 1011 530 ho: 25 34
Solora sat 9.8253446 | 281 10. Lo.sa 076 | 2| 33
e
30[078445 |, 1988408 200 10 1060 o56{0[81|  2)20(18
IRtz 58524 % 1041 476 S et 950 3130 27
Salaandtel e 553250 40,11 450 9. 1028 10]3.8
34 5 | a:5s 577 | 220601 42 o.80927(10l98] 515014
Attt b e i
y 9.88 629, w1lo 083
g? 3'558;543 181a.885 5] 2 }g'ﬂ371 gs0s08(10las| 5| 80|53F
E|aIa560 56| 080081 26| 1011510 | 689570 ‘o|% pleoisd
35| 0778 pos | 16| 05e o5 26110.11293 680 85 | 10 -
ﬁ gﬁ.saog }; b asves | 20 10,11 267 | 9.80 859 13 21
15| 2756zl g asn7sg | 2 10112411 0895401 0139
23 |oa38ie g | D-88812 1011 15 ap | 10
e R | i e
p e oot i; 9.53890 | 2 igﬂ :36 689810 10}16 For87°* or 21T,
978 707 . .11 110 | 9.8% 801 5| read as printed;
i7 61988916 | 26 1 printed; for
BEL S 2 B Bl s
gg S7araal 17 | o 5sooe 26| 1011032 ST 10 131 co-funetion.
0| 078 772 16 0o aos | 26 10.11 006 | 9.80 761 [ 15 | 11
55 g.zgggg }g o995 016 | 26 %g.%oggo 9.807521 1o 10 From the botlom:
2loresos | jamors o 101005815073 | 101 8 For 52°* or282%,
g; 978837 | 16 389090 | 25 %0.10901 gsa7oz|iof 7 ‘e“f:spﬁﬂted:for
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501985324 0 19.95504 ] 20| 10.03 138 | 9.86.400 | 12| 4
57|983338 | 19.968001 29 | 10.03110| 9.88 448 | 2] 3
a819.83351 | 0 19.96915 1 2% 1 10.03085 | 9.86426 | 12 2
5919.83365 | 2 19.96940 | 701 10.08 060 | 9.80 425 | 11| 1
60]9.83 8378 9.06 066 10.02 034 | 9.86 413 O ]
LCos | d| L€tn [cd| LTan { LSm |d| ’ Prop. Pts.

47° — Logarithms of Trigonometric Functions
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HI3 {Sm 1 d] LTan |ed]| LOm | LCos Td Prop. Pés.
!
9.86413] 60
o] s.85a78 9.96966 . ig-gggg% 2.36 401112 | 5o
1[o.83302] 1% 097 0151 23 { 10:03 004 98535 12 %
g g.mgg 11 | 597 042 20 m.e%ggg g-ggggﬁ 1| 2F]
29'83432 12 1 067 067 o5 10,0 9‘%35& 19 55 2% | 25
83446 | 1+ | 0.7 092 1005 208 | 950 354 12 54 53] 5.0
§|9.83446 | . 26 110.02552 | 9.88 15 2
6|9834501 13 |o.07 118 28 10.02857 | 6.86330) 124531 3| 7| 75
7|0.83473 | 121997143 52 10.02832 19.80 21811252} 3|, 48|, 72
5| 0.8 486 | 13 07103 | 25 | 1002 Eer | D o0ate HEI I 180125
83500 1419 26 | 19 L150]  sliss| 150
0|os 513 | = Doy oae | 23 | 10,0375 1 358 288 12 f| 7iisa| i
ey Kt 8 i 3 i
1110.83527 1 10 25| 1002731 }0.56 271 | 12 -9
; 5 1997 269 55 47 9234|225 .
13088550 | 14| 567003 | 28 10.03 685 | 5.8 247 | 12| 45 <
i3 507 13 2-e7320| 2210, 55 | 9.86 235 | 2| 46 « \
15{983501 | 17 | 0.7 245 26 | 1002 020 | o8 50m | 12| 22 14,413
16}9.83504 1 1% | 9.57 371 25110.02604 | 0.86 211 [ 32] 43 2| 28] 38
17}0.83608 | I gg;ig? 25 %0:02579 9.832133 5 21 3% gg
1849836211 14| 9. 7|28 10.02553 | 0.8 12 ANSBL 5.
0483634 9.9744 25 78 405N 51 7.6 &5
a0} 0.3 645 i bor 07| 25| 1005 5o | 9.4 104 A E NN 84| 78
83661] 1P log : 152 L) NS .
32|05 674 | 13| 9’07 2a5 P4 1002477 [9.86 182 1§§ a0
a3fomnons | 14| og75es| 28 10:0547 [ 5:86 128} ¢l126[117
2410887011 1016.07578 23 |1 02402 | 9.56 118 ks
2083715 | (9.87508¢ 18'02376 9.86 104 }2 84
{25|983725 | 12 {0l97 6241 26 | 10, 2351 | 9.86°092 | =] 83 2|11
27|9.83741 | 13907649 | 22 10:02 356 | %.80 080 o2l 4 Salas
281083755 | 141997674 | 28 1002500986068 1)) 311 21 24, 22
29(9.83768 | 1210.07700| 28 02375 088056 | 210] 3 36132
80}9.83781 907725 . 10'0225'0' 9.88 |2 5f 60|55
B I G  haRan sl gl enl
% 3 § 88 A
10 bee: | 101597 0s i 1005 172 | 6,86 008 HEd R
3416.83834 | 1%} 9.97826 | 72 02149 | 9.85 996 121230 glwsloe
35§9.83 248 9.97851 1 5, 18'02 123 1 9.85884 0 2§
a8fo.83861 | 18 | 9197 877 0. 0.02098] .85 972 | 1212
371083574 | 131 9.07.0024%2 | 1 02073 19.85960 | 12122
a8[0.53 587 | 13 SoTax | 26| 1003085 9.85942 1 ;1'
3919.83 001 MY 2 0.8593 :
@loss91e) 1 bo'azors | 2 1001 967 | 0.85 924 120 22] pyom he top
4119:83 927 | 13 Laleg 003 26 | 10:01 971 | 985 912 1231 2930+
2lo83040 | B3 08020 25 | 1001 046 | 9.85 900 12| 16| Forssrorazs,
431983954441 9198054 | 28 1O aat 1085 888 12| 18| 1cad as printed; for
441953 067472 1 9.98075 | 73 01896 985876 | 17 18| (330 or 818°%, resd
46| 9.8395 13 g-gg%gﬁ 28 %3201870 g-ggg'g‘f 13 §3 co-function.
71094000 | 18 | 53120 2 L e s a0 | 12 2 .
4810184020 | 11908180 | 23 i s 12 From the botiom:
491584033 | 13 { 9.98.206 | % o1769o8asis |, 10 P oo,
801 5.84 046 | {08231 25 | 10°01 744 | 5,55 503 12] 8], cad aa printed; for
s119.81050 | 13 o828t a5 | 100719 28070t o] ¥ 1980+ of 316, read
5 : N . 3 N
5|05 0t2| 13| 398281 25§ 100 08 | o S 766 11 8] e funetion.
5410.84 0oy :{i 9.983321 041 01643 | 9.85754 iz E
851084112 | “1o.98357] o] 1001617 |o85742 (12 5
88[o.84125 | 1819983831 26 10.01 592 | 985730 3| 3
571952138 | 13| 9'og 408 a5 | 100T oa7 |oss 718 12| §
58{9.84151 | 13 9.98433) o, 1 1001 397 | 076 706 1] 4
591984164 1319.05458 | 20 1001516 | 9.85693 | | € Trop P&
801984177 | 1 0.98484 L Tan | Lot | &
LCos | d{ LCta |ed

46° — Logarithms of Trigonemetric Functions



72 44° — Logarithms of Trigonometric Functions [
] LSin |d| LTan |¢d| LCin | LCos | & Prop. Pta.
0]9.84177 0.98 484 10.01516 1 9.85 603 | |60
1]0.84190§ 13 | 0.08 500 | 25 { 10.01 491 | 9.85 681 21 59
2| 981 203] 13| 0.98 534 | 22 { 10.01 486 | 9.85 656 iz 58
g|o.84 2161 13| 0.98 560 26 110.01 440 9.85 657 12157
4]0.84229 %g 9.08585 | 2211001415 | 0.85 645 | 12] 56
5}0.84 242 9.986101 .. [10.013909.85632 | [} 55 26 | 25
6]9.84255 | 1219.98635 | 221 10.01365 | 9.85620 | 121541 o) 4] 54
71o.84269 | 1319.98651 1 261 10.01330 |o.85 608 [ 12153 3] L] 73
81084282 13 | 0.95 686 o |1001314 085596 [ 12| 62 ¥1407% (168
919.84205 }g 9.08711 | 23 [10.01 280 [0.85583 | 12151) 5|13 | 125
10]9.84 308 9.987371 - (10.01263 |0.85571 | 180 6156|150
11]o.84321 | 13 | 0,95 762 g; 10.01238190.85550 (121491 7|1821175
12{9.84334 | 13 | n.o8 787 35 [1001213|9.85547 [12] 48] 81203 20,0
131984347 [ 1% 0.08812 | 23 | 10.01 188 | 9.55 534 1147 9)23.44G28
141984360 | 13| 0.08838 | 20 [10.01 162 | 9.85 522 | 12 45 R
15| 9.84 373 0988631 - (10.01137|9.85510 | 1145 .\
1619.84 385 1§ 0,98 888 | 25 | 10.01 112 ] 9.85 407 44 i1 113
1719.84308 | 13| 0.95013 | 2% | 10.01 087§ 9.85 485 H PR
18}9.84411| 13| 0,98 030 | 28 [ 10,01 061]0.85473 12142 2| 2. -g
1915.84424 | 131 0,98 064 g; 10.01 036 | 9.85 460 [ 13 41 ng g-g 2-2
20 9.84 437 0.08989 10.01011 [0.85448 | MOV 5| 7ot @5
21| 9.54 450 Ig 9.99 015 g? 10,00 985 | 9.85 436 §3 8] &l sul 73
2210.84463 ( 1319.99.040 [ 25 | 10.00 960 9.85423 (4f88|  7) g&| g
23[9.82478 [ 1319.95 085 25 [ 10.00 935 9.3541,1\13 37| glii2|104
24084480 | 121999 050 25 | 10.00 910 | 5.85 359 2136 gl126|117
25| 9.84 502 9.00116 | 2 | 10,00 834 | 5858, 35
28| 9.82515 | 13 | 9.99 141 g; 10.00 859 | 985474 1§ 34
27]9.84528 | 12| 0.90 166 | 25 10.00 534 | 985 261 %2 33 12
2819.84 540 | 12 | 9,00 3101 30 10.00 8084 9.85 349 | 12| 32
299,84 558 }g 9,99 217 2‘; 10.00 783 [9.85 337 ig 31 2| 24
8010.8a566 | " |9.99242 | -° [ 10,0078 | 9.85 324 7|30 a1 32
811084579 1210.99267 | 20| 10.50733 | 0.53312 | 12| 29 £ 55
3210.84502 | 121999203 | 28 | 10,00707 | 9185 259 { 13| 28 5l 52
3319.84605 | 131900818 | 23410.00 652 | 9.85 287 | 12| 27 5|12
3419.84618 | 131909343 ,23 10,00 657 | 9.585 274 ig 26 g g‘ﬂ
85| 9.84 620 9.99 368 1> | 10,00 632 | 9.85 262 25 9| 108
36 9.84 643 1§ 9.99\u4~ 5 110.00 606 | 9.85 250 | 12| 24
37| 9.84 656 §3 909 25 110.00 581 | 9.85 237 | 18] 23
389.84669 | 1219:89 444 2g 10.00 556 | 9.85 225 | 12] 22
899.84682 | 19 19,95 469 33 10,00 531 | .85 212 ig 21
4019.84 604 N\ 9.99 495 10,00 505 | 9.85 200 20
4119.84 707 |1 9.69 520 | 25 1 10.00 480 | 9°85 157 | 13110
ig gm%g \{g 3'395$5 g; 10.00455 | 6.85 175 }g 18| From the top:

5 99570 10.00 430 | 9.85 182 17 04
£41984745 | 12 10.99506 | 20 | 10.00404 0355 150 12 35| For 44 oxZ2E

451980753 - 19.99621 | | 10.00 370 | 0:85 137 | 12} 15 | read s printed; o
464924 771 }g 9,99 646 { 25 [ 10,00 354 | 9,55 125 | 12] 14| 134°+ or 314°+. 1a
{g 84784 (121099672 | 2011000328 | 985112 | 13| 13| co-funation.
48[9.84706 | 1219.90 607 | 28 [ 10,00 303 | 9.85 100 | 12 12
101984800 | | [6.99722 | 22| 10,00 278 | .85 087 [ 13| 11 From the botiom:
B010.84822 | - 0.99747 1000253 |o.85074 | 0| 10| Lo ehe o
5119.848854 21999773 | 26 110.00 927 {985 062 | 12| 6| Tor 45+ 0r 225°,
52)9.848471 71 9.69798 | 221410.00202{9.85049 [13] 8 .0 q ne printed; for
53 10.84.860 999823 2331000 177 | 9.85 037 | 12] 7[2%32 ) 215+, read
5419.84873 | 1919.99848 | 22 110,00 152 | 9.55 024 | 18] 186" or 3157
6519.8¢885 |~ 19.90874 | -2 11000126 | 9.85 012 | 2] 5] co-function.
5819.84808 12 19.99806 | 25 (10,00 101 | 9/52 695 (18] 1
6719.849111 :919.99924 | 22 1066076 0.84 956 12| 3
5819.84523 101999949 | 2% [30.00051 | 984 974 | 12| 2
5919.84936 | 2 9.59975 { 26 | 70.00 025 } 034 961 Bl
8019.54 949 10.0000 1 " | 10.00 000 | 9.84 949 0 ——

LCos | d| LCin tedl LTan & LSm ldl ’ Prop. Pis.

45° — Logarithms of Trigonometric Functions



ANSWERS TO ODD NUMBERED EXERCISES
AND PROBLEMS

The anawers fio even numbered exercisca are omitted for reasons stated in the

preface. Those of some odd numbered exercises are also intentionally omitted.

1
5.

3.

3.

15.

1.

5

Hy

9.
11
13.
15,
17
19,

o
9,

11,

13,

. sin A

CHAPTER 1 A\
2 A
Article 2. Page 2 2N N
4/5, 3/5, 4/3 3. 24/25, 7/25, 24/7; 7(25, 24/25, Tf24 |
+3/2,1/2, V8 7. 172, ¥3/2, V313 9. 0,70, 072, 0.97

Article 3. Page 3 -

Article 4, Page 4
sin A = 5/13, cos d = 12/13, ten A = 5{12,/5)~
cot A = 12/5, sced =13/12, escd =13/5 “

Atticle 7. Pages6)7 ’

41/9, 41/40, 40/9

. 500 ft, 7. S03B/3 ft. 0, 45°, 30°
6 17. 1 I8 347 28 3(1 4+ V3)
Articl8'8. Page 9
co8 A = 3{5, tan 4 = 4/3,800 4 = 3/4, see A = 53, csc A = b/4

- sin A = 7/25, cos A = 2425, tan A = 7/24, sec A = 25/24, esc A = 257

sin 4 = B3, cosA\{m;’l.?y, cot A = 12/5, see A = 13/12, cic A = 13/5

8/17, tamd = 8/15, cot A = 15/8, sec A = 17/15, esc 4 = 17/8
sind = 1/2, cos = V3/2, tan A = V3/3, sec A = 2v3{3, 0 A =2
Snd = VI %0k A = 1/2,tan A = V3, sec A = 2, esc A = 2433
cos A = Y32/ tan A = V3/3, cot A = V3, scc 4 = 2V3/3, esc 4 =2
sin A <201, cos A = 0/41, tan A = 40/9, cot 4 = 9/40, sec A = 418
Sin A4/, cos A = 3/5, tan A = 4/3, sec A = 5/3, csc 4 = b/

125 21, 16 23. 200 25, 0 = 60,0 = 80
\ \ . Article 9. Page 10 .
+ €08 60° 3. cot 20° 5. csc 78° 35 ¥, in 22° 30

8in 75° = eos 15° cos 75° = sin 15°, tan75° = cob 15:,
€ob75° = tan 15°, sec 75° = csc 16°, cse 75° = sec¢ 1§

159 15 15° 15. 15°
Article 10. Page 12
8in? z 31
snd AV TR d o, VI dlantd,
1 + tanf A ! = 1 4 tan
e eed o YTOEA
mt4=mr sec A = VI Ftantd, esed =—p7

8



ii ANSWERS TO ODD NUMBERED EXERCISES

CHAPTER II
Article 312, Pages 14, 15
1. 0.267 3. 0924 5. 0.754 7. 5976 0. 0,719
11, 0415 13. 4,165 15. 0.566 17. 14° 19, 54°
21, 28° 23, 43° 30/ 25, 16° 27. 35° 20, 7
31, 66° 33. 70° 35, 68° 37, 22° 39, 2¢
Article 13. Pages 18, 19
1. 295 ft. 3. 32.1 ft. 5. 119 yda. 7. 456 £f.\
9. 04.5 ft. 11, 767 ft. 13. 52° 30/ 15, 12° %3
e\
Article 14. Pages 20, 21 7NN ©
1. 30.9 ft. 3. 20° 5. 79° 30’ 7.16°30"to 363 < 9. 27°
Article 13, Pages 22-24 ¢ \

1. N3%°E  3.20° 5 96.6ft. 7 3l4yds. 9. M@8rds. 1L 109ft.
13, 843 1t, 41° 15. 65 Tt., 69°30° 19, 12800 ft., 235006, 21. 146 ft., 6201,

W

Article 17. Pages 26’{2\7\

L. B =58°30, b=441, e=3517 H»N& 1l 9491t

3. B =43°30, a = 258, ¢=356 , \J 13.145°

5. A = 41°30, B = 48° 30", c—241 15. The first course.

7 A =44 R=45°, g —'5‘94 17. 71.3 ft.

. B = 66°30 0", o =348, ¢=872 19. 77.0in.
Aréicle 19, Dages 29, 30
L 78206, 0014, 1.112)'0.001 11. 38.1
3. 78.2061, 0.0138, B, 00007 13. 69.5
78.30, 001384 1 112, 0.0607220 15. 14.3, 0.75, 4444,
5. 810, 810, 810/ 17, 18°
7. 15, 15.3, 1528
AT,
' CHAPTER LI
(% ) Article 23. Page 32

LRI, I, 13, 111, 1v, 00, © 7. — 1080°

830°, 390°; 30°, — 330°; 390°, — 330° 9. II 1. v
\ "5. 435°, '799°, — 281°, — 641° 13. 9000 rev. per hr.

Article 25, Page 34
1. — 1213, 12/5, — 13/5 5. — 2/VI T B3, — bj2, VA - 0fb
3. — 1218, — 1245, 13{5 7. — 4/5, 4/3, — 5/3; — 3/5, 34 — b4

Article 26, Pages 36-38
In this section the answer to each question follows the order sin, cos, ¥,
ese, see, cof.
5. — V212, — V272, 1, — 3, — V2,1
7o — N2/2, V2/2, — 1, — V2, V2, — 1; same as for 315°



ANSWERS TO ODD NUMBERED EXERCISES iij

9. — %, — ¥3/2, ¥3/3, - 2, = 233, V3; same as for 210°
11. For 300° and — 60° — V32, 1/2, — V3, — 2+3/3,2, — ¥3/3

For 330° and — 30°: — 1/2, ¥3/2, — V3/3, — 2, 24313, ~ +3
13. 33 15, — 3/4 17. — 9/4
21, 3v5(7, 217, 3v5/2, TN5/15, T/2, 2V5/15;

— 3+5/7, 217, — 3v5/2, — TV5/15,7/2, — 2515
23. 1/3, 242/3, ¥2/4, 3, 324, 22 .

1/3, — 242/3, — +/2/4, 3, — 342/4, — 242
1/5, 2v8/5, 6/12, 5, 5V8/12, 2v8;
—1/5, — 2\#6\,;5, V8/12, — 5, — 546/12, 246 A\
o I — m* ] 1 i . A 4 \".
27, NT =l m = "Vi—m N —m O
— NTZ e 11 m_ N\

— VL=t m, wm a l—mﬂrf?al_“ 1 —imi2 g
20 i Vm? — I i " m m? — £, '...:\\
- ’ w 1 _\‘rm) l ¥ ’\}ﬂ—i’g—_'l—s) I ) 2
— Vm? — B I m —m Sy

R R o
— Admt = l " v—im.':= — Amt =B,
m o Ami— R L NpAZE L
— 1 T A

e s AN AR o M
i m I m m m,
NErm ABgm mN L om
—1 — ’..J,'\—\ﬁz-l—mg — I+t om
—— ——==4_7 ! T
Ncurap T L ! oo™ L
37 — 12, — V3/BNE3, — 2, — 2V3/3, ¥3
39, 0.6, — 0& T'"~ 9’75’ 5;3’ - 51{43 - 4‘(3

25

31,

Sbc

Blee B~ B~ @

33.

A X
.'\'“'  Article 28. Page 40
3.0 0" 5.0 7.1,0,, 1, %0 —L0 =, —1,=,0
9. 0’9'\ i} 09 Wy 1, w
A Article 30, Page 42
)5, oos 130° 5. — tan 410° 7. cos 1511° 0. — sin 75°
11. tan 45° 13. — sec 380° 15, — cosb0®  17. — cot 948
19. — 0.801 21, — 2 3. —2 27. 1.428

2 —
33. — V3R, — V2R, 1 35 — Vi, 12, — V3 3N VB2, — 1/2,— V3

Article 31. Page 43

Ld
L. &in 9° 3. cos 76° 5. — tan &8

Article 32, Page 45 .
t,  sin 25° — cos20°, — tan 59° 3. — sin 43°, — 006 83°, tan 27°
5. — min 33°, — cos 10°,  tan51°



iv ANSWERS TO ODD NUMBERED EXERCISES
Article 33. Pages 45, 46
3. zin 15° 7. ein 45° 30" 11. — cze h® 15. 0,083
5. — sec 31° 9. cot 10° 307 20” 13. — 0.814
Miscellaneous Exercises, Pages 46, 47
1. —170° 5. 1L T 9. — 3/5, — 45, — 5/3
3. — 113640° 7. =+ 5/18, &+ 12/5, & 13/5 11. — 4 — 32
.14 15 -2 171 — NT=B o=t —L, 2 ML F
- 1/ T AT TRV R L YT B LN
— 41—t 1 1 — %
19. —1/2 21 1200° 25. VI — a2, — a,— r——m —
f a Vi—a  aNi-a
29. 210° 330° 31. 120° 300° 33. 150°, 210° 37.1 39. — (al\:P b) tan z
CHAPTER V 0\
w7
Article 40. Page 58 Q)
1.1 3. 0, == 180°, == 360°%, « - 5 2
o
Article 40. PageHSQ &
3. & 90°, = 270°, ---
Article 40. _Page 60
1. No w35 No; =+ 90°, = 270°, -+
Article41. Page 60
31 5,/% n-180° where n is zero or a positive infeger.
i"\\
\\”" CHAPTER VI
O Article 43. Page 64
1.3856 N\ 3. 112.9 5, 37° 8
\\" Article 44. Pages 65, 66
1, 786, N6 3. 933.01¢t, 7014 it
5. 18.28"mi. 9. 48.97, 17.36 11. 76.90
"\ ’ Article 45. Pages 68, 69
1. 17.65 3, 1185 8. 61° 17’ 11. 50410
Article 46. Pages 70, 71
1. 48° 52/, 58° 36!, 72° 32! 5. 524.0

3. 32.36 ft., 67° 84*
9. 9V34 4+ 1542 = 66.87 mi. (V2 = 1414

11. 65.79 lbs., 51.62 Ibs,

1, 363.1

7. 60.85

17. 35.45 f1. 19. 23.19 ft.
Article 47. Page 73

3. §73.2 5, 6248 7. 93.00 9, 5700

13, 2115 sq. ft.

17. 4173, 5.633, 32.57 19. 490.8



ANSWERS TO ODD NUMBERED EXERCISES | v

CHAPTER VII
Article 51, Pages 78, 79
7. 56/33, 56/65, 33/65, 16/65 9. 2(1 — V109, 2(1 + V160
23. 4/5, 3/5, 4/3 25. 1/2 27. — V210, — 157
29. 3 - 33 —1f2 35. +3/3
Article 52. Page 80
5. 24/25 7. — 120/119
Article 53. Pages 81, 82 O\
1. 24/25, — T/25 3. 24/25, 24/7 5. — 7/25 7. 10"
0. — V22 . (VB + V2)/4 13 31W2— V2 gsadE—1
27. cos 30 = 4 cos%9 — Doon 31. V3/2,1/2 3300 "cos 6z)/2
35. (1 — cos 407)/2 51, sin 2z 53. tan 2z .\ V55, tan (x/2)
Article 55, Pages 84-86 O
1. sin 44 + sin 24 3. sin 8 —sin 22,70 5. cos 40 ~ cos 109
7. {cos 24 + cos 2B)/2 9. V6/2 \ 1t. V22
13. V2sin 8° 15. V3 eos 10°( )" 17. sin 5°
19, sin 10° 21~ V223 23. 2 sin 30 cos 20
25. 2 cos 32 sin 2z 27. 2sin deos B 29. 2 cos 3z sin 22
CHAPTER VIII
Aﬁfwle 63, Page 92 .
1. 1.82607 5, 3.30103 7. 974819 — 10
9. 1.25200 11 93 87 - 10 13. 0.82667 15. 2.00311
_ e \% Article 64. Page 93
1. 136.70 3\'{0120 5, 060084 7. 37153 9. 60263 11 100.75
’\ Article 65. Pages 04-96
1. eab 15 3. 11.446 5. 11.559 7. 014142 9. — 0.91656

IS 0\052781 13, 2.5418 15, 0,057530 17. 111.82  19. 0.0000014444
i) — 11808  23. 0.00068185 25. 14.782 27, 99022, 29. 10.309 in.
31. 48,057 yds. 33. 1004700 35. 245.94 37, 09.408 em. 39. 156,25 cm.

Article 68. Pages 98, 99
1. 9.36660 3. 0.05497 5. 9.90183 7. 9.80744 9. 9.02047
" 11, D.8066RT 13. 0.57300 13, 1.01326 17. 9.94423 19. 0.03759

21 9.91206 23. 0.43295 25. 52° 1% 27. 25° 26’ 29, 39° 8.8
31. 80° 272’ - 33. 16°25.1'  35. 84° 157 37. 81°27.1" 39 45°

41, 17° 5.5, 342° 4.5’ 43, 65° 52.2', 245° 52.2'
45. 81° 8.8/, 278° 53.2' 47. 79° 59.4', 250° 59.4’
51, 3221.6 53, 242.24

19. 3135.5



N

vi ANSWERS TO ODD NUMBERED EXERCISES

Article 70, Page 100

1, 19°20°24" 3, 50°437427 5, 41°41748” 7. 17°194° o, 46" 41.3
11. 39° 407 15. 9.82249 17. 0.40336 19. 916151  21. 990363
23, 36° 52’ 32" 25, 58° 107 417 27. 52° 407 56 29. 17° (' 35"

CHAPTER TX
Article 74. Pages 103, 104 A
1. B = 43°33", ¢ = 1651.7, b = 1570.2
3. 4 = 40°32.5', B = 49° 27.5, b = 151.99 O\
5. A = 72°41.4', B = 17° 186", & = 033.18 o\
7.4 = 24° 444, ¢ = 84954, ¢ = 2020.0 \
9. 70.134 ft. 13. 100.01 ft. N 18, 34083 ft.
Article 76.  Pages 105, 106, -,
. ¢ =101° 57, a = 101.22, ¢ = 1974.5 v
3, 0= 60°13.7, b = 46274, ¢ = 4980.9 )
5. A = §7° 23.2", @ = T54.97, ¢ = $32.53 \ . 368.7% yds., 177.86 yds.
Asticle 77. Pages’rég, 110
1. A = 62° 43.5', € = 47° 16.5', 0 —343.89
A7 =70 185, (" = 182° 43.5", G2 68.953
.B=26°19,C =268, b —1‘0065
5. B =42°38.V, C = 82° 21.94¢ = 619.86 7. No solution
9. B = 66°39.6,, ¢ = 1038% ¢ = 14228
11. 4 = 156° 40.8', (' ﬁ\24 2, e = 13918 13. 13585 ft.; 2614.9 ft.
\ Article 79. Page 112
1.4 = 41° 57“9!,:3 = 38° 3.0, ¢ = 44786
< A = T7° 2804 C' = 50° 34.6", b = 403.75
. B = 4TPARY, 0 = 64° 446", ¢ = 1014.7 7. 760.58 dynes
7\
§ Article 81, Pages 115, 116
Lod s 820 49, 2, B = B5° 48.2', C = 41° 24.6'
3Y = 82°21.6°, B = 54° 564’ C = 42° 42,
NS A = 44°94.8", B = 57°7.9, € = 78° 27.8'
7. 8 45° 204’ B 9. 119° 12.0°
Article 82, Page 116
1. 748,03 3. 18783 - 5. 66337 7, 1428.7 ft

Miscellaneous Exercises, Pages 119-123
13° 23, a = 68.270, ¢ = 251.75
87535, B = 82° 6.5, b = 42.375
40° 12,6, 0 = 613.34, b = 725.52
87° 18/, @ = 3.4670, b = 5.0507
14° 38.9, b = 255.21, ¢ = 74.343

W
=N N
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il A = 02° 36.2, B = 48° 384/, ¢ = 312.77
A’ = 9° 53.0, B’ = 131°216', o' = 63.740 13, No solution
1. B = 35° 5.2, € = 86° 13.0, ¢ = B0.676
17, A = 82°49.1", B = 55° 46.3, ¢ = 4000.0
19. 4 = 33°34.8", B = 18° 214/, C = 128° 3.8/
21. A = 17°26, B = 17° 58.2', C = 144° 50.2°
23. 70.003 25. 34° 5.2', 85° 6.8/, 60° 48/, 1598.0 27. 13684
29, 82.937; 76.180; 77.353 31, 9.7704 ft. 33. 476.58; 426.00; 544.18
35. 48° 11.4’, 58° 24.6", 73° 23.8 37, 78.750 ft.; 175.00 ft. /
39, 1271.1 sq. ft. 41. 355.18 ft. .
53. 501 + V3) ft. g7, 47° 52/, or 132° 8’ oA\
59, 656,73 ft. 61. 553.14 yds., 405.05 yds. \M ©
63. b = 20.67, ¢ = 999.6, B = 1° 4% G\
CHAPTER X R4S
Article 86. Pages 125, 126 \\¥
1. 22/3 3. 506 5 5wt 7. 3w/2.N0. Ll 11 {3
13, — 4x/3 15. — /3 17.90° 19, 60¢°() 21, 27¢° 23 1A°
25, 150° 27, — 180° 20. 57.206° 310N{2:24° 33. 220.18° 35. — 18°
37, — xf2, — 90° 39, Brfl2 41 20044 4807889 45. 12116 47. 1.0807
45, 1 51, 1 53.1/2 498 -1 57 -1 59. 0
Article 888 Pages 127, 128
1. 12 in. 3. 2rin. 5041408 ft. Y. 3374 mi. 9, 70 ft.
13. 7500, 7854, 5286 sq. in. {8 15. 4473 sg. ft.
0O
*\7  CHAPTER XI
4 Article 89, Page 130
3. a. eosy:;:}:.\ b, y=arctan ¢, 7 = arcsaes
d. csc yiw e cobkz =73 I Slnuﬂ”w
5. y =\akgkos (— 1/2) 7. y = arc see (= 3) 9. § = sreco
i1, 455 13, 45°, w4 15.30% /6 17. 60°, x/3  19. 60°, /3
21,850 23. % ) S LRy T
N
\™ Article 92, Page 132
1. 80° /6 3. 120°, 2¢/3 5. 150°, 5x/6 7. 45% 7/ .
9. — 45°, — wjd 11 0%0 13, 0% 0 15, — 30°, — /
17, — 60°, — #/3 19, ¥°, =/2 21. 60° 1?’3 23. 189:;213
25, 135° 3n/4 27. — o0°, — w2 29 17°5 31, 23
Article 93. Page 134 ‘
LN 3. —+Be 5@ T-wmB % -1 1.35
13, 1218 15 VB2 . -28 1% Vi — & 2L 21 —4)
28 yNT = & — oI — 2. NI =P —y¥1 =&
27. {y — o)f{wy + 1)- 29, (1 — =)f2

ANSWERS TO ODD NUMBERED EXERCISES vil



viii ANSWERS TO ODD NUMBERED EXERCISES

CHAPTER XII
Article 96, Page 139
1. 135°, 315° 3. =/3, 2x/3, 4= /3, 5r/3 radians 8. 28° 50/, 151° 10¢
7. 4° 9, 00° + n-180° = wf2 + n-w; 45° + n-180° = x/4 + pon

Article 97, Page 142

1. 30°, 150°, 210°, 330° 3. 30° 160° 270° 5. 45°, 225" 153° 26/, 333° 26’
7. 0, &, /8, bx /6 0. 36° 52', — 90° 1. ¢, »f4, £ 7f2

13. 63° 26’ + %-180°; 1,107 4 n-« radians QO
- 15, 228°71 — (— 1)*] — »-90° = x/8[1 — (— 1)*] — nx/2 radiaos (N
17. r = 3,6 = + a/3, 5x/3 19. 7 = 5,6 = ercsin 3/5 <G08

)

/

o ..

21. # = 117 radians, y = 2.34 « \W/

-
"
< *

CHAPTER XIN

Atticle 102, Page 149 \\
l.a =40°156, b =76°50.5, o = S128n%
3.4 =66°122, ¢ = W50, b =ANTILT

Article 102, Page'151

1 4 =30°207", B =85°213, (&= 84187
3.a =55°47.7, b =65°29, 0:,;' ¢ = 76° 306/
Article ,‘lpa. Page 152

l.ag =54°50.8, B =45241.4, 4 =065°46

3. A =65°49.9, ¢ &$3°10.1°, b = 38°59.2
5.4 =71°360, B\=30°5L3, ¢ = 56° 9 6’
7. A = T1° 36.8 '\‘a =71°32.2, b =05

9. a = 49°15 6\ b =76°50.5, ¢ =81° 27 3'
1L o =32°34Y, B =824, c =77°46.0
13. o = 23489 10 b = 460 54.8, ¢ = G51°15.9
15. ¢ 502460, ¢ =36°21.6', B = 58°50.7
17. 4 = A6°50.2, b =T1°41F, C = 106° 24.9'

e 90°, B = 90°, ¢ =
21\; =73°17.5, C =06°136, b 70° 8.6'
23, 65° 441!
) CHAPTER XIV:
Article 112, Page 162

1. A =115°34, B =120°11.2, ¢ = 127°11.¢'
3. 4 = 103°52, B =123°556, € = 82°46.2'
5.0 =149°242, b = 120°48, ¢ = 67° 18.8'
T.a =00°L2, b =73°534", ¢ =97°3.%
9. ¢ =95°37.8, b =41°52.4, € = 110°48.4’
g =113°29, ¢ =74°543, B =751

13, A = 131°28.8, (' =20°828", & = 72°40.6'
15. 4 = 69°47.7 or 110° 12.3'

(' = 94°39.2" or 148° 4.8’

¢ = 115° 45.2' or 151° 27.4"



ANSWERS TO ODD NUMBERED EXERCISES

17. No solution

19, A = 164° 43.8' or 119° 18,6
a = 162° 37.6" or 81° 18.6'
¢ = 124° 40.6' or 55° 19.4

25. 2 = 15.7in, b =107 in, ¢ =12.71n,

Article 113. Page 163
1. 51° 47, 0.9037 radian
3, 6.283
5. 4645
7. 201.5 or 365.3

CHAPTER XV W\
] ™ ’

Article 116. Page 166 oS \
1. 2567 miles, W 69" 44'E . &9
3. 5663 miles QS
5. 14 hours 51 minutes ’ \\\\

"4

Article 118, Page 168 \:}
1. 2 hours 42.9 minutes ,,,‘ N/
3. 43.3 minutes after 4 r.y. « \
5. 14.5 minutes after 6 .M. R\

O
\3§‘
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INDEX

(Numbers refer to pages)
Absrissa, 32 Checking, 116
Aceuracy, of a five-place table, 99;  Circle, great, 143; pole of great, 143;
when using approximate data, 28 hour, 166
Acute angle, reduction to, 40 Circular parts, 146

Addition formuls, for the sine, 75; for ~ Co-functions, §
the cosine, 75; for the fangent and  Cornmion logarithms, 87 O\
cotangent, 77 Complementary angles, & LW
Addition theorem, for the sine, 75; Components, resultants, 70 ;.\
for the eosine, 75; for the tangent Computing with approxi;né'{:ions, 28

and cotangent, 75, 76 Coordinate axes, 81 o
Altitude, 167 Coordinates, rectangular, 32
Ambignous ease, 107 Cosecant curve, G0N
Amplitude, 58 {Cosecant, definéd for acute mngle, 3;

Angle, extended notion of, 31; initial defined fpr\any sngle, 34
side of, 31; negative, 81; positive, ~Cosine curye, 58
81; quadrantal, 38; standard posi- Cosivedefined for acute angle, 2;

tion of, 31; terminal side of, 31 dafined for any angle, 34; of a sum,
Angle of depression, 15; of elevation, N
13 €asines, law of, 67, 154, 155

Angles, complementary, 9; cotermi~,\ Cotangent curve, 60
nal, 31; cxpressed in degrees, mif™S Cotangent, defined for acute angle, 3;
utes, and seconds, 100; expressed defined for any angle, 34
in degrees, minutes, and tenthgof a  Coterminal angles, 31
minute, 100; expressed jdradians, Coversed sine, defined, 8
124; near 0” and 90% W)
Applications, in physieedand geom- Decimal places, 27
etry, 19; to heights,and distances, Declination, 167
15 Depression, angle of, 15
Approximationshreporting and com- Distance, 33 )
puting with)28 Double asgles, funetions of, 79
Are, 124 "\
Area, Of’\aﬂy plane triangle, 72; of &  Elevation, angle of, 13
sector, 127; of a spherical triangle, Equations, trigonometrie, 137

162 Equator, celestial, 166
Arehs, 116, 162 : Exponential form, 87
stronomical data, 166 ' .
Astronomical t.rian'gle, 167 Functions, inverse, 120; trmonome;-:
Axis, 31 ric, 1; of complementary angles, 9;

of double angles, 79; of negat%e
Bage, of a gystem of loparithms, 87, anglesi 455;80f quadrsntal angles, 38;
101 periodie, ] )
Beaxi i ; int Fundamental relations, smong trigo-
“Aing, of a fine, 21; of  poiat, 21 nometric functions, 10, 11
Celestial sphere, 166 . . .
Chamctel?;tic, 88 Graphs, 54; of sin 7, 5&?&?‘; =;.' g:
Characteristic law, 83 of tan 2, 59; of et z, 60; ;
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of ese z, 80; of inverse functions,
13

Half angles, functions of, 80, 81
Hal-angle formulas, 155
Half-side formulas, 156
Haversine, defined, 8§

Heron’s formula, 73

Horizon, 166

Identities, 48; fundamental, 48; fur-
ther examples of, 50; involving in-
verse funetione, 134; meaning of, 48

Index laws applied to logarithms, 88

Infinite, 39

Interpolation, 62

Inverse trigonometric functions, 129;
graphs of, 131; identities involving,
134; multiple valuedness of, 131:
principal values of, 132

Latitude, ¥64; of the zenith, 167

Law of cosines, 67, 154, 155; applica-
tions of, 69

Law of sines, 61, 153; applieations of,
64

Law of tangents, 66, 110

L’Huilier’s Thecrem, 163

Line values, 54 Ny

Logarithin, number that corresponds
to a given, 92; of a given{ number,
91; of a trigonometric, function, 96

Logarithmic tables, ex‘p@néition of, 96

Logarithmic form, 8%

Logarithms, 87; charabteristics of, 8%;
common, 87 hindex laws applied to,
88; mantiseas Of, 88; natural, 101;
Pproperties 6f, 88, 89; solution of tri-
angled by, 102, 147, 161; use of, 63

Longitiide, 164

Lune)\143

£\ .

Martissa, 83
Meridiar, 164; celestinl, 166
Multiple valyed function, 130

Radir, 166

Napier's Analogies, 157
Napier’s Rules, 146
Natural logarithms, 101
Newton’s formuls, 66

OI;]éqoue spherical triangle, solution of,

N

ANLIRA

Oblique triangles, 104; solution of by
logarithms, 104-123

Ordinate, 32

Origin, 31

Polar triangle, 144

Pole, eelestial north, 166; celestial
south, 166

Principal trigonometrie funetions, 1

Prineipal values of inverse funetions

132 N\
Products of functions expressed\ad a
surn, 83 "\

' 4 .\. $

Quadrantal, angles, 38: tnis?ngles, 1a1
Quadrant of an angle,31

Radian, 124; deﬁ\«nit}ion of, 124; rela-
tion betweerrdégree and, 124
Radian medsdzey 124126
Radius vcc{or, 35
Rectangiifar”coordinates, 32
Reductionf to an acute angle, 40; first
Method of, 41; working rule for, 43;
. sedond method of, 43
SResultant, components, 70
“Right spherieal triangle, solution of,
T 147
Right triangles, 24, 102; solution of
by logarithms, 102-104

Becant curve, 60

SBecant, defined for actute angle, 3; de-
fined for any angle, 34

Sector, 127; area of, 127

Bignificant figures, 27 .

Signs, of angles, 31; of trigonometric
funetions, 35

Sine curve, 57 .

Bine, defined for acute angle, 2; de«
fined for any angle, 34; of a sum, 74

Bines, law of, 61; applications of, 64

Solution, of right triangles, 24, 102;
of oblique triangles, 104; of trigo-
nometric equations, 137, 139

Bolution of trisngies by logarithms,
102; of right spherical triangles, 147

8pecies, law of, 160

Spherical excess, 163

Spherical triangle, 143; right, 14%;
solution of right, 147; logarithmic
selution of, 161; area of, 162

Bubtraction formula, for the sine,
cosine, tangent, and cotangent, 77



INDEX xiii

Sum, of sines expressed as & product,
83; of cosines expressed as a prod-
uct, 83

Table, three-place of frigonometrie
functions, 16-17; five-place log-
arithms of numbers, I, 1-19; four-
place of frigonometric functions,
II, 21-26; five-place logarithms of
trigonometrie functions, I1l, 27-72;
five-place tables of logarithrms, 99

Tabular difference, 62

Tangent curve, 59

Tangent, defined for acute angle, 2;
defined for any angle, 34

Tangents, law of, 110; of half-angles,
112

Terrestrial triangle, 165

Tracing variations in siné, 55; in
cos 8, 36; in tan 8, 56

Transformations, trigonometric, 48

Triangle-plane, area of, 72, 73; =olu-
tion of oblique, 75; solution of
right, 74

Triangles-spherical, 143; ares of, 162;
agtronemieal, 167; oblique, 153;
polar, 144; quadrantal, 151; right,
144; solution of obligue, 160; solu-
tion of right, 147; terrestria!, 165;
trirectangular, 163

Trigonometric equations, 137; solu-
tion of, 137; solved by use of 1dentl—
ties, 139

Trigonometric funections defined, Z}
of complementary angles, 9 ﬂx{
cipal, 1; variations in the Va{ue“of
54

Trigonometrie tra.nsfurmat.ions, 48

Trivectangular, 163 .~.

\¢
Variation of trigan’b}let.ric funetions
54 w
Vectors, 70, 8 )
Versed smﬁ{ﬂeﬁned 8

avel&ngth 58

,o

Zemt.h 166
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